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1 Linear Algebraic Groups.

1.1 The Zariski topology on affine n-space.
C := algebraically closed field, characteristic 0
X = (X1,...,Xn), Xi,...,X, indeterminates
A™:=C™, affine n-space
x:=(x1,...,2,), pointin A"
C[X] :=polynomial algebra over C
Since C' is infinite, we may identify C'[X] with an algebra of functions on X.
We define the Zariski topology on A™.
V C A™ is closed (is an affine variety) if there exists a finite set
F,... F
of polynomials in C [X] such that
V={zxeA" : F(z)=---=F, (x)=0}.
V is closed <= there exists an ideal
Cl:(Fl,...,FT)
with a finite basis in C'[X] such that
V={xe€A": F(z)=0} VFeca
Theorem 1 (Hilbert Basis Theorem) Every ideal in C [X] has a finite basis.

Corollary 2 (C[X] is Noetherian) Every ascending sequence of ideals is finite.



V(a) := the closed set of zeros of the ideal a of C'[X].
Let a be an ideal in C [X].

Vi(a) =V (Va).
Let V be a subset of A™. Let
a={FeC[X]:F(lx)=0 VYzeV}.
a is a radical ideal in C [X].
I(V):=a.
V := the closure of V.

Clearly, I (V) =1 (V).
V and I are order reversing.

Also,
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V(anb) = V(ab)=V (a)UV(b)

Since C' is algebraically closed, we have a theorem that reduces the Zariski
topology to a theory of radical ideals of a Noetherian C-algebra.

Theorem 3 (Hilbert Nullstellensatz) The mapping
a+—V (a)

from the set of radical ideals in C[X] to the set of closed sets in A™, and the
mapping

Vi— I(V)
from the set of closed sets in A™ to the set radical ideals in C'[X] are inclusion
reversing, bijective, and inverse to each other.

Therefore,
1@ = (1)
I(A") = (0)
I(Vuw) = I1(V)NnI(W)
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A topological space is Noetherian if every descending sequence of closed sets
is finite.



Corollary 4 The topological space A™ is Noetherian.

Since every subspace of a Noetherian space is Noetherian, every closed subset
of A™ is Noetherian.

Example 5 Leta = (XY?2+2Y? X*-2X%+1,1-Z(Y-X?+1)) C C[X,Y, Z].
Let (z,y,z) be in V(a). Then, (2? — 1)2 = 0. Therefore, x = £1.
So, y=0. It follows that 0 = 1. So, V (a) =0, and a =(1)

A topological space is reducible if it is the union of two proper closed subsets.
Otherwise, it is irreducible.

Exercise 6 A Hausdorff space is irreducible if and only if it is reduced to a
point.

Lemma 7 (Springer, Linear Algebraic Groups) Let V be a topological space.
1. S CV isirreducible if and only it its closure is irreducible.

2. Let o : V. — W be a continuous map to a topological space W. IfV is
irreducible, so is its image (V).

3. If V is irreducible, every nonempty open subset of V is dense in V.

Since a point in a topological space V is irreducible, every point is contained
in a maximal irreducible subspace V' of V' (Zorn’s Lemma). V' is called an
irreducible component of V. So, V is the union of its irreducible components.
An irreducible component is closed.

Proposition 8 Let V be a nonempty closed subset of A™. V is irreducible if
and only if I (V') is prime.
Proof. Suppose V.=UUW, U, W proper closed subsets of V.

Then, U, W are closed in A™.

I(V) = I1(UNIW)
) ¢ 1wy 1(w)gIu)
Choose F € T (U)\I (W), and G € I (W)\I (U).
FGelI(V). F¢I(V)and G ¢ I(V). Thus, I (V) is not prime.

We leave the converse as an exercise.
Since (0) is a prime ideal in C [X], it follows that A™ is irreducible. m

Let V =V (X;X5). Then,
I(V) = (X1) N (X2).

I(V) is not prime. V is the union of the coordinate axes of AZ2.

The point 0 in affine 1-space (the affine line) can be defined as the irreducible
closed set V(X?). The ideal a = (X?) is not prime, but its radical y/a = (X) =
I(0) is prime.



Remark 9 The bijective correspondence a — V(a) between radical ideals of
C'[X] and closed subsets of A™

restricts to a bijective correspondence p — V (p) between prime ideals of C [X]
and irreducible closed subsets of A™.

