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Introduction Trasmy

Algorithms

Introduction: theory

o Consider a linear differential equation
n—1
3"Y +Y rdlY =0, (1)
j=0
where the r; belong to a A-field K, A is a set of commuting
derivations, and ¢ € A.

Carlos E. Arreche Unipotent radicals of PPV-groups



Introduction Trasmy

Algorithms

Introduction: theory

o Consider a linear differential equation
n—1
3"Y +Y rdlY =0, (1)
j=0
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n—1
3"Y +Y rdlY =0, (1)
j=0
where the r; belong to a A-field K, A is a set of commuting
derivations, and ¢ € A.
@ The complement A\{d} =: 1 ={01,...,0m} consists of
derivations “with respect to parameters” .

@ Problem: find all MN-algebraic relations amongst the solutions
to (1).
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Introduction Trasmy

Algorithms

Introduction: theory

o Consider a linear differential equation
n—1
3"Y +Y rdlY =0, (1)
j=0
where the r; belong to a A-field K, A is a set of commuting
derivations, and ¢ € A.

@ The complement A\{d} =: 1 ={01,...,0m} consists of
derivations “with respect to parameters” .

@ Problem: find all MN-algebraic relations amongst the solutions
to (1).

@ These [N-algebraic relations are encoded in the differential
Galois group G associated to (1) by the Parameterized
Picard-Vessiot (PPV) theory, so computing G is equivalent to
finding all T-algebraic relations amongst the solutions to (1).
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Introduction: algorithms

Now we let K = F(x); Ox = 0 for each 0 € 1 = A\{dx}; and
& = Oy is the derivative with respect to x, i.e., K% = F and
Oxx = 1.
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Introduction Theory

Algorithms

Introduction: algorithms

Now we let K = F(x); Ox = 0 for each 0 € 1 = A\{dx}; and
& = Oy is the derivative with respect to x, i.e., K% = F and
dxx = 1. Algorithms to compute PPV-groups:

e Kovacic (1986): order n =2; M = .
e HRUSHOVSKI (2002): order n arbitrary; M = 0.
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Introduction Theory

Algorithms

Introduction: algorithms

Now we let K = F(x); Ox = 0 for each 0 € 1 = A\{dx}; and
& = Oy is the derivative with respect to x, i.e., K% = F and
dxx = 1. Algorithms to compute PPV-groups:
e Kovacic (1986): order n =2; I = 0.
e HRUSHOVSKI (2002): order n arbitrary; M = 0.
e DREYFUS (2011): order n = 2; I arbitrary; n =0
(unimodular); G is reductive R,(G) = 0 or the reductive
quotient G/R,(G) is lN-constant.

e A. (2012): order n = 2; N = {0} one parametric derivation.
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Introduction: algorithms

Now we let K = F(x); Ox = 0 for each 0 € 1 = A\{dx}; and
& = Oy is the derivative with respect to x, i.e., K% = F and
dxx = 1. Algorithms to compute PPV-groups:

e Kovacic (1986): order n =2; I = 0.

e HRUSHOVSKI (2002): order n arbitrary; M = 0.

e DREYFUS (2011): order n = 2; I arbitrary; n =0
(unimodular); G is reductive R,(G) = 0 or the reductive
quotient G/R,(G) is lN-constant.

e A. (2012): order n = 2; N = {0} one parametric derivation.

@ MINCHENKO-OVCHINNIKOV-SINGER (2013): order n and 1
both arbitrary; G is reductive R,(G) = 0, or the reductive
quotient G/R,(G) is l-constant.
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Introduction: algorithms

Now we let K = F(x); Ox = 0 for each 0 € 1 = A\{dx}; and
& = Oy is the derivative with respect to x, i.e., K% = F and
dxx = 1. Algorithms to compute PPV-groups:

e Kovacic (1986): order n =2; I = 0.

e HRUSHOVSKI (2002): order n arbitrary; M = 0.

e DREYFUS (2011): order n = 2; I arbitrary; n =0
(unimodular); G is reductive R,(G) = 0 or the reductive
quotient G/R,(G) is lN-constant.

e A. (2012): order n = 2; N = {0} one parametric derivation.

