EVALUATION OF THE STRENGTH OF
SYSTEMS OF PARTIAL DIFFERENTIAL AND

DIFFERENCE EQUATIONS VIA
DIFFERENTIAL AND DIFFERENCE
DIMENSION POLYNOMIALS

Christian Dénch', Alexander Levint

T RISC, Johannes Kepler University, Linz, Austria
#The Catholic University of America, Washington, D. C.

Kolchin Seminar in Differential Algebra, February 3, 2012



Let K be a differential (respectively, difference) field with a
basic set A = {41, ...,dm} of mutually commuting mappings of
K into itself such that each ¢; is a derivation of K (respectively,
each ¢; is an injective endomorphism of K also called a
translations). Then K will be called a A-field.

If 61,...,dm are automorphisms of a difference field K, we say
that K is an inversive difference field with the basic set A or a
A*field. (In this case we set A* = {51,...,0m, 07 ..., 0m'}).

If K is a A-field, then © will denote the free commutative
semigroup generated by 41, ..., 0m:

0= {54‘1 .0k Ky, ... km € N}). If K is a A*-field, then T will
denote the free commutative group generated by A:

M= {68 68 | ky,. .. km € Z}).



If K is a A-field and 6 = 6% ... 55 ¢ © (ky, ..., km € N), then

m
the number ord 6 = Z k, is called the order of 6.

v=1

Forany re N,wesetO(r) ={0 € ©|ord6 < r}.
If K is a A*-field andyzéf‘ .0 e T (ky,... km € Z), then
m

the integer ord v = Z |k,| s called the order of .

v=1

IfreN,wesetl(r)={yel|ordy <r}.




Let K be a A-field K of zero characteristic and let
L= K(n1,...,ns) be a A-field extension of K generated by a

finite set n = {1, ..., ns}.
As afield, L = K({0n;]0 € ©,1 < < s}).

The following is a unified version of E. Kolchin’s theorem on
differential dimension polynomial and the speaker’s theorem on
the dimension polynomial of a difference field extension.




With the above notation, there exists a polynomial
¢k (t) € Q[t] such that

(i) ¢yik(r) = trdegk K({6mj]6 € ©(r),1 < j < s}) for all
sufficiently large r € Z;

(i) deg ¢,k < mand ¢,k (t) can be written as
m

bk (t) = ZO a,-(tJir I> where ay, ...,am € Z.

=
(iii) d = deg ¢,k am and ay do not depend on the set of
A-generators n of L/K (aqg # am iff d < m). Moreover, an is
equal to the A-transcendence degree of L over K (denoted by
A-trdegk L), that is, to the maximal number of elements
&1,...,& € Lsuch that the family {0¢;|0 € ©,1 < i < k} is
algebraically independent over K.



oy (t) is called the A- (differential or difference depending on
the nature of A) dimension polynomial of the A-field extension
L of K associated with the system of A-generators n. The
integers d = deg ¢, (t) and ay are called, respectively, the
A-type and typical A-transcendence degree of L over K. These
invariants of ¢, k(t) are denoted by A-typexL and A-t.trdegkL,
respectively.

If n1,...,ns are A-algebraically independent over K, then
by (r) = trdegk K({0n;10 € ©,1 <j<s})=s- CardO(r) =

s(r J;nm> for all sufficiently large r € N

(Card©(r) = Card{((ki,...,km) e N" | ki +-- -+ k;m < r} =
r+m N t+m
< m >.) Therefore, in this case ¢, k(t) = s< m >



Let K be a A*-field where A C Aut(K). Then there exists a
polynomial +,,« (t) € Q[t] with the following properties.

(i) Yyk(r) = trdegk K({ynj[v € T(r),1 <j < s}) for all
sufficiently large r € N.

(ii) deg i, k(t) < mand v, k(t) can be written as

me(t) 7tm + O(tm)
where a € Z and o(t™) is a numerlcal polynomial of degree less
than m.
(iii) The integers a, d = deg v,k (t) and the coefficient of t9in
the polynomial v,k (t) do not depend on the choice of a system
of generators n.Furthermore, a = A-trdeggL.

(iv) Ifn1,...,ns are A-algebraically independent over K, then

oo 2 ()11,
_



Let us consider a system of algebraic A- (differential or
difference) or A*-(inversive difference) equations

Ai(y1,---,¥s) =0 (i=1,...,p) (1)

where A(y1,...,¥s) are A- (or A*-) polynomials in the ring
R = K{yi,...,ys} (respectively, in R = K{y,...,¥s}").

(K{y1,...,Yys} is the ring of A-polynomials in s
A-indeterminates over K as a ring, it coincides with
K[{8y; |6 € ©,1 <i<s}]. K{y1,...,¥s}" is the ring of
A*-polynomials; as a ring it coincides with
K[{vyilyeTl,1<i<s}])

System (1) is called prime if the A-ideal (respectively, A*-ideal
if we deal with difference or inversive difference cases) P of R
is prime. (For example, this is the case if system (1) is linear.)



Let n; be the canonical image of y;in R/P (1 <i < s) and for
every r € N, let R, = K[O(r)y1 - - - U ©(r)ys] (respectively,

R, = K[I(r)ysU---UT(r)ys] in the case of inversive difference
equations) then P N R, is a prime ideal of the ring R, and the
quotient field of R,/P N R, are isomorphic to

K({0(n;) |0 € ©(r), 1 < j < s}) (respectively,

K({y(m) |y € T(r), 1 <j < s})).

Applying Theorem 1 in the case of differential equations we
obtain that there exists a polynomial ¢p(t) € Q[t] such that

¢p(r) = trdegk K({0(n;) [0 € ©(r), 1 < j < s}) = trdegk(R,/PNA)
for all sufficiently large r € Z, deg v (t) < m and the polynomial

m o

¢p(t) can be written as ¢p(t) =) a,-<tjiL I) where
i=0

ap,...,am € Z and ap = A-trdegkK(n1, ..., ns).



In the case of difference or inversive difference equations
Theorem 2 shows the existence of a polynomial vp(t) € Q[t]
such that

¥p(r) = trdege K({7(1;) |y € T(r), 1 <j < s}) = trdegk(R,/PNR)

for all sufficiently large r € Z, deg(t) < m and the polynomial
m

, 2
¥p(t) can be written as p(t) = m‘?m
am = A-tfdegKK<771,...,775>*. '

t" + o(t™) where

The polynomial ¢p(t) (respectively, vp(t)) is called the A-
(respectively, A*-) dimension polynomial of system of
differential (respectively, difference) equations (1).




The differential (A-) dimension polynomial, as it was first
noticed in [Mikhalev, A. V.; Pankrateyv, E. V. Differential
dimension polynomial of a system of differential equations.
Algebra, Moscow State Univ., 1980, 57-67], expresses the
strength of a system of PDEs in the sense of A. Einstein who
introduced this characteristic as a measure for the size of the
solution space of such a system (see [Einstein, A. The Meaning
of Relativity. Appendix Il (Generalization of gravitation theory),
4th edn. Princeton, 1953, 133 - 165]). His description of the
strength of such a system governing a physical field is as
follows:




”... the system of equations is to be chosen so that the field
quantities are determined as strongly as possible. In order to
apply this principle, we propose a method which gives a
measure of strength of an equation system. We expand the
field variables, in the neighborhood of a point P, into a Taylor
series (which presupposes the analytic character of the field);
the coefficients of these series, which are the derivatives of the
field variables at P, fall into sets according to the degree of
differentiation. In every such degree there appear, for the first
time, a set of coefficients which would be free for arbitrary
choice if it were not that the field must satisfy a system of
differential equations. Through this system of differential
equations (and its derivatives with respect to the coordinates)
the number of coefficients is restricted, so that in each degree a
smaller number of coefficients is left free for arbitrary choice.
The set of numbers of "free” coefficients for all degrees of
differentiation is then a measure of the "weakness” of the
system of equations, and through this, also of its "strength”.”



