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In this talk, we are interested in the differential equations on the
form:

0:Y(z,t) = A(z,H)Y(z, 1), (1)

where t = t,...,ty is a parameter, A € M(Oy({z})) and
Ou({z}) is a ring we will define later.
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In this talk, we are interested in the differential equations on the
form:

0:Y(z,t) = A(z,H)Y(z, 1), (1)

where t = t,...,ty is a parameter, A € M(Oy({z})) and
Ou({z}) is a ring we will define later.

We want to define a parameterized differential Galois group for
(1) and, analogously to the density theorem of Ramis, give a
set of topological generators.
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Parameterized Hukuhara-Turrittin theorem

Let U be a polydisc of C". Let
@ My be the field fo meromorphic function on U.
o Ky = My((2)).
o 0y({z}) = (X f(t)Z € Kylvt e U,z

> fi(t)Z" is a germ of meromorphic function}.
@ Ky = Frac(Oy({z})).
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Parameterized Hukuhara-Turrittin theorem

Proposition

There exist U' c U and v € N*, such that we have an invertible
matrix solution of (1) of the form:

F(Z, t) = /:I(Z, t)eL(t) |Og(z)eQ(z7t)’
where
o H(z,t) € GLy(Ku([2'/"]).

o L(t) € Mm(My).
@ Q(z,t) := Diag(qi(z, 1)), with gi(z,t) € z~"/" My [z~ /"]
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Parameterized Hukuhara-Turrittin theorem

Proposition

There exist U' c U and v € N*, such that we have an invertible
matrix solution of (1) of the form:

F(Z, t) = /:I(Z, t)eL(t) |Og(z)eQ(z7t)’
where
o H(z,t) € GLy(Ku([2'/"]).

o L(t) € Mm(My).
@ Q(z,t) := Diag(qi(z, 1)), with gi(z,t) € z~"/" My [z~ /"]

If we restrict U, we may assume that U = U.

Thomas Dreyfus, tdreyfus@math.jussieu.fr A density theorem for parameterized differential Galois theory



Parameterized differential Galois theory

Let At :={04,,...,0:,}. We still consider (1) with the
fundamental solution F(z, t) given by the parameterized
Hukuhara-Turrittin theorem.

Let Ky be the (9, A¢)-differential field generated by Ky and the
entries of F(z,1t).

Proposition

R\L/j| Ku is a parameterized Picard-Vessiot extension of (1), i.e,
the field of the d0,-constants of Ky is M.
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Parameterized differential Galois theory

Let AutaAz’ (RTJ|KU> be the group of field automorphism of RD

that commutes with all the derivations and that let K, invariant.
Let us consider the representation:

o Aud (KulKy) — GLm(Mu)
%) — F_1QO(F)

Theorem

The image of pr is a differential subgroup of GLy,(My), i.e,
there exist Py, . . ., Py, As-differential polynomials in coefficients
in My, such that:

(Aij) € pF (Autgz’) > Pi(Ajj) == P(Aij) = 0.
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Parameterized differential Galois theory

We define the Kolchin topology as the topology of GLy(My) in
which closed sets are zero sets of differential algebraic
polynomials in coefficients in M.

Proposition

— — G
Let G be a subgroup of Auty (KU|KU>. IfFKy =Ky, thenGis
dense for Kolchin topology in Aut}! (RTJ| KU) .
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Density theorem

We still consider (1) with parameterized Picard-Vessiot
extension Ky|Ky and with Galois group Auty’ (KU\KU).
Definition

We define i € Auty’ (Rf,|KU) by:

o m|ku =1Id.

