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Basic Terminology: Galois Groups

Notation: § = %, Y =(1,y2 0, y0)
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Consider matrix equations:
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K: Picard-Vessiot extension field /Q(t).
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Basic Terminology: Galois Groups

Notation: § = %, Y =(1,y2 0, y0)
Consider matrix equations:
5(Y) =AY, Ac Mat,(Q(t)).

K: Picard-Vessiot extension field /Q(t).
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G = { Q(t)-diff. automorphisms of K}
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Basic Terminology: Galois Groups

Notation: § = %, Y =(1,y2 0, y0)

Consider matrix equations:
5(Y) =AY, Ac Mat,(Q(t)).

K: Picard-Vessiot extension field /Q(t).

Galois group B
G = { Q(t)-diff. automorphisms of K}

Fixing a fundamental matrix,

G — GL,(Q) and G is an alg. subgroup.
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F: a fundamental matrix, X = (x; ).

Set
M= { P(X) e Qt)[X] | P(F)=0}.
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Basic Terminology 4/ 22

F: a fundamental matrix, X = (x; ).

Set
M= { P(X) cQ(t)[X] | P(F F)=0}.

Remark: 9 consists of all “alg. relations” of F.
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F: a fundamental matrix, X = (x; ).

Set
Mm={ P(X) e Q(t)[X] | P(F)=0}.

Remark: 9 consists of all “alg. relations” of F.

Group action of GL,(Q) on Q(¢)[X]:

g P=P(Xg), VgeGL,(Q),PeQ(t)[X].
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F: a fundamental matrix, X = (x; ).

Set
Mm={ P(X) e Q(t)[X] | P(F)=0}.

Remark: 9 consists of all “alg. relations” of F.

Group action of GL,(Q) on Q(¢)[X]:

g-P=P(Xg), VgecGL,(Q),PcQt)X]
Then G = stab(9M), i.e

G={geGLy(Q) |V PeMP(Xg) eM }

Compute G «~ Find the defining polynomials of G.
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F: a fundamental matrix, X = (x; ).

Set
Mm={ P(X) e Q(t)[X] | P(F)=0}.

Remark: 9 consists of all “alg. relations” of F.

Group action of GL,(Q) on Q(¢)[X]:

g-P=P(Xg), VgecGL,(Q),PcQt)X]
Then G = stab(9M), i.e

G={geGLy(Q) |V PeMP(Xg) eM }

Compute G «~ Find the defining polynomials of G.

Question: How to compute these defining polynomials?
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Key Point of Hrushovski’s Algorithm

Theorem: For any alg. group N C GL,(Q), there are alg. groups H s.t.
Ht<N°<N<H

where
* N°: identity component of N;
* Ht: alg. subgr. generated by unipotent elements of H.

Moreover there is H bounded by an integer d only depending on n.
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Key Point of Hrushovski’s Algorithm

Theorem: For any alg. group N C GL,(Q), there are alg. groups H s.t.
Hf<SN° < N<H

where
* N°: identity component of N;
* Ht: alg. subgr. generated by unipotent elements of H.

Moreover there is H bounded by an integer d only depending on n

H is said to be bounded by d if there are f1,--- , f, € Q[X]
with deg(f;) < d s.t.

H = Zero(fi,- -+ , fm) N GLy(Q).
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Key Point of Hrushovski’s Algorithm

Theorem: For any alg. group N C GL,(Q), there are alg. groups H s.t.
Ht<N°<N<H

where

* N°: identity component of N;

* Ht: alg. subgr. generated by unipotent elements of H.
Moreover there is H bounded by an integer d only depending on n.

If N is a Galois group, we call H a proto-Galois group.
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Key Point of Hrushovski’s Algorithm

Theorem: For any alg. group N C GL,(Q), there are alg. groups H s.t.
Ht<N°<N<H

where

* N°: identity component of N;

* Ht: alg. subgr. generated by unipotent elements of H.
Moreover there is H bounded by an integer d only depending on n

If N is a Galois group, we call H a proto-Galois group.

A rough estimate,

n3
n
nn
n

d=0|n"
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Key Point of Hrushovski’s Algorithm

Theorem: For any alg. group N C GL,(Q), there are alg. groups H s.t.
Hf<SN° < N<H

where
* N°: identity component of N;
* Ht: alg. subgr. generated by unipotent elements of H.