Example 10 Show that the idealp = (Y — X%, Z—XY) in C[X,Y, Z] is prime.

Suppose FG € p. V(p) = {(t, 12, t3) ite (C} — the so-called "twisted cubic.”
Therefore, F (t,tQ,t?’) G (t,tz,t?’) =0 for allt € C. Therefore, since polyno-
mials in 1 variable have only a finite number of roots, one of the polynomials

vanishes identically in t. Therefore, either F(X,Y,Z) or G(X,Y, Z) is in p.

Together, the Hilbert Basis Theorem (the Noetherianity of C'[X]),
and the Hilbert Nullstellensatz (closed sets are determined by radical
polynomial ideals)
prove that every closed set is a finite union of distinct maximal irreducible
closed subsets:

Corollary 11 Let a be a proper radical ideal in C' [X]. Then,
a=piN---Npp,
where P1,...,p, are the distinct minimal prime ideals containing a.
P1,...,p, are called the prime components of a.
Corollary 12 Let V be a non-empty closed set in A™. Then,
V=Wvu-.-uV,,
where Vi, ..., V. are the distinct maximal irreducible closed subsets of V.
Exercise 13 Let V be a closed subset of A™.
1. An open subset U of V is dense in V if and only if UNV; #0,i=1,...,m.
2. The intersection of two dense open subsets of V' is nonempty.

A topological space is connected if it is not the union of two disjoint proper
closed subsets.
Every irreducible space is connected. Not every connected space is irreducible.

The union of the coordinate axes in A2 is connected, but is reducible, as we
just saw.

By Zorn’s Lemma, every point in a topological space V' is contained in a
maximal connected subspace V' of V. V' is called a connected component of
V. V is the union of its connected components. The following exercise shows
that a connected component of V is closed.

Exercise 14 1. The closure of a connected subspace of a topological space is
connected.



2. No proper nonempty subset of a connected space can be both open and
closed.

8. If o : V. — W s a continuous map from the connected space V into the
topological space W, then ¢ (V') is connected.

4. Let'V be a Noetherian topological space. V is the disjoint union of finitely
many connected closed subsets, its connected components. The connected
components of V' are both open and closed in V. A connected subset of V
is contained in a connected component of V. If o : V — V is a continuous
automorphism, @ permutes the connected components of V.

5. A closed subset V' of A™ fails to be connected if and only if there exist two
ideals a, b in C'[X] such that a+b=C[X], and anb=1(V).

For us, the most important ring associated with a closed set V'
is the ring of polynomial functions on V. This ring is called the coordinate
ring of V.
The coordinate ring of V' is C'[V] = C [X] /a, where a =I(V).
If v = X mod a, then the coordinate ring of V' equals C[v].
An element a in a ring R is nilpotent, if there is a positive integer k such that
a® =0.
R is reduced if 0 is the only nilpotent element in R. Since a is a radical ideal,
C[V] is reduced.
Let Fun(V') be the C-algebra of C- valued functions on V.
We define a C-algebra homomorphism ¢: C [V] —=Fun(V):

o(f)(x)=F(z), xe€V,FeC[X], [ theresidue class of F mod a.

Clearly, the kernel of ¢ is (0).So, we may identify C [V] with a subalgebra of
Fun(V).
It is called the ring of polynomial functions on V.
Proposition 15 Let V be a closed set in A™.
The bijective correspondence established by the Hilbert Nullstellensatz
induces a bijective correspondence between the closed subsets of V and the

radical ideals of C'[V].
W < a,

where a = I(W) mod I(V). In this correspondence, irreducible closed
subsets correspond to prime ideals.

Lemma 16 Let a be a radical ideal in C [X]. There is a bijective mapping

v :V(a) = Home(C[V],O).

Proof. Write C[V]=C1|y]. Letx €V (a). Define
Xz :C[V]—=C



by
Xo () = f(2).

Clearly, x. € Homc(C[V],C) Note that x. (y) = =.
Home(C[V],C). Set

z=x(7)
Then,
0="F(y), Fea
Thus,
0=x(F()=Fx()
Therefore,
z=x(y) €V(a)
Since

it follows that

Conversely, let x €

X = Xz-
So, the mapping from V (a) to Homa(C[V],C) is surjective. It is injective,
since
Xe =Xy =2 =Xz (V) =Xy (V) =¥.
[ ]

We call x, the evaluation homomorphism (v — z) defined by x.