Calculating by hand A. Einstein found out that the potential and
field formulations of Maxwell equations have different strengths.
However, he did not obtain an exact expression of the
mentioned number of free coefficients as a function of the
degree of differentiation. Even though there were several works
by different authors on the strength of a system of differential
equations (in particular, on its relation to Cartan characters),
there was no method of evaluating such a function until the
technique of dimension polynomials was developed. As one
can see from the following list of such publications, most of the
works were written by people who worked in mathematical
physics.




1. Mariwalla, K. H. Applications of the concept of strength of a
system of partial differential equations. J. Math. Phys., 15
(1974), 468-473.

2. Matthews, N. On the strength of Maxwell’s equations. J.
Math. Phys., 28 (1987), 810-814.

3. Schutz, B. On the strength of a system of partial differential
equations. J. Math. Phys., 16 (1974), 855-856.

4. Seiler, W. On the arbitrariness of the general solution of an
involutive partial differential equation. J. Math. Phys., 35
(1994), 486-498.

5. Seiler, W. Arbitrariness of the general solution and
symmetries. In Acta Appl. Math., 41 (1995), 311-322.

6. Seiler, W. Involution. The Formal Theory of Differential
Equations and its Applications in Computer Algebra. Springer,
2010.

7.Sué, M. Involutive systems of differential equations:
Einstein’s strength versus Cartan’s degré d’arbitraire. J. Math.
Phys., 32 (1991), 392-399.



Considering a system of equations in finite differences over a
field of of functions in several real variables, one can use the A.
Einstein’s approach to define the concept of strength of such a
system as follows. Let

Al(f1>7f5):0 (I:1aap) (2)
be a system of equations in finite differences with respect to s
unknown grid functions f, ..., fs in nreal variables xq, ..., X,

with coefficients in some functional field K. We also assume
that the difference grid, whose nodes form the domain of
considered functions, has equal cells of dimension hy x --- x hp
(hq,...,h, € R) and fills the whole space R". As an example,
one can consider a field K consisting of a zero function and
fractions of the form u/v where u and v are grid functions
defined almost everywhere (i. e., there are only finitely many
nodes where such a function is not defined) and vanishing at a
finite number of nodes.



Let us fix some node P say that a node Q has order i (with
respect to P) if the shortest path from P to Q along the edges
of the grid consists of i steps (by a step we mean a path from a
node of the grid to a neighbor node along the edge between
these two nodes). Say, the orders of the nodes in the
two-dimensional case are as follows (a number near a node
shows the order of this node).

5 4 3 2 3 4 5

a3 20 1 2 3 4




Let us consider the values of the unknown grid functions
fi,..., fs at the nodes whose order does not exceed r (r € N).
If fi,..., fs should not satisfy any system of equations (or any
other condition), their values at nodes of any order can be
chosen arbitrarily. Because of the system in finite differences
(and equations obtained from the equations of the system by
transformations of the form

fj(X1,...,XS) — 6‘(X1 + Kkihy, ..., Xs + knhy with Ky, ... kp € Z,
1 <j < s), the number of independent values of the functions
fi,..., fs at the nodes of order < r decreases. This number,
which is a function of r, is considered as a "measure of
strength” of the system in finite differences (in the sense of A.
Einstein). We denote it by S;.




With the above conventions, suppose that the transformations
«; of the field of coefficients K defined by

ajf(x1,...,xn) = f(X1,. .., Xj—1, X + hj, ..., Xn)

(1 <j < n) are automorphisms of this field. Then K can be
considered as an inversive difference field with the basic set

o ={a1,...,an}. The replacement of the unknown functions f;
by difference indeterminates y; (i = 1, ..., s) leads to a system
of algebraic difference equations of the form (2). If this system
is prime (e.g., we deal with a system of linear difference
equations), then its difference dimension polynomial ()
expresses the strength S;. Thus, this polynomial can be
naturally viewed as the measure of the A. Einstein’s strength of
a given system of equations in finite differences.



Methods of computation of A- and A*- dimension polynomials
of a system of algebraic partial differential or difference
equations developed in the 1980s were based either on
building of a characteristic set of the considered above
associated A- (or A*-) ideal Pin K{y1,...,Yys} (respectively, in
K{y1,...,¥s}*) or on constructing a free resolution of the
module of Kahler differentials associated with the extension
K)ni,...,ns( (or K(n1,...,ns)*). The corresponding
computations can be found, for example, in [Kondrateva, M.V.;
Levin, A. B.; Mikhalev, A. V.; Pankratev, E. V. Differential and
Difference Dimension Polynomials. Kluwer Acad. Publ., 1998].

The main drawback of these approaches is the lack of efficient
algorithms for constructing characteristic sets and serious
restriction on the systems to which one can apply the method
of free resolutions.



For example, the only case when we can use the method of
free resolutions is the case of systems of inversive difference
equations where the inversive difference operators are linear
and symmetric, that is, whenever an equation involves a
A*-operator w = a1<5f” ...65,‘,”7 qFeoo aréf" ...55,;'" (ai € K),
which contains a term 31541 ...0lm(ae K, a+#0),thenitalso
contains all terms of the form bd;™" ... 45/ with nonzero
coefficients b € K and all 2™ distinct combinations of signs
before 1, ..., In.

In what follows we consider Grdébner basis method that yields
algorithms of computation of dimension polynomials (and
therefore, the strength of a system of algebraic partial
differential or difference equations), which does not have some
of these restrictions.



The following considerations lead to an essential generalization
of Theorems 1 and 2 on differential and difference dimension
polynomials. We will consider the differential case and show
that there is a multivariate numerical polynomial associated
with any partition of the basic set of derivation operators. These
multivariate differential dimension polynomials represent the
"generalized” strength of a system of algebraic differential
equations, which is defined in the same way as the Einstein’s
concept of strength if one imposes separate restrictions on the
orders of derivations with respect to each group of basic
derivation operators.




Let K be a differential field (Char K = 0) whose basic set A is a
union of p disjoint finite sets (p > 1): A = A¢J---J Ap, Where
A;={i1,...,0im} (i=1,...,p). Thus, we fix a partition of the
set A.

For any 6 = 611" .. .61(;,:’11 o2 .52’,’,’;2’ € ©, we define the order of
the element 6 with respect to A; as follows: ord; 6 = Z/’.":’1 Kij
(i=1,...,p).

Furthermore, forany ry,...,r, € N, we set
o(r,...,rp)={0€0Olord;0 <rifori=1,...,p}.




Theorem 3 (L., 2007)

Let L = K(n1,...,nn) be a A-field extension generated by a set
n ={m,...,nn}. Then there exists a polynomial ®,(t,...,t)
in p variables ty, ..., t, with rational coefficients such that

n
(i) Pp(r1, ..., 1p) = tr.degK(| ) ©(r1, ..., rp)ny) for all
j=1
sufficiently large (r1, ..., ) € NP (i. e., there exist
S1,...,8p € N such that the last equality holds for all elements
(ri,...,rp) € NPwith ry > sy,...,1p > Sp);
(i) degy®, < m; (1 <i<p),sothat deg®, < mand the

polynomial ®,(t, ..., 1) can be represented as
my Mp . .
b+ i to+Ip
¢77:Z a,-1“,,-p( i >< ;
=0  ip=0 1 P
where a;,._ ., € Zforall iy, ..., ip.



o &,(t,...,1p) is called the differential dimension polynomial
of the extension L/K associated with the set of differential
generators n (and the given partition of the basic set A).

e For any permutation (js, ..., jp) of the set {1,...,p}, we
define the lexicographic order <j, _; on NP as follows:
(r1y-- -5 p) <jy,..jo (S1,--, Sp) if and only if either r;, <'s;, or
there exists k € N, 1 < k < p— 1, such that r;, = s;, for
v=1,....,kandr,  <sj .