Moreover there is H bounded by an integer d only depending on n

Remark: Let H be a proto-Galois group and x1,--- ,x¢ be a basis of
character group X(H°) of H® and

¢=(x1,",x0) : H — (@*)g-

Then G° = ¢~ 1(S), S = ¢(G®): a subtorus of (@*)e.
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Hrushovski’s Algorithm

e Compute a proto-Galois group H and therefore H°.
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Hrushovski’s Algorithm

e Compute a proto-Galois group H and therefore H°.

o Construct a morphism ¢ : H® — (Q*)" for some m s.t. ker(¢) = H°,
and compute a subtorus S of ¢(H°) s.t.

G® = ¢~ (S).

From these, we obtain G°.
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Hrushovski’s Algorithm

e Compute a proto-Galois group H and therefore H°.

o Construct a morphism ¢ : H> — (Q*)™ for some m s.t. ker(¢) = H¢,
and compute a subtorus S of ¢(H°) s.t.

G® = ¢ }(S).

From these, we obtain G°.
o Compute a finite Galois extension L/Q(t) and Py,---, Ps € L[X] s.t.

FG° =Zero(P1,--- , Ps) ﬁfGLn(@)-

Then G = UaeGal(L/Q(t)) { g € GLn(@) | v i; O'(P,)(]:g) =0 }
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Some Computational Details

Computing proto-Galois Group

For any p € Z>q, set
M, = {P € Q(t)[X] | deg(P) < p & P(F)=0}.
and G, = stab(91,), i.e.

G, = {g € GL,(Q) |V PeM,, P(Xg)eMm,}.

Ruyong Feng Computing Galois Groups



Some Computational Details 11 / 22

Computing proto-Galois Group

For any p € Z>o, set

M, ={PeQ(t)[X] | deg(P) < p & P(F)=0}.
and G, = stab(9,), i.e.

G, = {g €GL,(Q) |V PeM,, P(Xg) e smp}.

Remark:

o 9, is a Q(t)-vector space of finite dimension.
@ a basis of M, = defining polynomials of G,.
° G, 2G.
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Some Computational Details

Computing proto-Galois Group

For any p € Z>o, set

M, ={PeQ(t)[X] | deg(P) < p & P(F)=0}.
and G, = stab(9,), i.e.

G, = {g €GL,(Q) |V PeM,, P(Xg) e smp}.

Lemma: Fixing p, we can compute a basis of 91, and then obtain G,,.
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Computing proto-Galois Group

For any p € Z>g, set

M, ={PeQ(t)[X] | deg(P) < p & P(F)=0}.
and G, = stab(9,), i.e.

G, ={ge GL,(Q) |V PeM,, P(Xg) € m, }.

Lemma: Fixing p, we can compute a basis of 91, and then obtain G,,.

Theorem (Feng2013): Let d be the bound of proto-Galois groups. Then
Gy is a proto-Galois group.
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Computing proto-Galois Group

For any p € Z>g, set

M, ={PeQ(t)[X] | deg(P) < p & P(F)=0}.
and G, = stab(9,), i.e.

G, ={ge GL,(Q) |V PeM,, P(Xg) € m, }.

Lemma: Fixing p, we can compute a basis of 91, and then obtain G,,.

Theorem (Feng2013): Let d be the bound of proto-Galois groups. Then
Gy is a proto-Galois group.

Remark: The above results enable us to compute a proto-Galois group.
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Some Computational Details

Ezxample

()= 50
y2 =-1 -1 \p

_ ( sin(t)/\/t cos(t)/V't )
(sin(®)/ V) (cos(t)/E)

Bessel Equation:

Fundamental matrix:
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Some Computational Details

Ezxample

()= 50
y2 =-1 -1 \p

_ ( sin(t)/\/t cos(t)/V't )
A\

Bessel Equation:

Fundamental matrix:

sin(£)/VE)  (cos(£)/v/E)’

DMy = Spang {Jpa1 — x12 4+ x01, X1+ gxa2 + 22 }

Gy = stab(My) = { (Cn _C12)

C12 C11

h+ch # 0}
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Ezxample

()= 50
y2 =-1 -1 \p

Fundamental matrix:

Bessel Equation:

_ ( sin(t)/\/t cos(t)/V't )
(sin(t)/v/7) (cos(t)/ V)’

DMy = Spang {Jpa1 — x12 4+ x01, X1+ gxa2 + 22 }

Gy = stab(My) = { (Cn _C12)

C12 C11

h+ch # 0}

All elements of Gj are semisimple = G is a proto-Galois group.
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Constructing morphism ¢

Assume H C GL,(Q) is a connected alg. subgroup.