° M(z%) = e?mz>,
@ m(log(z)) = log(z) + 2in.
e Vge z " Mylz=1/V],

M(ed) = eM9.
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Density theorem

Definition

We define the exponential torus as the subgroup of
Auty! (RL|KU> of elements T that satisfies:
° T|RU =1d.
@ 7(z%) =z«
@ 7(log(z)) = log(z).
@ There exists a,, a character of z—'/* My[z=1/*], such that
Vg e z "M Mylz=1/v),

r(69) = ar (q)e’.
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Density theorem

Let us consider

720,Y(z) + Y(2) = z. (2)
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Density theorem

Example

Let us consider
7220,Y(2) + Y(z) = z. (2)

The formal power series h(z) = Z(—1 )"niz"1 s solution of

n>0
2).
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Density theorem

Example
Let us consider

Z20,Y(2) + Y(2) = z.
Letd # (2Z + 1)=. The following function is solution of (2)

st = [ e (-5) e

z

where f(¢) = 1=

(@)
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Density theorem

Example
Let us consider

Z20,Y(2) + Y(2) = z. (2)
S9(h) is 1-Gevrey asymptotic to h:

N
SU(h) = > (=1)"niz" | < ANTY(N 4 1)1|z/MHT,
n>0

where A > 0 is a constant.
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Density theorem

Let d € R and Ietke@>°
© B (X anz") = X ¢

o £I(f)(z) = /Oooeld Ze(é)dg.

® L :=pxo L] opi.
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Density theorem

Let us consider h(z) € CJ[z]] solution of a linear differential
equation in coefficients germs of meromorphic functions.
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Density theorem

Let us consider h(z) € CJ[z]] solution of a linear differential
equation in coefficients germs of meromorphic functions.

@ There exist © C R (set of singular directions),
(Kt,..., k) € (Q*°), such thatif d ¢ T,

Sd(h):ﬁgro...o£g1oBA,ﬁo...oBAHr(h)’

is a germ of analytic solution on the sector
arg(z) €]d — m/2k;,d + 7/2k,].
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Density theorem

Let us consider h(z) € CJ[z]] solution of a linear differential
equation in coefficients germs of meromorphic functions.

@ There exist © C R (set of singular directions),
(Kt,..., k) € (Q*°), such thatif d ¢ T,

Sd(h):ﬁgro...o£g1oBA,ﬁo...oBAHr(h)’

is a germ of analytic solution on the sector
arg(z) €]d — m/2k;,d + 7/2k,].
@ X is finite modulo 27Z.
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Density theorem

Let us consider h(z) € CJ[z]] solution of a linear differential
equation in coefficients germs of meromorphic functions.

@ There exist © C R (set of singular directions),
(Kt,..., k) € (Q*°), such thatif d ¢ T,

Sd(h):ﬁgro...o£g1oBA,ﬁo...oBAHr(h)’

is a germ of analytic solution on the sector
arg(z) €]d — m/2k;,d + 7/2k,].
@ X is finite modulo 27Z.

@ The map h+ S (h) induces a morphism of differential
field.

Thomas Dreyfus, tdreyfus@math.jussieu.fr A density theorem for parameterized differential Galois theory



Density theorem

Let us consider system 0, Y(z) = A(z) Y(z) with coefficients
that are germs of meromorphic functions. Let H(z)e!'09(2) Q(2)
be the Hukuhara-Turrittin solution of 9,Y(z) = A(2) Y(2).
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Density theorem

Let us consider system 0,Y(z) = A(z) Y(z) with coefficients
that are germs of meromorphic functions. Let H(z)el'09(2) gQ(2)
be the Hukuhara-Turrittin solution of 9, Y(z) = A(z) Y(2).
There exist ¥ C R finite modulo 27, £ > 0, such that if d ¢ ¥,
s (H(z)) e-109(2) 6Q(2) i solution of 8, Y(z) = A(z) Y(z) with
entries that are germs of meromorphic functions on the sector
arg(z) €]ld — w/2¢,d + 7 /2¢].
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Density theorem

For d € R, let St € GL,(C) such that:
S9- (,:,( z)) el10g(2) gQ(2) _ gd* ( ,:,( z)) el109(2) gQ(2) g0

where d — 7/2e < d~ <d < d" < d+ 7/2¢ and
[d-,d[uld,d"|nE =o2.
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Density theorem