If ¥ C NP, then X’ denotes the set

{e € X|eis a maximal element of ¥ with respect to one of the
p! lexicographic orders <;, . }. For example, if

Y ={(3,0,2),(2,1,1),
(0,1,4),(1,0,3),(1,1,6), (8,

: 0),(1,2,0)} C N3, then
= {(37072)7(37170) ( )

16, (h2.0)



Let K be a differential field whose basic set of derivations A is a
union of p disjoint finite sets (o > 1): A = A¢{J---|JAp, where
A;={0i1,....,0im} (i=1,...,p). Let L= K(ny,...,nn) and

my Mp .
t :
=> . Z aj, . ,p(1 T ’1> . (tp /+ Ip> the corresponding
I1 0 P

dimension polynomlal Let

E,={(i,...,ip) NP0 < ix < myfork=1,....,pand
aj,..i, 7 0}.

Then d = deg ¢,;, am,...m,, elements

(1,---,Jp) € E,’Z, the corresponding coefficients a;,_; , and the
coefficients of the terms of total degree d do not depend on .
Furthermore, am,, .. m, = A-tr.degkL.



The proof of Theorems 3 and 4, as well as a method of
computation of multivariate dimension polynomials, is based on
the corresponding results for differential, difference, and
inversive difference modules.

Considering the differential case we treat the module of
differentials Qx (L) associated with the differential field
extension L = K(n4,...,ns) of K as a A-L-module generated
by the differentials dnq, ..., dns (dn;(D) = D(n;) for any
K-derivation D : L — L, and d(d;(n;)) = 6;(dn;) for all
i=1,....8 j=1,...,m).

In other words, Qk/(L) is a finitely generated module over the
ring of A-operators D = {Z cyf | cy = 0 for almost all § € ©}.

=)
D has a natural structure of a K-vector space and multiplication

determined by the rule da = aé + d(a) forany 6 € A, a € K.



As before, let us consider a partition A = AqJ--- | Ap, where
A= {5,’1,...,5,’,-,7/.} (I: 1,,p)

Kim o .
If 0 =611 ... 6, 653" ... Opme € ©, then we define the order of

the element 0 with respect to A; as follows: ord; 6§ = Z}":q Kij
(i=1,...,p).

Forany ry,...,rp € N,let©(ry,...,rp) = {0 € ©lora; § < r; for
i=1,...,p} andlet Dy, . ., denote the vector K-subspace of D
generated by the ©(ry, ..., rp).

Setting Dy, ..., = 0 forany (ry,...,rp) € ZP \ NP, we obtain a
family {Dy, ...r,|(r1,. .., p) € ZP} of vector K-subspaces of D
which is called the standard p-dimensional filtration of the ring
D.



Clearly, Dy, ...r, € Ds,,..5, if (11, ..., 1p) is less than (s, ..., Sp)
w.r.t. the product order on Z°, and for any (ry, ..., rp),
(i1 P Ip) € Np one haS Dj17_..7,'pDr17._.7rp = Df1+i1,...,l’p+fp .

Let M be a vector A-K-module, that is, a left D-module. A
family {My, . |(r1,...,rp) € ZP} is said to be a p-dimensional
filtration of M if the following four conditions hold:

() My,.....r, € Ms, ... s, for any p-tuples (ry, ..., rp),
(S1,...,8p) € ZP such that (ry,...,rp) <p (S1,...,Sp).




(ii) U Mr1,...,rp =M.

(ry,...,rp)€ZP
(iii) There exists a p-tuple (r1(°), e r,go)) € ZP such that
M. =01t < r,(o) for at least one index i (1 < < p).
(iv) Dr17...7rpMs17...7Sp C Mr1+s1,...7rp+sp for any
(r,...,rp),(S1,...,8p) € ZP.

If every vector K-space My, .., is finite-dimensional and there
exists an element (hy, ..., hp) € ZP such that

Dr1,...,rth1,...,hp = Mr1+h1,...,rp+hp for any (I’1 gooog rp) € NP, the
p-dimensional filtration {M;, . . |(r1,...,rp) € ZP} is called
excellent.




Let K be a differential field with a basic set A = {61,...,0m}
and let D be the ring of differential operators over K equipped
with the standard p-dimensional filtration corresponding to a
partition A = A1 J---|J Ap. Furthermore, let

m; = Card A;j(i=1,...,p) and let {M, ., |(r1,...,rp) € ZP} be
an excellent p-dimensional filtration of a vector o-K-space M.

Then there exists a polynomial ¢(ti,...,t) € Q[t, ..., t] such
that
(i) o(r1,. .., rp) = dimeMy, ., for all sufficiently large
(r1,...,mp) €ZP;
(i) degip < m; (1 <i<p),sothat deg¢p < mand the
polynomial ¢(t, ..., 1) can be represented as
my Mp 0 7
4+ b+ 1
gf)(ﬁ,...,tp)zz... a,-1m,-p<1l_ 1>...<p. p)
, . 1 Ip
i1=0 Ip:0
where a;, ., € Zforall iy, ..., p.



If L=K(nm,...,ns), then Qx(L) has a natural excellent
p-dimension filtration {(Q2x(L))r,..r,) | 11, - -, o € N}, where
Qi (L))n..r, is @ vector L-space generated by the set
{dn|ine K{oni|0 € ©(r,...,1p), 1 <j<s})}, and

dim Qk(L)r..., = ¢y(r1, . .., Ip) for all sufficiently large
r,....,rp € Z.

Thus, the proof of Theorem 3 and the computation of the
dimension polynomial ¢,(t, ..., %) can be reduced to the proof
of the existence and computation of the corresponding
multivariate dimension polynomial of a finitely generated
differential module. In what follows we consider a method of
such computation based on some generalization of the
Grébner basis technique.




Let K be a differential (A-) field and A = A1 J---|J Ap, where
A;={dj1,...,0im} (Ii=1,...,p). As before, if

6= ok ..oy .5 € ©, we set ord; § — S Ky
(i=1,...,p).

Let us consider p orders <4,...,<p on © such that

0= M1 ..ok L ST < g = 51 aim skt 5P if and
only if the vector

(ordif,ord 6, 0rdi0, ..., ordi_10,0rdi 10, ..., 0rds0, K1, . .., Kim,,
Ki1, ..., Kpm,) is less than (ord;¢’, ord 0, ordi ¢, . . .,

ord,-_19’, ord,-+10’, noog ordpe’, iy, /,'m,., hq,. .., /pmp) with
respect to the lexicographic order on N™+P+1,

Clearly, © is well-ordered with respect to each <;.




Let E be a free left D-module with free generators ey, ..., en.
Elements de; (0 € ©, 1 < j < n) are called terms while the
elements of the semigroup © are called monomials. The set of
all terms is denoted by ©e; it generates E as a vector space
over the field K.
The order of a term fe; with respect to A; (1 </ < p) is defined
as ord;f.
Aterm u' = 0'g; is said to be a multiple of u = fey (we write
uld') if j = k and #" is a multiple of 6 in ©.
The least common multiple of two terms u = 0ye; and v = e,
is defined as follows:

0, it 7],
I, ) = { lem(6y,05)e; i i=j.

We consider p orderings of ©e corresponding to the introduced
orderings of © (we denote them by the same symbols):
fe; <; §'ex if and only if 6 <; #"in© or § = ¢ and j < k.



Since the set ©¢ is a basis of the vector K-space E, every
element f € E has a unique (up to the order of the terms in the
sum) representation in the form

f=ai01e;, +---+ albe (3)
where 61 ¢e;,, ..., 0, are distinct elements of ©e, ay,..., 4 are
non-zero elements of K, and 1 < jy,..., iy < n.