Theorem(Feng2013): There are generators of X(H) that are represented
by polynomials with degree < k, an integer only depending on n. Moreover

nn3
sz(n” )
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Constructing morphism ¢

Assume H C GL,(Q) is a connected alg. subgroup.

Theorem(Feng2013): There are generators of X(H) that are represented
by polynomials with degree < k, an integer only depending on n. Moreover

nn3
nzO(n” )

Using the bound &, compute a set of generators of X(GJ), say x1, -, X¢
and set

¢ = (Xl?" : 7Xf)t'
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Some Computational Details

Computing Subtorus S

Lemma: There is a € Zero(My) N GL,(Q(t)) s.t. a1 F € G5(K) and

) iy o0
v % € Q(t), ie. xi(a 'F) is hyperexp./Q(t).
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Computing Subtorus S

Lemma: There is a € Zero(My) N GL,(Q(t)) s.t. a1 F € G5(K) and

I(xi(a”tF))

v
" Txi(e 1F)

€ Q(t), i.e. xi(a~1F) is hyperexp./Q(t).

How to compute a?
* pick any & € Zero(My) N GLA(Q(¢)), then & 1 F € Gy (K);
* Decompose Gy = Gy U GGG U ---U CpGy with G € GL,,(@) and
find G s.t. Ga~1F e Gy (R);

* let a = &Ci_l.
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Some Computational Details

Computing Subtorus S
Lemma: There is a € Zero(My) N GL,(Q(t)) s.t. a1 F € G5(K) and
€ Q(t), i.e. xi(a LF) is hyperexp./Q(t).

Then

6(6°) = Gal (Q() (@™ F), -+, xula™ F)) QD) )
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Computing Subtorus S
Lemma: There is a € Zero(My) N GL,(Q(t)) s.t. a1 F € G5(K) and
€ Q(t), i.e. xi(a LF) is hyperexp./Q(t).

Then

6(6°) = Gal (Q() (@™ F), -+, xula™ F)) QD) )

S

Using the method in Compoint and Singer (1999), one can determine the
above Galois group.
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Ezample (continued)

Bessel Equation and a fundamental matrix:

5 (yl) _ ( 0 1 ) (yl) F_ ( sin(t)/\/t cos(t)/\/t )
2 -1 1) \»n)’ (sin(t)/V/1) (cos(t)/V?)'

€1 —C12
G1° =G =
Ci2 €11
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Ezxample (continued)

Bessel Equation and a fundamental matrix:

5 (yl) _ ( 0 1 ) (yl) F_ < sin(t)/\/t cos(t)/\/t )
2 w1 -1 \»n/)’ (sin(t)/V/1) (cos(t)/V?)'

€1 —C12
G1° =G =
Ci2 €11

Gy is a torus and

1 . . 1 ) .
3 (x11 — ix12 + ixo1 + Xx22) 5 (x11 + ix12 — ix01 + X22)

is a basis of X(Gy).

Let ¢ = (3 (x11 — ixi2 + ixo1 + Xx22), 5 (x11 + ix12 — ixo1 + Xzz))t-
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Pick o = <S _11/2t) € Zero(M) N GL, (@)

Set hy = x1 (@1 F), hy = x2 (™ F). Then

= (i—1/2t) b 1
— h1h2 = —.
By = (—i —1/2t) hy t
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Pick o = <2 _11/2t) € Zero(9M1) N GLa (@)

Set hy = x1 (ofl]-") , ho = x2 (ofl]-"). Then
hy=(i—1/2t) 1

= h1hy = —.

By = (—i —1/2t) hy t

It implies that

S = Gal (W(hl,hz)/@) = { ((C) 1(/)c)

Then
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Some Computational Details

Computing G

o Compute a finite Galois extension L/Q(t) and Py,---, Ps € L[X] s.t.

FG® =Zero(Py,- -, Ps) N FGLA(Q).
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Some Computational Details

Computing G

o Compute a finite Galois extension L/Q(t) and Py,--- , Ps € L[X] s.t.

FG® =Zero(Py,- -, Ps) N FGLA(Q).