@ MINCHENKO-OVCHINNIKOV-SINGER (2013): order n and 1
both arbitrary; G is reductive R,(G) = 0, or the reductive
quotient G/R,(G) is l-constant.

Goal: remove the assumption that the reductive quotient G/R,(G)
is M-constant, when n = 2.



LDAGs

Technical background PPV theory

Linear differential algebraic groups

o We say that the l-field F is differentially closed (or MN-closed)
if every “consistent” system of algebraic 1 equations over F
already has solutions in F.
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Linear differential algebraic groups

o We say that the l-field F is differentially closed (or MN-closed)
if every “consistent” system of algebraic 1 equations over F
already has solutions in F.

@ A subgroup G < GL,(F) is a linear differential algebraic
group (LDAG) if G is defined by the vanishing of a system of
M-algebraic equations.
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o We say that the l-field F is differentially closed (or MN-closed)
if every “consistent” system of algebraic 1 equations over F
already has solutions in F.

@ A subgroup G < GL,(F) is a linear differential algebraic
group (LDAG) if G is defined by the vanishing of a system of
M-algebraic equations.

@ An LDAG G is said to be differentially constant (or
M-constant) when conjugate to a subgroup of GL,(F™).
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. LDAGs
Technical background PPV theory

Linear differential algebraic groups

o We say that the l-field F is differentially closed (or MN-closed)
if every “consistent” system of algebraic 1 equations over F
already has solutions in F.

@ A subgroup G < GL,(F) is a linear differential algebraic
group (LDAG) if G is defined by the vanishing of a system of
M-algebraic equations.

@ An LDAG G is said to be differentially constant (or

M-constant) when conjugate to a subgroup of GL,(F™).

Let P; (resp. P2) be a linear differential polynomial in m (resp.
one) differential indeterminate. Examples of LDAGs:

(™) <o} {(2 %) corain[p-o).
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LDAGs

Technical background PPV theory

Linear differential algebraic groups

o We say that the l-field F is differentially closed (or MN-closed)
if every “consistent” system of algebraic 1 equations over F
already has solutions in F.

@ A subgroup G < GL,(F) is a linear differential algebraic
group (LDAG) if G is defined by the vanishing of a system of
M-algebraic equations.

@ An LDAG G is said to be differentially constant (or
M-constant) when conjugate to a subgroup of GL,(F™).

Let P; (resp. P2) be a linear differential polynomial in m (resp.
one) differential indeterminate. Examples of LDAGs:

{acanm|m () =ofi {(§ 1) ccran|pp=o}.

CAsSIDY (1972): Every LDAG in G,(F) and G,(F) is defined by
(maybe several) linear differential polynomials as above.
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LDAGs

Technical background PPV theory

Parameterized Picard-Vessiot theory

Assume F is N-closed. PPV theory of CASSIDY-SINGER (2006)
associates to the parameterized linear differential equation

n—1
SIY 4+ rdly =0 (1)
i=0

a PPV-field M (differential “splitting field"),
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Technical background PPV theory

Parameterized Picard-Vessiot theory

Assume F is N-closed. PPV theory of CASSIDY-SINGER (2006)
associates to the parameterized linear differential equation

n—1
SIY 4+ rdly =0 (1)
i=0

a PPV-field M (differential “splitting field”), such that:
© There exist n distinct, F-linearly independent elements
Yi,---,Y¥n € M which satisfy (1).
@ M is A-generated by y1, ...y, Notation: M = K(y1,...¥n)A.
© No new constants (with respect to 6x): M% = F = K%,
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Assume F is N-closed. PPV theory of CASSIDY-SINGER (2006)
associates to the parameterized linear differential equation

n—1
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i=0

a PPV-field M (differential “splitting field”), such that:
© There exist n distinct, F-linearly independent elements
Yi,---,Y¥n € M which satisfy (1).
@ M is A-generated by y1, ...y, Notation: M = K(y1,...¥n)A.
© No new constants (with respect to 6x): M% = F = K%,
The PPV-extension M is unique up to K-A-automorphism.
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LDAGs

