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Introduction (1)
Al . Y =AX)Y, A€ Ma(k) (take k = C(x)).

Gauge transformation : P € GL,(C(x)),
Y=PZ —Z =BZ,B=P -P +AP)
Two such systems are called equivalent (or isomorphic) over k.
Our goals :

> among all systems equivalent to [A], define a “reduced form"

> find how to characterize and compute such a “reduced form”

> apply this to integrability in hamiltonian systems
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Introduction (2)

[ Reduction of linear differential systems : a very simple example
[Y'=AY with
[> a: —array( 1..2,1..2, [( 1) = (2*x-1)/((x-1)*x2), ( 1, 2
) = (x-1)"2/x, (2, 2) = -(2*x—1)/((x-1)*x 2), (2,1)=-(x"2
-3*%x+1)/(x" 3*(x 1)°2) 1)
2r—1 (r—1)°
— 1) 22 x
4 (;f )X o
S =3a+1 0 2x—1
2 r=1)? (x—1) a7
=> v:=Mratsolde(A,x); ## Rational Solutions, from Barkatou
“
B a 2
v [ (r=1e — ] 2)
=> P:=augment (v,vector([0,1/v[1]]));
(r=1) ¢ 0
Pi= < 1 3)
x (r=1)¢
[Letting Y=P.Z, we have Z'=BZ with
> B:=inverse_gauge_change(A,P);
0
8= art @
0 0
[ And the system cannot be simplified further without adding a new transcendental
| function : In(x)
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Introduction (3)

[A] : Y =AKX)Y, Aec Mu(k) (take k = C(x)).
Differential Galois group G with Lie algebra g.

Definition

We say that [A] is in reduced form if A€ g(k). J

In this talk, we explain

@ Why this notion means ‘‘simplest form obtained without
introducing new transcendents”’

e Why this notion is useful, somehow concrete and computable (mostly)
@ How to apply it to integrability (cf also G. Duval's talk yesterday)
Result

Given a reduced (integrable) m-th variational equation, we reduce the
(m + 1)-th variational.
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|. Reduced Forms of Linear Differential Systems
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Ingredient #1 : Differential Galois group

Y = AX)Y. (1)

k = C(x) coefficient field
Picard-Vessiot Ext. : K = k(U1), Us fundamental solution matrix

Differential Galois Group : G := Auty(K/k)
Auty(K/k) :={oc € Aut(K) : 0|, =idk andcod=0doc}
G is a group of matrices (linear algebraic group).

G stabilizes the <deal of differential relations between
solutions

g, Lie algebra of G : tangent space of G at Id.
g measures the transcendence of K over k.

dimc g = trdeg(K /k).
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Examples of linear algebraic groups and Lie algebras

G linear algebraic group, g its Lie algebra.
N € g<=Id+eN € G(C[d), € =0.

M € SLy(C) : det(M) =1——N € sl,(C) : Tr(N) = 0.
M € Spon(C) : MT - J-M=J —— Nesp,(C): NTJ+ IN=0.

=% §)
6=t 7)aer — a=spanct( g o )b

a 0 ‘ _ 1 0
G=t{( 5 9)aecy — a=seanci( 5 O ))
e Mes0(3): MTM = Id aaexmy=1 —— N €50(3): NT + N =0

o o0 1
. N3=| 0 0 o0
-1 0 0
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Ingredient #2 : Lie Algebra associated to A € M (k)
Decompose the matrix A € M,(C(x)) as

r
A::Za,’(X)M,' M; EMn(C)
i=1
where the a; € C(x) are linearly independent over C.
The C-vector space generated by the M; is unique.
— Magnus, Wei-Norman 63/64

Definition
The Lie algebra Lie(A) generated by My, ..., M, will be called the Lie
algebra associated to A(x)

v

i.e generated by the M; and their iterated Lie brackets

Example

0 x 0 o 1 o0 o o o 0o o0 1
A=| —x 0 x2 Mij=| -1 o o |,|]0 o 1|, 0 o0 o Lie(A) = s0(3)
o —-x2 o 0o 0 o 0o -1 o0 -1 0 0
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Lie Algebra associated to a Matrix (2)

A= Z;Zl a,-(x)l\/l,-, Lie(A) = Lie(Ml, ey Mr).
Theorem (Kovacic,Kolchin)

Lie(Y = AY) C Lie(A)

Example
0 x 0 0 1 o0 0o o0 o o o0 1
A_(—x 0 xz)M,-_ -1 0 o0 o o0 1],[0 0 o]
0o —x2 o0 o 0 o 0o -1 o -1 0 o0

Lie(A) = s0(3) so Lie(Y' = AY) C so0(3).