Let f be an element of the D-module E written in the form (3)
andlet 6,e;, (1 < v < p) be the greatest term of the set
{01€,,...,0,e;} with respect to the order <; (1 <j < p). Then
the term 6, ¢;, 'is called the j-leader of the element f; it is
denoted by u!.

(It is possible that uﬁ” = uﬁ” for j # j.)

The number ord,-u,g’) is called the ith order of f and denoted by

ordif (i=1,...,p). The coefficient of u,g) in f is said to be the
J-leading coefficient of f; it is denoted by Ic;(f).



Let f,g € E and let k, iy, ..., ir be distinct elements of the set
{1,...,p}. Then fis said to be (<, <j,,--- <j,)-reduced with

respect to g if f does not contain any multiple Gug‘) (0 €0©)

such that ord,-u(eug”)) < ordgj, uﬁ'”) v=1,...,n).
An element f € E is said to be (<x, <j,,- - <;)-reduced with
respectto aset G C E, if fis (<x, <j,--- <j)-reduced with

respect to every element of G.




Let us consider p — 1 new symbols zi,...,2,_1 and the free
commutative semigroup I of all power products

y=o . sknzlh . Zb~1 with non-negative integer exponents.
LetlFe={yejyel,1<j<n} =T x{ey,...,en}. Forany
element f € E, let gi(f) = ord,-u,(f’) - ord,-uﬁ” (2 <i<p)and let
p: E — Febe defined by p(f) = 22" .. 220",

Let N be a D-submodule of E. Afinite set G={gy,...,9:} CN
is called a Grobner basis of N with respect to the orders
<y,...,<pifforany f € N, there exists g; € G such that

p(gi)lp(f)in Te.
It is clear that every Grébner basis of N with respect to the
orders <1,...,<p is a Grobner basis of N in the usual sense.

Therefore, every Grobner basis of N with respect to the orders
<4,...,<p generates N as a left D-module.



Aset{gy,...,9-} C E is said to be a Groebner basis with
respect to the orders <4,...,<p if G is a Grobner basis of
N = Y"]_, Dg; with respect to <1, ..., <p.

Given f, g, h € E, with g # 0, we say that the element f

(<k,<i,--- <j)-reduces to h modulo g in one step and write
f % hif and only if f contains some term w with a
LSRN/

1
coefficient a such that ug‘)yw,

w W
h=f—a (k)(lck(g))) 1%9
Ug

and ord,-yﬁug”) < oraqj, U;iu) 1<v<.




Let f,he E and let G={g1,...,gr} be afinite set of non-zero
elements of E. We say that f (<x, <;,,--- <;)-reduces to h

modulo G and write f % hif and only if there exists a
ki <iq»<i

sequence of elements g(V), g®, ... g(? e G and a sequence of
elements hy, ..., hy_4 € E such that

(1)
— hy

<k7<[1 <

(2) (g—1) (q)
J — h g h.

. —1
| <k><ig»<j <k><iy»<j q <k><ig»<j




With the above notation, let G = {g4,...,9,} C E be a Grébner
basis with respect to the orders <1,...,<p on Te. Then there
exist elements g € E and Qy, ..., Qr € D such that
f—g=>"'_,Qg and gis reduced with respect to the set G.

The process of reduction is described by the following algorithm
(that can be used for the reduction with respect to any finite set
of elements of the free D-module E).




Algorithm 1 (7, r,91,...,9r; 9)

Input: fe E,reN,G={91,...,9-} C Ewhereall g; #0
Output: Element g € E and elements Qy, ..., Q, € D such that
g=f—(Qig1 +---+ Qrgr) and g is reduced with respect to G
Begin: Q;:=0,...,Q,:=0,g:=f

While there exist i, 1 < i < r, and a term w, that appears in g
with a nonzero coefficient c(w), such that ug)yw and

ord(—f5 udy < orqiuf forj=2,...,pdo

the greatest (w.r.t. <q) such a term w.
k = min{/ | ug ( )is the greatest (w.r.t. <q) 1-leader of an
element g; € G with ug ]z and ord( yUg,) < ord; ué)

(=2....p) “

1
Qi ok+c(z)< (/c1(gk)> = g

gk gk

—1
g:=9-c(2) (uﬁ)(/m (gk)> 1y Gk
Ik 9k
End
e 4 4444



Proposition

LetG={g1,...,9-} be a Grébner basis of a D-submodule N of
E with respect to the orders <4,...,<p. Then

() feNifandonlyiff —% 0.

<1,<2,:<p
(i) Iff € Nandfis(<4,<2,--- <p)-reduced with respect to G,
then f = 0.

Let f and g be two elements in the free D-module E and let
k € {1,...,p}. Then the element

—1
/cm(u(k), u(k)) lem( u(k), u(k))

Sk(t,9) = (f(k)g(/cm)) — =

& o

—1
tem(uf®), u$) fom(ui®), u$)
(k) (/Ck(g)) (k)
tg tg
is called the kth S-polynomial of f and g.



Proposition

|

Letf,gy,....9r € E(r>1)andletf =" cwig; where w; € O,

ceKA<i<r)lLetke{1,...,p} ar;?forany

v,je{l,...,r}, let u(k) = lcm(ugj) (k)) Furthermore,

suppose that w1 u§1) =...= w,u( ) — u for some k € {1,...,p},
( ) <k U and there is a nonempty set | C {1,...,p} \ {k} such

thatw,ué,) < uﬁ) forallie {1,...,r}, | € l. Then there exist

elementsc,; € K (1 <v <s,1<j<t)such that
s t
f= Z Z €0, Sk(9v, 9j)
v=1 j=1

I
where 0,; = k) andewu(S )(g g) <k U el,juék)(g ) < U,g)(1 <

v < s, 1</<t lel).




With the above notation, let G = {g4, ..., gr} be a Grébner
basis of a D-submodule N of E with respect to each of the

following sequences of orders: <p; <p_1,<p; -5 <kt1s---5<p
(1 < k < p—1). Furthermore, suppose that
G
Sk(gi, 9j) 0 forany gi,g; € G.

<ks<k41,<p
Then G is a Grébner basis of N with respect to
<k7 <k+17' 009 <p-




Let D be the ring of A-operators over a A-field K, M a left

D-module generated by a finite set {f,..., f,}, and E a free left
D-module with free generators ey, ..., en. Letm: E — M be
the natural D-epimorphism (n(e;) = fifori=1,..., m),

N = Kerr,and G = {91, ...,9q} @ Grobner basis of N with
respect to <4,..., <p. Furthermore, for any (ry,...,r,) € ZP, let
Mn...rp = 27:1 Dn...rpfi and let

Vii.., ={uc ©elordiu < rifori=1,...,p,and u # 9u§;) for

any 0 € ©, g € G},

Wy..,={uc©e\V, plordu<rfori=1,...,pand for
every § € ©,g € Gsuch that u = 9u§1), there exists
ie{2,...,p} such that ord,-eug) > r;}, and

Ur1...rp = Vr1...rp U Wr1...rp-
Then forany (ry,...,rp) € NP, the set n(Uy,..r,) is a basis of the
vector K-space M;, . r,.