Let us consider (1). Let H(z, t)el(0109(2) gQ(z:1) pe
parameterized Hukuhara-Turrittin solution. If we restrict U, we
may assume that:
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Density theorem

Let us consider (1). Let H(z, t)el(0109(2) gQ(z:1) pe
parameterized Hukuhara-Turrittin solution. If we restrict U, we
may assume that:

@ There exist (d;(t)) continuous in t and finite modulo 277,
that satisfies dj(t) < dj;1(1).
® (#1,ijs.- -, krij) € (7)),
such that for all d(t) continuous in t that does not interect
Y := Jdi(t), we have an analytic solution of (1):

Sd(t) <,:,( z, t)) eL(D)log(2) gQ(z,1) .
J . O

Rr,ij K1,i,j ’411/

; (Fij(z, 1) etea gz,
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Density theorem

For d(t) € X; continuous in t, let t — St4) € GL,,(My) such
that for all ty € U, St4(%) € GL,(C), is the Stokes matrix in the
direction fy of

82 Y(Z, to) = A(Z7 to) Y(Z, to).
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Density theorem

For d(t) € X; continuous in t, let t — St4) € GL,,(My) such
that for all ty € U, St4(%) € GL,(C), is the Stokes matrix in the

direction fy of

(92 Y(Z, to) = A(Z7 to) Y(Z, to).

Proposition
st € Auty! (RVU|KU>.
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Density theorem

Let us consider (1). Let RL|KU be the parameterized
Picard-Vessiot extension and AutaAZ’ <KU|KU) be the Galois
group.

Theorem (D)

The group generated by the (parameterized) monodromy
matrix, the exponential torus and the Stokes matrices is dense

for Kolchin topology in Aut}" (RL]KU) .
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Density theorem

Let us consider 9,Y(z,t) = A(z,t)Y(z,t) with A € Mp(My(2)).

—_——

We can define, M ;(z)|My(z), parameterized Picard-Vessiot
extension and AutaAZ’ (/\/l U(z)]/\/lu(z)) the Galois group.

Theorem (D)

The group generated by the (parameterized) monodromy
matrix, the exponential torus and the Stokes matrices of all the
singularities is dense for Kolchin topology in

At (Mu@)IMu(2))-
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Applications

Definition

Let 0y, := 0,. Let Ay € M <MU(2)). We say that the linear
differential equation 0;,Y = AyY is completely integrable if there
existAq,...,Ap € M, (MU(z)) such that, for all0 < i,j < n,

Oy Aj — DL A = AA — AA;.
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Applications

Theorem (Cassidy/Singer 1 < 2, D 1 < 3)
We have the equivalence:
Q 0,Y = AyY is completely integrable.
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Applications

Theorem (Cassidy/Singer 1 < 2, D 1 < 3)
We have the equivalence:
Q 0,Y = AyY is completely integrable.

@ The parameterized differential Galois group of dy, Y = Ay Y
is conjugated to an algebraic subgroup of GLy(C).

Thomas Dreyfus, tdreyfus@math.jussieu.fr A density theorem for parameterized differential Galois theory



Applications

Theorem (Cassidy/Singer 1 < 2, D 1 < 3)
We have the equivalence:
Q 0,Y = AyY is completely integrable.

@ The parameterized differential Galois group of dy, Y = Ay Y
is conjugated to an algebraic subgroup of GLy(C).

© The topological generator of the parameterized differential
Galois group of 0y, Y = AgY are conjugated to constant
matrices.
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Applications

Definition

We say that k is a so-called universal A;-field, if it has
characteristic 0 and for any A¢-field ky C k, A¢-finitely
generated over Q, and any A;-finitely generated extension ki
of kg, there is a A;-differential ky-isomorphism of kq into k.
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Applications

Theorem (= D, < Mitschi/Singer)

Let G be a differential subgroup of GL(k). Then, G is the
global parameterized differential Galois group of some equation
having coefficients in k(z) if and only if G contains a finitely
generated subgroup that is Kolchin-dense in G.
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