Assume that f,-- -, f; satisfy G° = Zero(fy,--- ,f5) N GL,,(@).

Lemma: There is 8 € Zero(My) N GL,(Q(t)) s.t.

FG® = Zero(fl(ﬁ_lX), T fS(B_IX)) N ‘FGL”(@)
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Computing G

o Compute a finite Galois extension L/Q(t) and Py,--- , Ps € L[X] s.t.

FG® =Zero(Py,- -, Ps) N FGLA(Q).

Assume that f,-- -, f; satisfy G° = Zero(fy,--- ,f5) N GL,,(@).

Lemma: There is 8 € Zero(My) N GL,(Q(t)) s.t.

FG® = Zero(fl(/B_]-X)7 T fS(B_IX)) N ‘FGL”(@)

Remark: Such 8 can be computed by a small modification of the
argument used to find a.

Let L be the Galois closure of Q(t)(371)/Q(t) and P; = f;(8~1X).
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Some Computational Details

How to compute

6= U {geGL(Q) |Vio(P)Fg)=0}7
o€Gal(L/Q(t))
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Some Computational Details

How to compute

G= |J {g€GL.(Q) |Vio(P)(Fg)=0}7
o€Gal(L/Q(t))

|dea: Expand F as a formal power series at t = ¢ for some ¢ € Q. By
Bertrand&Beukers(1985), one can compute £ € Z s.t. V i,0,g

o(P;)(Fg) =0 or ordi—c (o(P;)(Fg)) < L.
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How to compute

G= |J {g€GL.(Q) |Vio(P)(Fg)=0}7
o€Gal(L/Q(t))

|dea: Expand F as a formal power series at t = ¢ for some ¢ € Q. By
Bertrand&Beukers(1985), one can compute £ € Z s.t. V i,0,g

o(P;i)(Fg) =0 or ord—c (o(P;)(Fg)) < ¢.
Let ¢ = (¢jj) with ¢;j indeterminates and
Sy = { coeff(a(P;)(Fc), t,j) | i=1,--,s,j=0,--- ,£}.

Then S, is a system in ¢;; and

G=|J (Zero(S,)NGLA(Q)).

o€Gal(L/Q(t))
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Ezample (continued)

Ci1 —C12
G° =
C12 C11

where P; = x11 — x02, Po = x10 + x01, P3 = x121 + x122 — 1.

h+ch= 1} = Zero(P1, P2, P3) N GLy(Q).
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Ezample (continued)

C121 + C122 = 1} = Zero(Pl, P2, P3) M GLQ(@)

G° — Ci1 —C12
C12 C11

where P; = x11 — x02, Po = x10 + x01, P3 = X121 + X122 -1

i(1—t) t+1 __
Pick 8 = ( 2t 2t ) € Zero(9My1) N GLo (Q(t)).

2¢(t+1)+i(t—=1)  2it(t—1)—(t+1)
4¢2 42

Then B~1F € G°(K) and
FG® = Zero(P1(B1X), Po(871X), Ps(871X)) N FGL(Q).
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Ci1 —C12
G° =
C12 C11

where P; = x11 — x02, Po = x10 + x01, P3 = X121 + X122 -1

Ezample (continued)

C121 + C122 = 1} = Zero(Pl, P2, P3) M GLQ(@)

i(1—t) t+1 __
Pick 8 = ( 2t 2t ) € Zero(9My1) N GLo (Q(t)).

2¢(t+1)+i(t—=1)  2it(t—1)—(t+1)
4¢2 42

Then B~1F € G°(K) and
FG® = Zero(P1(B1X), Po(871X), Ps(871X)) N FGL(Q).

Bl e GLy (Q(t)) = G = G".
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Ci1 —C12
G° =
C12 C11

where P; = x11 — x02, Po = x10 + x01, P3 = X121 + X122 -1

Ezample (continued)

C121 + C122 = 1} = Zero(Pl, P2, P3) M GLQ(@)

. i(12—t) t;—_l
Pick 5 = 2t(t+1):—i(t—1) 2it(t—1)t—(t+1) € Zero(My) N GLy (Q(t)>
4¢2 42
Then B~1F € G°(K) and
FG® = Zero(P1(B71X), P2(B71X), P3(871X)) N FGLo(Q).

Bl e GLy (Q(t)) = G = G".

Thank you!
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