Theorem 2.2.5 of [Kondrateva, M.V.; Levin, A. B.; Mikhalev, A.
V.; Pankratev, E. V. Differential and Difference Dimension
Polynomials. Kluwer Acad. Publ., 1998], establishes the

existence of a polynomial f(t,...,1) € Q[ty,. .., fp] such that
f(ry,...,rp) = Card V,, ., for all sufficiently large
(r1,...,rp) € NP. Using the combinatorial method of inclusion

and exclusion, Card V;, ,, can be obtained as an alternative
sum of the polynomials of the form

ty +my — by by —1 + Mk —1 — bi 1,
. tyoo b)) = N ‘ B
¢j,k1,...7ku( 1, ) P) < m My, 1

[(fm + My, — akw‘) _ (fm + My — bm‘)] (fk1+1 + M4 = bk1+1,/)
M, N, My 1

|:(tk;t + mku - ak;uj) _ <tkH + mkH B bkuvj>:|
’ Mg, my

m



Thus, Theorem 8 provides a method of computation of the
multivariate dimension polynomial associated with a system of
A-equations and therefore the strength of such a system. In
what follows we consider another method of computation of
differential and difference dimension polynomials and present
examples of computation of the strength polynomials for
systems of PDEs and their difference approximations via
different difference schemes. In particular, we will be able to
compare different difference schemes from the point of view of
their strength.
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Motivation

Relative Grobner bases are well-established as one of the main tools for
the algorithmic computation of bivariate (difference-differential)
dimension polynomials.

However not much is known about the computational complexity of the
algorithm provided by Meng Zhou and Franz Winkler for computing them.

At DEAM2 the first speaker pointed out a characterization of Grébner
bases with respect to several orderings as introduced by him in 2007
which can be extended to relative Grébner bases and leads to some

complexity considerations.



Milestones

1965 Buchberger introduces the concept of Grébner bases

2007 The first speaker introduces his notion of Grébner bases
with respect to several orderings

2008 Zhou and Winkler introduce relative Grébner bases for
modules of difference-differential operators and give an
algorithm for computing them



Outline

Preliminaries

Symmetry and Characterization of Relative Grébner Bases

Complexity Considerations for Relative Grobner Bases

Computation of Differential and Difference Dimension Polynomials



Admissible Orders

Let K be a field of characteristic 0 and let A = {61, ...,0m} be a set of

derivations or endomorphisms on K. Let E = {eq, ..., eq} be a finite set.
By [A] we denote the set of terms in the indeterminates 61, ..., m.
Definition

Let < be a total order on [A]E such that for all k1, ko, / € N, e, & € E we
have

(i) e <6"e, and
(i) 6fe < 626 = skitle < sretla,
Then < is called an admissible order.



Relative Reduction

Definition
Let f, g € K[A]E \ {0} and let <, <’ be admissible orders. If there exists a
term A € [A] such that
(i) t<(2g) = It(f), and
(i) It (29) <" It (f)
then we say f is <-reducible modulo g relative to <.



Relative Reduction Algorithm

Algorithm 1 Reduction

IN: 0 # f € K[A]E, finite G C K[A]E \ {0}, and admissible orders <, <,
OUT: r € K[A]E such that f is <-reducible to r modulo G relative to <’
and there exist no 1 € [A], g € G with
(i) It<(1g) = It<(r), and
(i) It (Ag) <" e ().
1. r:=f
2: while there exist g € G and A € K[A] such that (i) and (ii) do
. N le<(r)
33 ri=r-4
4
5

ic<(9)9
: end while
: return r




Relative Grobner Bases

Definition

Let M C K[A]E be a submodule, G € M\ {0} finite and let < , <" be
admissible orders such that every 0 # f € M is <-reducible to 0 modulo
G. relative to <’.

Then G is called <-Grébner basis of M relative to <’.

If no confusion is possible we say that G is a relative Grébner basis.



S-Polynomials

Definition

Let < be an admissible order on [A]E, g1, g2 € K[A]E \ {0},

A1, A1 € [A], er, 62 € E such that It<(g1) = 4164 and lt<(g2) = A2€2. The
least common multiple lem(lt<(g1), lt<(g2)) of lt<(g1) and lt<(g2) is
defined by

|Cm /11’/12 e if e1 = ey,
Icm(lt<(g1), |t<(92)) = {0 ( ) if e1 # es.

Then the S-polynomial S-(g1, g2) of g1 and g- is given by

_ lem(t(g1). t<(g2)) g1 lem(lt<(g1), t<(g2)) @2
S<(91:02) = == 05T T (an) tg2)  low(g2)




S-Polynomial Criterion

Zhou and Winkler provide the following theorem from which they deduce
an algorithm for computing relative Grébner bases.

Theorem

Let <, <’ be admissible orders, G = {g1, ..., gr} € K[A]E \ {0} a finite
<’-Grébner basis of M = (G) such that for any s,t € {1,...,r} the
S-polynomial S<(gs, 9:) is <-reducible to 0 modulo G relative to <’.Then
G is a <-Grébner basis of M relative to <’.



Buchberger’s Algorithm

Algorithm 2 Buchberger’s_algorithm

IN: G € K[A]E\ {0} afinite Grébner basis w.r.t. <, a total order < on [A],
OUT: G c K[A]E \ {0} being a <-Grobner basis of the left K[A]-module
generated by G relative to <'.
1: while there exist gy, g> € G with Reduction(S.(g1,gz), G,<,<’) # 0
do
2. G:= G U (Reduction(S.(g1,92), G, <, <)}
3: end while
return G

»




Relative Grobner Bases

The following lemma is due to Zhou and Winkler.
Lemma

Let M < K[A]E be a submodule and G C M a finite basis for M. Let <
and <’ be two admissible orders. Then the following are equivalent:

(i) G is a<-Grébner basis of M relative to <’,
(i) 0« fe Mifffis<-reducible to 0 modulo G relative to <’,
(iiiy f e M is not <-reducible modulo G relative to <" iff f = 0.



Symmetry of Relative Grébner Bases

Let G be a <-Grdbner basis of M relative to <’ and let 0 # fy € M. Then
by the previous lemma f; is <-reducible to 0 modulo G relative to <’, i.e.,
there exist s e Nand fy,...,fs_1 € K[A]E \ {0}, fs = 0 such that for all
i=1,...,sthe polynomial fi_1 is <-reducible to f; modulo G relative to <’
in one reduction step and there exists at least one iy € {1,...,s - 1} and
jef{l,...,r}with

. It<(f
(i) 1t (fo) = It (fy) = It (%9/) and

. |t< fi
(i) It (ﬁg,) — 1t(f,) < 1t=(fo).

Hence, fy is <’-reducible modulo G relative to < and we conclude that G
is a <’-Grébner basis of M relative to <.



Relative Grébner Bases and Sum Representations

Lemma
Let M < K[A]E be a submodule and let G = {g1,...,gr} € M\ {0} be
finite. Let < and <’ be two admissible term orders. The following are
equivalent:
(i) G is a<-Grébner basis of M relative to <’.
(i) Forevery0 # f € M there exist hy, ..., h, € K[A] such that
(@) f=Xi4hgi
(b) fori=1,...,rwith h; # 0 we have lt.(hig;) < It<(f) and
It (higi) <"t (f).



Change of Term Orders

The following lemma extends a well-known result from Grébner bases to
relative Grébner bases.

Lemma
Let <4, <}, <2, <, be admissible orders and let G = {g1,...,9r} € K[A]E
be such that for all i € {1, ..., r} we have
|t<1 (gl) = |t<2(gi)’
It (g) = It (a)
TFAE

(i) G isa<4-Grébner basis relative to <,
(i) G is a<2-Grébner basis relative to <.



Towards a Characterization of Relative Grobner Bases

Consider the case E = {1}. It is well known that for the admissible order
<’ there exist n € {1,..., m} and U € R™" such that

a: ([AlL,<) - (R", <iex)
s - kU

is an injective homomorphism. Note that for 4, u € [A] we have

a(Au) = a(1) + a(u).



Towards a Characterization of Relative Grobner Bases

Let us consider a new symbol z and let

A, z]y = (524 | k e N,
[A,zly = (652 |k eN™, 1€ Z™U, 0 <jex | - kU}.