Let V be a closed subset of A™.

A map ¢ : V — W, W a closed subset of A™ is a morphism (of algebraic

varieties) if for z € V,

@(x):(ﬁ(:c),,fm(x)), ,f1,...,fm€C[V].

 defines a C-algebra homomorphism

e CW] = CV],
defined by

©"(9)(x) = g(v(x)).

If C[V]=Cly], and C[W]= C[q], then

e ()= s fm())eCV]™

Call f1,..., fm the coordinate functions of .



Lemma 17 A morphism ¢ : V. — W of affine varieties is continuous.
Proof. let T be a closed subset of W. Let a be an ideal in C[W] such that
T =V (a). Then,

r € o'W =@ eW
<~ flp(2))=0 Vfea
= ¢ (f)(x)=0 Vfea

So, oM (W) = V((¢*(a)). m
If T is a closed subset of AP and
v £ wi o

then
(o) =@ oy"
Therefore, ¢ is an isomorphism of affine varieties if and only if ¢* is an
isomorphism of C-algebras.

Exercise 18 Let o : V — W be a morphism of affine varieties.

1. If V is irreducible (resp. connected), then the closure ¢ (V) is irreducible
(resp. connected).

2. If ¢ is an automorphism of V, then ¢ permutes the irreducible (and con-
nected) components of V.

3. If ¢ is an automorphism of V., and V' is a closed subset of V', then ¢ (V)
is a closed subset of V.

4. If W = (¢ (V)), then ©* is injective.
5. If o* is surjective, then ¢ (V) is a closed subset of W.
6. If o* is injective, then ¢ (V) is dense in W.

For proofs of the next theorem and corollary, see Springer, Linear Algebraic
Groups, Chapter 1.

Theorem 19 (Chevalley) Let B be a domain finitely generated over a subring
A, and let C be an algebraically closed field.

For every b # 0 in B, there exists a # 0 in A

such that every homomorphism o : A — C such that o (a) # 0

extends to a homomorphism : B — C.

Corollary 20 (Images of constructible sets are constructible)
Let ¢ : V. — W be a morphism of affine varieties. Then, ©(V) contains an
open dense subset of ¢ (V).




Let V. C A™ and W C A™ be affine varieties.

The Cartesian product V- x W = {(z,y) : € V,y € W} is an affine variety:

Let X = (X1,...,X,) and Y = (Y7,...,Y;,) be families of indeterminates.

VxW C A" If a=I(V) C C[X], and b = I(W) C C[Y], then
I(VxW)CCIX,Y].

IVxW)=a-CX,Y]+b-C[X,Y], the ideal in C[X,Y] generated by
aUb.

C'[X] and C[Y] are linearly disjoint over C'.

The polynomial algebra C[X,Y] is canonically C-isomorphic to C [X]| ®¢
cly).

(CX]®cC Y\ (V x W) is canonically C-isomorphic to C [X]\a ®cC [Y]\b =
C V] ®c C [W].(Zariski-Samuel, Commutative Algebra, I, Theorem 35, p. 184).

So, the coordinate ring of V' x W is C [V] ®¢ C [W].

If feC[V],ge C[W], then, for (z,y) e VxW, (f®g) (z,y) = f(x)g(y).

Spose V and W are irreducible. Then, C [V] and C [W] are integral domains.
Since C'is algebraically closed, C' [V]®cC [W] is an integral domain. Therefore,
V' x W is irreducible.

Example 21
V=V(X]+X;—-1) CA?

W =V(y;) C A®

VW=V (X{+X5-1,Y;) CA*

ClVI=Clyn,v],vi+7% =1

ClVxW] = Chyyeli+y=1
= Cn,1el®@c Cls].

1.2 The closed subgroups of GL (n).

The set M (n) of n x n matrices with entries in C' = affine n?-space.
¢ = (c;j) = the point (a11,...,a1n,-..,0n1, ..., Gpn)-

GL(n) ={ce M(n) : detc # 0}.



GL(n) is a dense open subset of M (n).
Identify it with the closed subset V' of A"+ defined by the equation

Xn2+1 det X =1.

With this identification, the coordinate ring of GL(n) is C [X, ﬁ]

C [X, 1] is the localization of C'[X] by the multiplicative set M of non-
negative powers of det X.