Technical background PPV theory

Parameterized Picard-Vessiot theory

Assume F is N-closed. PPV theory of CASSIDY-SINGER (2006)
associates to the parameterized linear differential equation

n—1
SIY 4+ rdly =0 (1)
i=0

a PPV-field M (differential “splitting field”), such that:
© There exist n distinct, F-linearly independent elements
Yi,---,Y¥n € M which satisfy (1).
@ M is A-generated by y1, ...y, Notation: M = K(y1,...¥n)A.
© No new constants (with respect to 6x): M% = F = K%,
The PPV-extension M is unique up to K-A-automorphism.
The group of A-automorphisms of M over K is the PPV-group
Gala(M/K); its action on M is determined by its restriction to
the solution space S := @], F - y;, which defines an embedding

into GL,(F), with image a linear differential algebraic group.



ing and notation

Main result

Non-reductive PPV-groups of second order equations

o Let M be PPV-field extension of K = F(x) for

S2Y —rY =0. (2)
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Setting and notation
Statement
Main result Proofs

Non-reductive PPV-groups of second order equations

o Let M be PPV-field extension of K = F(x) for
S2Y —ry =0. (2)

e Assume Ju € K such that §,u + u? = r (Riccati equation), so
there is an F-basis {1, £} for the solution space S such that

dxn = un and 6,(&/n) =n~2.
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Non-reductive PPV-groups of second order equations

o Let M be PPV-field extension of K = F(x) for
S2Y —ry =0. (2)

e Assume Ju € K such that §,u + u? = r (Riccati equation), so
there is an F-basis {1, £} for the solution space S such that
0xm = un and d(§/n) =02

e Corresponding embedding G := Gala(M/K) — GLa(F) is:

as by o(n) = an;
7 <0 al) © MR (6) = ay e + byn.

g
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Main result

Non-reductive PPV-groups of second order equations

o Let M be PPV-field extension of K = F(x) for
S2Y —ry =0. (2)

e Assume Ju € K such that §,u + u? = r (Riccati equation), so
there is an F-basis {1, £} for the solution space S such that
0xm = un and d(§/n) =02

e Corresponding embedding G := Gala(M/K) — GLa(F) is:

as by o(n) = an;
7 <0 al) © MR (6) = ay e + byn.

g

@ The unipotent radical is
Ru(G) = {0 € G | 3y =1} = {b, | 0 € G} < G4(F).
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Non-reductive PPV-groups of second order equations

o Let M be PPV-field extension of K = F(x) for
S2Y —ry =0. (2)

e Assume Ju € K such that §,u + u? = r (Riccati equation), so
there is an F-basis {1, £} for the solution space S such that
0xm = un and d(§/n) =02

e Corresponding embedding G := Gala(M/K) — GLa(F) is:

as by o(n) = an;
7 <0 al) © MR (6) = ay e + byn.

g

@ The unipotent radical is
Ri(G)={o€ G |a, =1} ~{b, | 0 € G} < G,(F).
@ The reductive quotient G/R,(G) ~ {a, | 0 € G} < G(F).
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Statement of main result

@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.
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Statement of main result

@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.

e KOLCHIN (1985): there is an F-basis " for £ consisting of
pairwise commuting derivations. [Recent generalization:
GORCHINSKIY-OVCHINNIKOV (2014)].
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Main result

Statement of main result

@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.

e KOLCHIN (1985): there is an F-basis " for £ consisting of
pairwise commuting derivations. [Recent generalization:
GORCHINSKIY-OVCHINNIKOV (2014)].

@ Define A’ := {0} U, consider K as A’-field, and let
M = K<’I7,f>A/ - M, and G’ := GalA/(M//K).
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@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.

e KOLCHIN (1985): there is an F-basis " for £ consisting of
pairwise commuting derivations. [Recent generalization:
GORCHINSKIY-OVCHINNIKOV (2014)].

@ Define A’ := {0} U, consider K as A’-field, and let
M = K<’I7,f>A/ - M, and G’ := GalA/(M//K).