Towards a Characterization of Relative Grobner Bases

For Iy, b € Z"U, k € N" define z"z2 = zhtk and z''sk = §kz". Then
[A, z]y and [A, z]y can be considered as multiplicative monoids.

Define p : K[A] — [A, z]y by

p(f) = It (F)zete (),



Characterization of Relative Grobner Bases for Ideals

Lemma
Let G = {g1,...,0r} € K[A] be finite, | := [a](G) and let <, <" be two

admissible orders on [A]. TFAE
() G is a<-Grébner basis of | relative to <’,

(i) p(1) € [A, Z]up(G),
(iii) A, Z]up(l) = [A, Z]up(G),
(IV) K[A, Z]u<p( )> = Km@(G»



Complexity Considerations

It is not obvious that for every ideal | € K[A] there exists a finite basis of
Kﬁ@(l»' Let A = {61, 02, 63} consist of trivial derivations on K.

Consider the ideal
1= (8365 + 6702 , 630203 + 6565 )
and the two admissible orders
<:=lex(d3 > 61 > 82) , <":= grevlex(d3, 62, 61).
Using any major CAS it is easy to see that
{fo := 6365 + 0702 , f1 1= 6305 + 616503 , o := 630203 + 5565}

is a <’-Grébner basis of /.



Complexity Considerations

Forie N let ' _
9 =63 Y5505 + 65465

and note that go = fo.

For every i € N it turns out that S-(fy, gi) is <-reducible to g;+1 modulo
fo, f1, Qo, - . . , gi relative to <’ and that gj;1 is not <-reducible modulo
fo, 1, 9o, . . ., gi relative to <’.

Hence the algorithm for computing relative Grébner bases will not
terminate for this example.



Existence of Relative Grobner Bases

In fact, one can show that there exists no p € I such that infinitely many
gi are <-reducible modulo p relative to <’, i.e., the ideal | cannot possess
a <-Grobner basis relative to <’.



Dimension Polynomials and Grébner Bases w.r.t.
Several Orderings

Theorem (Levin 2007)
Let M be a difference K-vector space generated (as a left K|A]-module)

by elements my, ..., mq, F a free K[A]-module with set of free generators
E ={e,...,eq}, m: F — M the difference epimorphism ¥Y1<j<q€i = m;
and N := ker(n). Let G € K[A]E be a Grdbner basis of N with respect to
<1,...,<p as defined by Alexander this morning. Forr,...,r, € Z let

M. .., = {ame [Al{my,...,mg} | ordja<r,(i=1,...,p)} and
Un.., = {de€[A]Elordida<ri(i=1,...,p), forallue[A],ge G

such that lt<, (ug) = e there exists j € {2, ..., p} with
ord; It;(ug) > rj}.

.....



Example: Diffusion Equation in 1-Space

The diffusion equation in 1-space for a constant collective diffusion
coefficient a and unknown function u(x, t) describing the density of the
diffusing material at given position x and time t is given by

ou(x,t) a d?u(x, 1)

(1)

ot 0x2



Example: Differential Dimension Polynomial for
Diffusion Equation in 1-space

Let K be a differential field with basic set A = {6y = 2,6; = £}
containing a and let M be a differential K-vector space generated as
K[A]-module by one generator m satisfying the defining equation

_ 2
otm = aoym.

Then M is isomorphic to the factor module of a free K[A] module with
free generator e by its submodule N generated by

G = {6;e — ad>e).



Example cont.: Differential Dimension Polynomial for
Diffusion Equation in 1-space

Since G consists of only one element there are no S-polynomials.
Therefore G is already a Grébner basis of N for any admissible order on
[Ale. Let the admissible order < on [A]e be given by

SR 6lte < 5kole .= (K + K, kx kt) <tex (b + I I ).



Example cont.: Differential Dimension Polynomial for
Diffusion Equation in 1-space

Then for all 2 < r € N we have

u = {6’}*6?’9 | ky + ki <r, 6§X6ffe is irreducible modulo 6;e — aé,z(}
= {e,dte,...,00e,0x8,0x5e,...,0x0, e},
and therefore |U;| = 2r 4+ 1. Hence, the differential dimension polynomial

associated with the diffusion equation in one spatial dimension for a
constant collective diffusion coefficient is given by ¢(r) = 2r + 1.



Example: Difference Dimension Polynomial for Forward
Difference Scheme Associated with Diffusion Equation

In order to obtain a forward difference scheme for the diffusion equation

(1) every occurence of ‘9“(?” and 2400 g veplaced by
u(x +1,t) —u(x, t) and u(x, t + 1) — u(x, t), respectively.

We obtain
u(x,t+1)—u(x,t) =a(u(x+2,t) —2u(x + 1,t) + u(x,t)). (2



Example cont.: Difference Dimension Polynomial for
Forward Difference Scheme for Diffusion Equation

Let K be an inversive difference field with basic set

A={6x: x> x+1,6;:t— t+ 1} containing a and let M be an
inversive difference K-vector space generated as a left K[A*]-module by
one generator m satisfying the defining equation

5tm—m = a(6>m — 26xm + m).

Then M is isomorphic to the factor module of a free K[A*]-module with
free generator e by its submodule N generated by

G = {6;e — ad>e + 2asxe — (1 + a)e).



Example cont.: Difference Dimension Polynomial for
Forward Difference Scheme for Diffusion Equation

In order to use the algorithms provided above consider K a difference
field with basic set

Y={ay: x> x4+ :t—>t+1,8: x> Xx-1,B:t—>t—-1}

Let G := {91 := ac’e — 2aaxe + (1+a)e — e, g2 = axpxe — e,
g3 := aipte — e} and | =[5 (G). Then K[Z]e/lis isomorphic to
K[A*]e/N via the isomorphism

aix a’tatﬁgxﬁ?t e (')‘ix—bx 5?t—bt e.



Example cont.: Difference Dimension Polynomial for
Forward Difference Scheme for Diffusion Equation

We fix an admissible order < on [X]e by
a/ixa/f‘ﬁsxﬁf'e < aixaftﬁgxﬁtdte —
(ax + at + by + by, ax, at, by, bt) <lex (Cx + ¢t + dy + ah, Cx, Ct, di, dt)

and compute a Grébner basis of I with respect to < using the algorithm
provided above.



Example cont.: Difference Dimension Polynomial for
Forward Difference Scheme for Diffusion Equation

A Grdébner basis for I is given by

{91 = aa’e-2aaxe+ (1+a)e-ase,
go = axBxe-e,
93 = wapie—e,
g4 = -—-aiBfxe+ (1+ a)Bxe + aaxe — 2ae,

g5 Bxe — aaxfre — (1 + a)Bxbre + 2apse,
g6 = apie-pre+ (1+a)sipie—2appie ).



Example cont.: Difference Dimension Polynomial for
Forward Difference Scheme for Diffusion Equation

For all r € N sufficiently large we obtain

l{1e € [E]E | ord A < r, there exist no
u € [X],g € Gsuch that It(ug) = 1e}| = b5r.

Hence, for all r sufficiently large the difference dimension polynomial ¢
associated with the forward difference scheme (2) is given by

é(r) = 5r.



Example cont.: Difference Dimension Polynomial for
Space-Symmetric Difference Scheme for Diffusion
Equation

A space-symmetric difference scheme for the diffusion equation (1) is

2
obtained by replacing every occurence of ‘9“1(;;’0 and 2 ;f(’;’t) by
u(x,t+1) —u(x,t)and u(x + 1,t) — 2u(x, t) + u(x — 1, t), respectively.

We obtain

u(x,t+1)—u(x,t) = a(u(x +1,t) — 2u(x,t) + u(x — 1,1)).  (3)
The associated difference dimension polynomial is given by

o(r) = 4r.