C [ X, 15 ]is an integral domain. C[X] is a subring of C' [X, 17+

The closed subsets of GL(n) are in bijective correspondence with the radical
ideals of C' [X , ﬁ] Irreducible closed subsets correspond to prime ideals.

Identify (c, ﬁ) with the matrix ¢. The following proposition tells us which

radical ideals of C'[X] are the defining ideals of closed subsets of GL(n).

Proposition 22 A radical ideal a is the defining ideal of a closed subset of
GL(n) if and only if no prime component of a contains det X .

The proof is in the appendix to this section.

Example 23 a = (X7, X2 — X11, X11 X12 X2 — X12, X11 X12, X11X21)
is not the defining ideal of a closed subset of GL(n).
a

V (a) has two components Vi, Vs, where Vy = 0

(3 1)aeec)

a=(X11X00—1, X109, Xo1)N (X711, X12). The second prime component contains
det X.

_lI= O

Jasa}. -

Let V be a closed subset of GL (n), and let C {’y, ﬁ] be its coordinate
ring.
We have the short exact sequence:

1

1 1
0—a—=C|X,——| 2 Cly,—|—0 X) = -
“ [ ’detX} [%detfy]_} &)= "p<detx> dety

A subgroup G of GL(n) that is also a closed subset is called a closed subgroup
(linear algebraic group).
GL(1) is denoted by G,,

A subgroup G of G, is closed if and only if there is a polynomial F in C' [X],
X an indeterminate, such that G = V(F).

G is the finite set of roots of a polynomial in 1 indeterminate.

The proper subgroups of G, are finite groups: the groups of m!* roots of
unity.

Other examples:

1. The special linear group SL(n) = {c € GL(n) : detc = 1}.

1




2. The upper triangular group T'(n) = {c € GL(n) : ¢;; =0, > j}.

3. The upper triangular unipotent group U(n) = {c € T(n) : ¢;; = 1,i =
1,...,n}.

4. The diagonal group D(n) = {c € GL(n) : ¢;; =0,i # j}.

5. The orthogonal group O (n) = {c € GL(n) : ctfc =1,}, 1, then xn
identity matrix.

6. The special orthogonal group SO(n) = O(n) N SL(n).

7. A closed subgroup of GL(2n) is the symplectic group SP (2n) =
{c € GL(2n) : c'jc = 19, }, where

. 0o 1,
S E
These are some of the so-called classical groups. A more prosaic closed sub-

group of GL(n) is
G={ceGL(n):IpeN:(detc)? =1}.

2 Appendix: The defining ideal in C[X] of a
closed subset of GL (n).

We want to prove the following proposition:

Proposition 24 A radical ideal a in C[X] is the defining ideal of a closed
subset of GL(n) if and only if no prime component of a contains det X .

An ideal a of C'[X] is contracted if there is an ideal b of C' [X
a=bnC[X].
If a is an ideal of C'[X], a® = C [X, ;- | - a is called the extension of a.
Let a be an ideal and G be an element of C'[X]. G is prime to a if for any
F e C[X],

1 .
’ det X] with

FGea= Fcua
Note that G is prime to a if and only if every positive power of G is prime to a.

Lemma 25 a is contracted if and only if det X is prime to a.
Proof. If a =bNC [X], b an ideal of C' [X, 1], then

detX-Fea, FeC[X]=FebnC[X]=a.
Spose det X is prime to a. Let F € a°NC[X]. Then,

1

p
F=S"HF, HecC|X —
; v e [ det X

:|, F;€a, 1=1,...,p.

10



There exists a nonnegative integer k such that G; = det X* - H; € C'[X],i =
1,...,p. Thus,

P
det X*F =Y G,F, € a.
j=1
It follows that F € a.
det X [ F, € a.
q#p

Spose [[qzp Fy is in a.  Then, [[,,, Fy € p.  Therefore, for some q# p,
Fy, €p. Thus, a is not contracted. m

Proposition 26 (Zariski-Samuel, Commutative Algebra, Vol. I, Theorem 15,
p. 228)The maps b — bNC [X] from the set of all ideals in C [X, ﬁ] to the
set of contracted ideals in C [X],

and

c=C\|X,——=|-
e [’mx]a

from the set of contracted ideals in C [X] to the set of ideals in C [X, ﬁ] ,
are inclusion preserving, bijective and inverse to one another,

and preserve the ideal-theoretic operations of forming intersections and rad-
icals.
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