Observe there is a natural inclusion F[['] C F[M].
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Main result Proofs

Statement of main result

@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.

e KOLCHIN (1985): there is an F-basis " for £ consisting of
pairwise commuting derivations. [Recent generalization:
GORCHINSKIY-OVCHINNIKOV (2014)].

@ Define A’ := {0} U, consider K as A’-field, and let
M = K<’I7,£>A/ - M, and G’ := GalA/(M//K).

Observe there is a natural inclusion F[['] C F[M].

Theorem (A., 2014)

The reductive quotient G'/R,(G") is I'-constant, and the linear
differential operators {P1, ..., Ps} C F[[1] defining
Ru(G") < G,(F) are also defining operators for R,(G).
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Statement of main result

@ Let D := F -1 (F-linear span), and define the Lie subspace
L:={0€D|0a,=0V o€ G}.

e KOLCHIN (1985): there is an F-basis " for £ consisting of
pairwise commuting derivations. [Recent generalization:
GORCHINSKIY-OVCHINNIKOV (2014)].

@ Define A’ := {0} U, consider K as A’-field, and let
M = K<’I7,£>A/ - M, and G’ := GalA/(M//K).

Observe there is a natural inclusion F[['] C F[M].

Theorem (A., 2014)

The reductive quotient G'/R,(G") is I'-constant, and the linear
differential operators {P1, ..., Ps} C F[[1] defining

Ru(G") < G,(F) are also defining operators for R,(G).

DREYFUS (2011): we can compute G’, and in particular R,(G’).
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Proofs

Three ancillary results:
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@ There is a canonical inclusion ¢ : R,(G) — R,(G’).
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Main result

Proofs

Three ancillary results:
@ There is a canonical inclusion ¢ : R,(G) — R,(G’).

@ There exist linear differential operators Py,...,Ps € F[IT]
such that

Ru(G) = {by| o€ G} = {be G,(F)| Pi(b)=0; 1 <i<s}.
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Proofs

Three ancillary results:
@ There is a canonical inclusion ¢ : R,(G) — R,(G’).

@ There exist linear differential operators Py,...,Ps € F[IT]
such that

Ru(G) = {by| o€ G} = {be G,(F)| Pi(b)=0; 1 <i<s}.

@ R,(G) is M-dense in R,(G"), i.e., for any P € F[I] such that
P(b,) = 0 for every o € G, we have that P(b,/) = 0 for
every o' € G'.
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Proofs

Three ancillary results:
@ There is a canonical inclusion ¢ : R,(G) — R,(G’).

@ There exist linear differential operators Py,...,Ps € F[IT]
such that

Ru(G) = {by| o€ G} = {be G,(F)| Pi(b)=0; 1 <i<s}.

@ R,(G) is M-dense in R,(G"), i.e., for any P € F[I] such that
P(b,) = 0 for every o € G, we have that P(b,/) = 0 for
every o' € G'.

For the first, note that the action of G (resp. G') on M (resp. M’)
is determined by its restriction to the same solution space S,
defined independently of M and I
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Proofs

Three ancillary results:
@ There is a canonical inclusion ¢ : R,(G) — R,(G’).

@ There exist linear differential operators Py,...,Ps € F[IT]
such that

Ru(G) = {by| o€ G} = {be G,(F)| Pi(b)=0; 1 <i<s}.

@ R,(G) is M-dense in R,(G"), i.e., for any P € F[I] such that
P(b,) = 0 for every o € G, we have that P(b,/) = 0 for
every o’ € G'.

For the first, note that the action of G (resp. G') on M (resp. M’)
is determined by its restriction to the same solution space S,
defined independently of M and I

It remains to be shown that ¢ is also surjective.
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Statement
Main result Proofs

Proof of surjectivity (1)

There are linear differential operators P, ..., Ps € F[[V] such that

Ru(G) ~{by | 0 € G} = {b e G,(F) | Pi(b)=0; 1<i<s}.
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Proof of surjectivity (1)

There are linear differential operators Py, ..., Ps € F[[V] such that
Ru(G) ~{b, | 0 € G} ={be G,(F) | Pi(b) =0; 1 <i<s}.