Example cont.: Bivariate Differential Dimension
Polynomial for Diffusion Equation in 1-space

Let K be a differential field with basic set A = {6y = Z,6; = 2}
containing a and let M be a differential K-vector space generated as
K[A]-module by one generator m satisfying the defining equation

_ 2
otm = aoym.

Then M is isomorphic to the factor module of a free K[A] module with
free generator e by its submodule N generated by

G = (6;e — as2e).



Example cont.: Bivariate Differential Dimension
Polynomial for Diffusion Equation in 1-space

Since G consists of only one element there are no S-polynomials.
Therefore G is already a Grébner basis of N w.r.t any two admissible
orders on [A]e. Let the admissible orders <, <’ be given by

s olte < skole == (kx+ Ki ke, Kt) <iex ( + Ity I, ),

S olte < sxole 1= (kx + ki Ko kx) <iex (Ix -+ Ity s I)-



Example cont.: Bivariate Differential Dimension
Polynomial for Diffusion Equation in 1-space

Then for all r1, r> € N sufficiently large we have

Uy = {6§X6f‘e | ky <11, ki < 1o, 6)’?6':‘9 is not <-
reducible modulo §;e — 36,2( relative to <’}
= {e.de,....67e,0xe,...,0¢57€,
oore, ... 00 0¢e),
and therefore |Uy, r,| = 2(r1 +1) +r1 =1 =r1 + 2r2 + 1. Hence, the
bivariate differential dimension polynomial associated with the diffusion

equation in one spatial dimension for a constant collective diffusion
coefficient is given by ¢(r1,r2) = r1 +2r2 + 1.



Example cont.: Bivariate Difference Dimension
Polynomial for Forward Scheme (2)

Let K be an inversive difference field with basic set

A={6x: x> x+1,6;:t— t+ 1} containing a and let M be an
inversive difference K-vector space generated as a left K[A*]-module by
one generator m satisfying the defining equation

5im—m = a(6>m — 26xm + m).

Then M is isomorphic to the factor module of a free K[A*]-module with
free generator e by its submodule N generated by

G = {6;e — ad>e + a26xe — (1 + a)e).



Example cont.: Bivariate Difference Dimension
Polynomial for Forward Scheme (2)

In order to use the algorithms provided above consider K a difference
field with basic set

Y={ax: X Xx+1la : t>t+1,8: X Xx-1,B8:t—>t-1}L

Let G := {g1 := acle - 2aaxe + (1+a)e — e, gz = axpxe — e,
g3 := atpre — e} and | =x) (G). Then K[X]e/lis isomorphic to
K[A*]e/N via the isomorphism

a)a(xa,?tﬁxx ?te — 6)a(x_bx6?f_bte‘



Example cont.: Bivariate Difference Dimension
Polynomial for Forward Scheme (2)

We fix two admissible orders <y, <; on [X]e by

atlBXX e <X a/X CtﬁXX e —

(ax + bx, ax + a; + bx + by, a; + by, ax, bx, at, by)
<lex (cx + dx,Cx + Ct + dX + dy, ¢t + di, cx, d, Ct, di)
atﬁXX e < O“IX CIBXX e =

(ar + bt, ay + a; + by + bt, ax + bx, at, by, ax, bx)
<iex (€t + di, Cx + ¢t + dy + di, Cx + dx. Ct, O, Cx, Ox)

and compute a Grébner basis of | with respect to <, <; using the
algorithm provided above.



Example cont.: Bivariate Difference Dimension
Polynomial for Forward Scheme (2)

A Grébner basis for I with respect to <y, <; is given by

{91 = aa’e-—2aaye+ (1+a)e-ase,
go = axBxe-—e,
g3 = apie—e,
gs = -—aixe+ (1+ a)Bxe + aaxe — 2ae,

g5 Bxe — aaxfie — (1 + a)ﬁxﬁte + 2apze,
g6 = apie—pie+ (14 a)Bipie—2appie ).



Example cont.: Bivariate Difference Dimension
Polynomial for Forward Scheme (2)

For all ry, ro € N sufficiently large we obtain

{le e [E]E | ordy A < ry,ordi A <1, forallu e [£],ge G
such that It<, (ug) = 1e we have ord; It<,(ug) > rll
=2r +4r + 1.

Hence, for all ry, rp sufficiently large the bivariate difference dimension
polynomial ¢ associated with the forward difference scheme (2) is given
by

¢(I’1,I’2) =2r +4r + 1.



Example cont.: Bivariate Difference Dimension
Polynomial for Space Symmetric Scheme (3)

If we consider the space symmetric difference scheme (3) for the
diffusion equation in 1-space then the associated bivariate difference
dimension polynomial is again given by ¢(r1,r2) = 2r1 + 4r> + 1.



Example: Maxwell equations in 3-space

Let E = (Eq, E2,E3) = (D1,D2,D3),H = (H1,Hz, H3), B =

(B4, Bz, B3), Jr = (Ji, J2, J3) and pr be functions in (x, y, z, t) denoting
electric field strength electric displacement vector, magnetic field
strength, magnetic displacement vector, free current density and free
charge density, respectively. With V = (6x 3y az) Maxwell’s equations in

3-space are given by
oD

0B
V-D =py, V-B=0, V><E+8—t—0, and VxH= Jf+8_t.



Example cont.: Maxwell equations in 3-space

Assuming Js = 0 and pr = 0 Maxwell’s equations can be considered as a
set of homogeneous linear differential equations giving rise to a
differential K[6x, 8y, 6., 6¢]-module M with generators

e1, €2, €3, dy, do, ds, hy, ho, h3by, bo, b3 satisfying

Oxdi + 0yt + 6,03 =
5y63 —8,60+6tby =
0,81 —0xe3 +0thy =
0x82 — O0ye1 + 0tbs =

= Oxby + 6yb2 + ;b3

= 0Oyh3 —6zho — 004,

= 0zhy = 6xhz — 010a,
Sy — 6,hy — 6:05.

O O O o



Example cont.: Maxwell equations in 3-space

Then M is isomorphic to the factor module of a free K[dx, dy, 9, 61
module with free generators p1, ..., p12 by its submodule N generated by

G = {0xp7 + 6ypPs + 02P9, 6xP1o + OyP11 + 6zP12,0yP3 — 0zP2 + StP1o,
dyPs — 0zP5 — 6tP7,02P1 — OxP3 + 6tP11, 0zP4 — OxPe — OtPs,
OxP2 — OyP1 + 0tP12,6xPs — OyPa — OtPe}.



Example cont.: Maxwell equations in 3-space

We opt for the partition {dx, 6y, 0}, {6t} and define admissible orders
<1, <2 by

55 5% 6%ty <4 626, 6%5% gy, e

(ax + ay + az, ax + ay + a; + a, a, ji, ax, ay, az, ar)

<iox (Bx + by + by, by + by + by + br, by, jo, by, by, by, by),
55 5325 ), <o 6246, 25" 6, =

(ar,ax +ay + a; + ar, ax + ay + az. ji, at, ax. ay, az)

<iox (bt by + by + b, + br, by + by + by, jo. br, by, by, b,).



Example cont.: Maxwell equations in 3-space

Then G is a Grébner basis w.r.t. <1, <> and the differential dimension
polynomial associated with Maxwell’s equations for vanishing free current
density and free charge density is given by

5 64
o(ri,ro) = rry+ grf’ +8r2ry + 11r2 119111, + 5nt 12r, 4+ 12.



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

In G we substitute every occurence of 6; by 6; — 1 for i € {x,y, z, t} in
order to obtain a forward difference scheme associated with Maxwell’s
equations for vanishing free current density and free charge density and
consider K as an inversive difference field with 64,0y, 6, and ¢; being shift

operators.