Definition
A system Y' = A(x)Y isin reduced form if the Lie algebra associated
to A(x) is the Lie algebra Lie(Y’ = AY') of the differential Galois group.
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Existence : Kovacic's theorem (non constructive)

A= Zle a,-(x)M,-, Lie(A) = Lie(l\/ll, ey Mr).
G = Gal(Y' = AY), g = Lie(G) = Lie(Y' = AY).

Theorem (Kovacic,Kolchin)

Lie(Y = AY) C Lie(A) J

Remark : k= C(x) is a (i-field.
Theorem (Kovacic,Cassidy, Kolchin ?)

Let h = Lie(A), H = exp(h) connected group.
Then G C H and 3P € H(k) such that, 5
letting Y = PF and A = P=Y(AP — P'), we have g = Lie(A), i.e

A is a reduced form of A

So a reduced form always exists! how to find it?7?

—back to example
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Aparicio-Compoint-Weil criterion for reduced form

Y' =AY, V =Sol(Y' = AY) C-space.
A= ai(x)M;,  Lie(A) == Lie(My, ..., M,).
G = Gal(Y' = AY), g= Lie(G) = Lie(Y' = AY).

Tensor Construction Const : iteration of ®, &, *, Sym, A.
May construct system Y’ = const(A)Y whose solution space is Const(V).

const vector-space morphism, Const group morphism.
Theorem (Aparicio-Compoint-JA. W.)

Assume G reductive 4 unimodular. System [A] is in reduced form <= any
rational solution of any [const(A)] has constant coefficients .

Note : similar criterion if G not reductive (semi-invariants) + algorithm.
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A-C-W criterion for reduced form (proof sketch)
Theorem (Aparicio-Compoint-JA. W.)

Assume G reductive + unimodular. System [A] is in reduced form <= any
rational solution of any [const(A)] has constant coefficients .

A=>ai(x)N;, reduced form :
g= SpanC(Nla s Nr) = {N € Mn(C)NJ, DN(PJ) = O}

Dn,(P) =0
Tl
sym™(N;)-vp =0
Tl
Z,— a,-(x)sym’"(N,-) cVvp = 0
Tl

sym™(A).vp =0 = vp
so vp solution in C9 (not just C(x)) of Y/ = sym™(A).Y.

and all invariants are polynomials in the P; O
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Back to the log example

[ Reduction of linear differential systems : a very simple example
[Y'=AY with
[> a: —array( 1..2,1..2, [( 1) = (2*x-1)/((x-1)*x2), ( 1, 2
) = (x-1)"2/x, (2, 2) = -(2*x—1)/((x-1)*x 2), (2,1)=-(x"2
-3*%x+1)/(x" 3*(x 1)°2) 1)
2r—1 (r—1)°
— 1) 22 x
4 (;f )X o
S =3a+1 0 2x—1
2 r=1)? (x—1) a7
=> v:=Mratsolde(A,x); ## Rational Solutions, from Barkatou
“
B a 2
v [ (r=1e — ] 2)
=> P:=augment (v,vector([0,1/v[1]]));
(r=1) ¢ 0
Pi= < 1 3)
x (r=1)¢
[Letting Y=P.Z, we have Z'=BZ with
> B:=inverse_gauge_change(A,P);
0
8= art @
0 0
[ And the system cannot be simplified further without adding a new transcendental
| function : In(x)
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Another SO(3) example

2x272x+1 5x73x3+2 x571+xzfx4 2X473X3+X+2
x(—1+x2) (x—1)x x2(x—1)2
A _ _ (2X—1)X _x5—x4—x3+xz+4x—1 x4—2x3+2x2+1
- (x+1)(—1+x3) —1+x2 (x+1)(x—1)%x
2(x—1 5_ o 4, 3 _
*Xf:ul) —(xfl)x(l—x2+x4) x®—2x* 45342 x—1

(x—1)x
May show (Aparicio & Compoint & J-A W. 2011) that the gauge change
Y = PZ with (1)

—1+x2 1 0
P= 0 —1+4x> —x71
0 0 =
0 X 1
gives B=P[A]withB=| —x 0 x?
-1 —x2 0

Matrix B depends only on 3 coefficients : ‘‘sparse’.
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[I. Symplectic linear differential systems and Integrability
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Complete Integrability of Hamiltonian Systems.

A Hamiltonian system over domain U of R2" :

. oH
(5):4 7 o (0P) g
pi = — gg(a.p)

where H: U — R is the Hamiltonian function.

Condensed form : x/(t) = J VH(x(t)) where J = ( _OI (l) >

First Integral : function /(p, q) that remains constant along solutions.

Liouville (complete) integrability : "sufficiently many good first integrals".
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Complete Integrability (Hamiltonian) (2).