Proof.

By SiT (1975), there is a characteristic set for R,(G) consisting of
linear differential operators Py,...,Ps € F[I] such that

P(asY) — a;P(Y) =0 for each o € G.

One shows that if P ¢ F['], then there exists o € G such that
P(asY) — asP(Y) # 0. O
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Main result

Proof of surjectivity (2)

Lemma

For any P € F[] such that P(b,) =0 for every o € G, we have
that P(b,) = 0 for every o’ € G'.
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Main result Proofs

Proof of surjectivity (2)

Lemma

For any P € F[] such that P(b,) =0 for every o € G, we have
that P(b,) = 0 for every o’ € G'.

Proof.
Let K(n)a =: L C M (resp. K(n)as =: L' C M’) denote the fixed
field of the unipotent radical. If P € F[[V], then P(n~=2) € L.
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Proof of surjectivity (2)

Lemma

For any P € F[] such that P(b,) =0 for every o € G, we have
that P(b,) = 0 for every o’ € G'.

Proof.

Let K(n)a =: L C M (resp. K(n)as =: L' C M’) denote the fixed
field of the unipotent radical. If P € F[[V], then P(n~=2) € L.

By DREYFUS (2011): P(b,) = 0 if and only if

P(n~2) € ox(L) == {ox(f) | f € L}.
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Main result Proofs

Proof of surjectivity (2)

Lemma

For any P € F[] such that P(b,) =0 for every o € G, we have
that P(b,) = 0 for every o’ € G'.

Proof.

Let K(n)a =: L C M (resp. K(n)as =: L' C M’) denote the fixed
field of the unipotent radical. If P € F[IT'], then P(n=2) € L.
By DREYFUS (2011): P(b,) = 0 if and only if

P(n=2) € 6x(L) := {0x(f) | f € L}.

So we need to prove that P(n2) € dx(L').

Carlos E. Arreche Unipotent radicals of PPV-groups
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Main result Proofs

Proof of surjectivity (2)

Lemma

For any P € F[] such that P(b,) =0 for every o € G, we have
that P(b,) = 0 for every o’ € G'.

Proof.

Let K(n)a =: L C M (resp. K(n)as =: L' C M’) denote the fixed
field of the unipotent radical. If P € F[IT'], then P(n=2) € L.

By DREYFUS (2011): P(b,) = 0 if and only if

P(n=2) € 6x(L) := {0x(f) | f € L}.

So we need to prove that P(n2) € dx(L').

One can show that if P € F['] satisfies P(n~2) € 6x(L), then it is
indeed true that P(n=2) € &,(L'). O
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Main result

Example

Let K = F(x); M= {1, 0}, 9 = £ for j=1,2; Fis a
MN-closed field containing Q(t1, t2). Consider

2y <x2_|_(2—2t1t2)x—2i—t12t22—3t1t2+2> Y
X

titpb—1—x

The Riccati equation admits the solution v := ~
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Example

Let K = F(x); M= {1, 0}, 9 = £ for j=1,2; Fis a
MN-closed field containing Q(t1, t2). Consider

2 _ 212 2
5§Y<x + (2 —2titr)x + t{t5 — 3tito + >Y:0. 3)

X2

The Riccati equation admits the solution v := @
Since O1u = 2 and dru = £, we have

8%u:O:8%u and t101u — todou = 0.
By DREYFUS (2011), the reductive quotient G/R,(G) is

(26 0n(F) | 0% = 1% 21(%2) =0=0o(%)).
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Main result

Example (cont.)

Letting 0] := t101 — t202, we can take " = {9} }.
Again following DREYFUS, one shows that

Ru(G') = G4 (F™).
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Main result

Example (cont.)

Letting 0] := t101 — t202, we can take " = {9} }.
Again following DREYFUS, one shows that

Ru(G') = G4 (F™).

It follows from our main result that R,(G) and R,(G’) coincide as
subsets of G,(F), whence

abeF;, a#0 t%2=1t%,

a

a b
G~ (O a—1>
31(@) 0= 32(@); t101b = b

a
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