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space
One verifies in finite time that a Grébner basis of the associated

Klax, ay, az, at, Bx. By, Bz, Bt] submodule of the free module with free
generators py, ..., P12 is given by

G = {~aBxBypi2 — BxByP1 + PxByP2 + BxPyP12 + BxP1 — ByP2,
aifxBzP11 — BxBzP1 + PxPzP3 — BxBzP11 + PxP1 — BzP3,
iByBzP10 + ByBzP2 — ByBzP3 — ByBzP1o — ByP2 + BzPs,
—@zBxP1 — aifxP11 + BxP1 — BxP3 + BxP11 + Ps,
azfyP2 — aPyPio — ByP2 + ByPs + ByPio — P3,
a1BxByPo — BxByP4 + PBxByPs — BxByPo + BxPa — BypPs,
—1PBxBzPs — BxBzPa + BxBzPs + BxBzPs + LBxPa — BzPs,
—aByBzp7 + ByBzpPs — ByBzPe + LByBzP7 — ByPs + BzPe.,
—zBxP4 + a1fxPs + BxPa — PxPe — PxPs + Pe,
azfyps + aByp7 — ByPs + ByPs — ByP7 — Ps,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

—ayBxPs — @iBxPa + PBxPa — BxP5 + BxPy + Ps,
—ayPxp1 + axP12 + BxP1 — PxP2 — BxP12 + P2,
aPip2 — @iBips — aiBiP1o — P2 + P3 + P1o;

—aiBip1 + aiftps — aifip11 + P1 — P3 + P11,
aBip1 — @iPBip2 — aifitP12 — P1 + P2 + P12,
aBips — aiPiPs + @iBiP7 — Ps + Ps — P7,

—Btpa + aiftPe + aifiPs + P4 — P — Ps,

@ifBips — aiPBiPs + aifiPy — P4 + Ps — Po,
ayBxPiP1 — azBxPBiP1 — axBxP1o — ayBxP11 + @yBiP3 — azBxPi2
+azBzp10 — @zBtP2 + BxPBtP2 — BxBiPs + BxBiP11 + BxBtP12 + BxP1o
—BtP10,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

—axBxBiPs + azByBtP2 + BxByBtP1 — BxByPtP2 — BxByLtP12
+BxByP12 — BxBtP1 + ByBiPs + ByBiP1o — ByP1o,
QyBxPtPs — @zBxPBtPa + axPBxP7 + ayPxPs + @yPtPs + azBxPe — @zBzP7
—zBtPs + BxBtPs — BxBtPs — BxBtPs — BxPtPe — PxP7 + Bip7,
—axBxPiPs + azByBtPs + BxByBtP4a — BxPyPtPs + BxByBtPa
—BxByPs — BxBtPa + ByBtPs — ByLtP7 + ByP7,

@xP7 + ayPg + azPg — P7 — Pg — P9,
axpP1o + ayP11 + azpP12 — P1o — P11 — P12,
ayp3 — azpP2 + aiPio + P2 — P3 — P1os
—QxpP3 + @zPp1 + P11 — P1 + P3 = P11,
axP2 — aypy + aip12 + P1 — P2 — P12,

QyPs — @zPs5 — atP7 + P5 — Pe + P7,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

—QxPs + @zP4 — @tPg — P4 + Pe + Ps,
axpPs — ayPa — Py + P4 — Ps + P9,
axBxp1 — p1,
ayByp1 — P1,
azfzp1 — p1,

PPt — p1,
axBxp2 — p2,
ayByp2 — P2,

@zf3zP2 — P2,
f3tp2 — P2,
axPBxpP3 — P3,
ayByP3 — P3,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

azBzP3 — P3,
aPBip3 — P3,
axfxPa — P4,
@yPByPs — P4,
@zf3zP4 — Pa,
@1f3tPa — Pa,
axPxPs — Ps,
ayByPs — Ps,
@zf3zP5 — Ps,
@1f3tPs — Ps,
@xBxPe — Pe,
a@yByPe — Pe,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

@zf3zPe — Pe>
@tBtPs — Pe>
axBxp7 — p7,
ayByp7 — P7,
azfzp7 — P7,
@xPBxPs — Ps,
@yfyPs — Ps,
azfzPg — Ps,
axBxPg — Po,
ayByPg — Po,
axBxP1o — Pios
ayByPio — P10



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

azBzP10 — P1o;
axBxpP11 — P11,
ayByp11 — P11,
@zfzP11 — P11,
axBxpPi2 — P12,
ayfypi2 — P12,
axBzP7 + ayPzPs — BzP7 — BzPs — BzP9 + Po,
@xBzP10 + @yBzP11 — BzP10 — BzP11 — BzP12 + P12,
ayfiPs — azftP2 + BtP2 — BtP3 — BtP1o + P1os
—axPBips + azBip1 — Bip1 + BiPs — BiP11 + P11,
axPip2 — ayBip1 + Btp1 — BtP2 — BtP12 + P12,
ayBiPe — azptPs + BtPs — BtPe + BtP7 — P75



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

—xPiPs + @zBtPa — BiPa + BtPe + BtPs — Ps,
axPips — ayBiPa + BtPa — BtPs + BtPs — P,
a’xﬁxﬁypw + Qyﬁx,gypﬂ — azPxBzP11 — a’zﬁyﬁzpm "‘,Bxﬂyﬁzpw
+BxByBzP11 + BxByBzP12 — BxByP12 — BxBzP11 — ByBzP1o,
—azBxBtP1 + BxBiP1 — BxBtPs + BxBtP11 — BxP11 + BiPs,
—BxBzBtP1 + BxBzBtP3 — PxBzBtP11 + BxBzP11 + BxBtP1 — BzPtPs3,
azByBiP2 — ByPtP2 + ByBtP3 + ByBtP1o — ByP1o — BtPs,
ByBzBtP2 — ByBzPtP3 — ByBzBtP1o + ByBzP1o — ByPtP2 + BzBtPs,
axPBxPyP7 + ayBxByPs — azBxBzPg — azByLzP7 + BxByBzP7 + BxByBzPs
+BxByBzPs — BxByPa — PxBzPs — ByBzP7,
—zBxPtPa + BxBiP4a — BxBtPe — BxPtPs + BxPs + BiPss
—BxBzBtPa + BxBzbtPs + BxBzBtPs — BxBzPs + BxBtPa — BzBtPs,



Example cont.: Forward Difference scheme for Maxwell
equations in 3-space

@zyBiPs — ByPiPs + ByBtPe — ByBiP7 + ByP7 — BtPe,
ByBzBtPs — ByBzBtPe + ByBzBtP7 — ByBzP7 — ByBtPs + BzBtPe,
_a’xﬁylgzm +:8y,82p7 +,8yﬁzp8 +Byﬁzp9 _IBypg — BzPs,
—axPByBzP10 + ByBzP1o + ByBzP11 + ByBzP12 — ByP12 — BzPi1}-

Then the bivariate difference dimension polynomial associated with the
forward difference scheme for Maxwell’s equations with vanishing free
current density and free charge density is given by

40 89
¢(r1,r2) = 16r3n + ?rf’ +52r2ry + 2712 + 60rir> + 1 24n 412



Example cont.: Symmetric Difference scheme for
Maxwell equations in 3-space

Instead of substituting every occurence of §; by 6; — 1 we substitute by

—1
@ fori e {x,y, z, t} in order to obtain a symmetric difference scheme
associated with Maxwell’s equations for vanishing free current density
and free charge density. The associated bivariate difference dimension
polynomial is then given by

56 64
¢(r1,r2) = 16rm + ?rf’ + 56r2ry + 2812 + 64riro + 3 12n 422



Conclusion

In the first part of the talk we have presented several recent results on
relative Grébner bases including an example in which they do not exist.

In the second part of the talk we gave several examples of dimension
polynomials of systems of differential equations and associated
difference schemes.



Thank you for your attention
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