(5):  x(t) = JVH(x(t)) = Xu(x(t))

Poisson Bracket :

- [0GL0G,  0G, 0G
{G1, G} = ; <6p,- 9q;  9q; 6p,-> =< VGi(x),JVG(x) >

First integral G of (S) defined by {H,G} =0

Definition
(S) is completely integrable (Liouville) in a class F of functions if it admits
n first integrals G = H, Gy, ..., G, € F such that

the G; are functionally independent, and

in involution : {G;, Gj} =0
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Variational Equation
For each particular solution ¢ (t, z) of

) dq OH dp  OH
(S): { ar éTp(x)’ dr _Oiq(x)

Def : VEff’ is the differential system satisfied by &, := 0¥¢/0z*.
Taylor expansion along ¢g
For k=1 : the variational system is linear :

S =Adn] A= Jacg (X) € Matapan (C(9)). (VEY)
/
- _//b P,
/ EE] y///
o -
e

(S) is Hamiltonian, (VE%ﬁ) is: €, =J Hessy (H) &1
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Hamiltonian systems and linearization (2)

,«//"
o ~ /¢1 = ¢y + e

g

3 _—
) dg OH dp _ OH ¢ "
& GG R
Theorem (Morales & Ramis)
(S) is Liouville integrable only if Lie((VEiZ))) is abelian. J
Our tools to apply this theorem : Aparicio & Weil, J. Symb. Comp. 2011

e Compute a reduced form of ((VEib)) . if not abelian then stop

@ If abelian, this gives a simpler form : use that Gauge transformation to
simplify higher VEs.
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Higher Variational Equations

(S): x = Xu(x).
Flow : ¢(t,2) = ¢o(t) + &1(z — o) + 3€2(2 — ) +
Variational equations of order m for &, :=
(VEY,)
(VE )

(VE},)

amP(t,2)
ozm
él = (d¢0XH)€1

éz = déOXH(glagl) + (d¢°XH)§2

<VE$) may be seen as linear differential systems (LVEg )’

. . 1]
(Syn_13£1)

(LVEG, )

sym3A 0
§196 - B2
&3
For n = 4 we have

0 Sym3£1
sym?A 0 £108,
B3 B, A
Size = 4+10+20=34 (!)

€ = dy Xu(€1,61,€1) +3dg Xu(€1,€2) + (dg Xu)és

3
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Morales-Ramis-Simo

Theorem (Morales & Ramis & Simo)
(S) is Liouville integrable only if all Lie(VE’(‘b ) are abelian.

Our approach (see also G. Duval yesterday) : compute reduced forms
iteratively.

Aparicio & Weil 2010, 2012 (in progress)
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Partial reduction for (LVE}")

Variational Equation of order m+1

(VEm+1) : YI = Am+1y with Am+1 =

sym™t1 (A1) 0

5

Qm reduces VE,, m>1 — Ppy; (partially) reduces VE;, ;1 with :

Sym™+1(Qy)

Pmi1 =

0

0

So we reduce for free diagonal part of (VE,+1) : Y = Pmt1[Am+1]Y

sym™*1 (Al,red)
Am+1 =

L & |
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Partial reduction for (LVE;IH) (continued)

We know :
- @y reduces A; ~ Ql[Al] S Lie( Y = A1 Y)
- Qm reduces Ay, ~ QAL € Lie(Y = AnY)
Then :
- Sym™ Qi [sym™ A1) € Lie(Y' = sym™tIALY)
m+1
- Ppy1 = [ Symo Q1 QO ] partially reduces Ant1
we have . .
Sym™ Q4 [sym™ T A 0
Pri1[Amia] == [ ! 1][3y ! Qn[An]

where diagonal blocks are reduced.

We now want to reduce block B
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Reduction of the lower triangular part : block B
Consider

Sym™1Q; [sym™1A,4] 0
B Qu [An]

Let bdiag = LiE(A)sub and bsub = LiE(A)sub. We have

Bi € k

A= Pm+1[Am+1] = Adiag + Agup =

Acup := P1B1 + ... + ByBg where
(B,-),‘-’:1 basis of  bguwp

Lemma

Let [Adiag , Bi] =v1B1 + 72Ba + ... + 4By with v; € k.
If y = y1y + B1 admits a solution g1 € k, then

P := exp(g1B1) satisfies P[A] = Agig + (2Ba + ... + B4By

i.e. P[A] does NOT have any term involving Bj.
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Reduction of the lower triangular part : block B
(continued)

Symm+1Q1[symm+1A1] O

A= Ppyi[Ami] = Agiag + Asup = B Qu[Ax]

Lemma :
Let [Adiaga Bl] =vB1 + 7By + ... +v4By with vi € k.
If v/ = ~v1y + (31 admits a solution g € k, then

P := exp(g1Bi) satisfies P[A] = Agi., + foBy 4 ... + B4By

i.e. P[A] does NOT have any term involving B;.

Let Haiag := Lie(A)sun = span(As,...,Ar). Maps [A;, @] : hsup — bsup
commute so may choose B; such that [A;, e] are in simultaneous triangular
form.

— Conjecture : gives effective Morales-Ramis-Simo theorem .
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