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The analytic origin of Rota-Baxter operators

The general concept of a Rota-Baxter operator originated from G.
Baxter’s probability study in 1960. It is a linear operator on an
algebra R satisfying

P(u)P(v) = P(P(u)v) + P(uP(v)) + AP(uv), Yu,v € R.

At that time, Baxter already observed that in the case of A = 0, the
Rota-Baxter equation is an (integrally) purified version of the integral

by parts formula:
X X
FG|6‘:/ F’G+/ FG.
0 0

There are other Rota-Baxter operators that can be defined
analytically.

For example, the operators Ja(f = [Jf(t),dt,a€ R and
Py(f) := P(rf),r € Rare also a Rota Baxter operator of weight zero.
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Main Problem

Natural question: What kind of Rota-Baxter operators can be defined
analytically?
For the underlying algebra where the operators are defined, we take
R[x] since its fundamental importance

» in analysis, as approximations of analytic functions;

» in algebra, as the free commutative algebra;

» in Rota-Baxter algebra, as the initial object.
So R[x] provides an ideal testing ground to compare the analysis
and algebra.

Fork =R, Ja(x") := [ t"dt = X" =21 For general k of
characteristic zero, Jy(x") := ¥ —a""

» Its premultiplication Jar, r € K[x], is still a Rota-Baxter operator.

» These operators are called analytically modeled.

We will consider two classes of Rota-Baxter operators:
» monomial Rota-Baxter operators, for a simple special case, and its
independent interest;
» injective Rota-Baxter operators, since we suspect that they give all
analytically modeled Rota-Baxter operators.
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Monomial Rota-Baxter operators

A linear operator P : k[x] — Kk[x] is called monomial if

P(x™) = B(n)x*(M ¥n > 0.

Sowehave 5: N — kandf§: N — N.

P is called degenerate if 5(n) = 0 for some n.

Take 6(n) = 0if 8(n) =

Zerosetof ¢ : A— B: Z(¢) :={ac A|¢(a) = 0}.

Support of ¢: §(¢) := A\Z

Theorem A monomial operator P(x") = 3(n)x%(" is a Rota-Baxter
operator if # and /3 satisfy

1. Zg -1-9(85) - Zﬂ;
2.

6(m) 4+ 6(n) = 0(m+6(n)) = 6(6(m) + n),
p(m)p(n) = 5(m+ 6(n))B(n) + 5(n+ 6(m))5(m),
forallm,ne8gz.
Under the assumption that Sz + 0(Sg) C S, if P is a Rota-Baxter

operator then the above conditions hold.
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Nondegenerate Monomial Rota-Baxter Operators

If P is a nondegenerate monomial operator on Kk[x], then P is a
Rota-Baxter operator if and only if

6(m) +6(n) = 6(m + 6(n)) = 6(6(m) + n),
B(m)s(n) = B(m+6(n))B(n) + 5(n + 6(m))5(m),

Amap 6 : S — Sonasemigroup S is called an averaging operator if
(mo(n)) = 0(m)6(n) forallmneS.

Alinear map © : R — R on a k-algebra R is called an averaging
operator if © is an averaging operator on the multiplicative semigroup
of R.
Its study can be tracked back to Reynolds (1895, turbulence theory)
and Birkhoff;
Thus determining 6 for all nondegenerate monomial Rota-Baxter
operator on K[x] is equivalent to determine all averaging operators on
the semigroup N with image in N* := N\{0}.

5



Averaging operators

Let A denote the set of averaging operators 6 : N — N\{0}.
Let S(N*) denote the free semigroup on the set N*. So
S(N*) = Iz (N¥)".

Theorem. There is a bijection

¢: A — S(N¥)
given by
@(0) = (6(0), - ,6(d - 1)) / d
with
d:=min{j e N* | 0(r+j)=06(r)+jforall r e N}.
The inverse map sends o := (o9, -+ ,04_1) € S(N*) to the

map 0: N — N* defined by §(n) = (£ + o) d for n = ¢d + jwith £ € N
and 0 <j < d. Moreover, we have im(¢) = dN>;
for s :=min{og, -+ ,09_1}.



Algorithm to Determine ¢

Every averaging operator § : N — N* can be defined as follows.

Fix d > 1;

Foreach 1 <j < d,fixo; € N¥;

For n € Nwith n=¢d + nwhere n € {0...d — 1} is the remainder of
n modulo d, define

0(n):=n+osd—n=4{0d+ ord.

Theorem Let P be a monomial Rota-Baxter operator on k[x]. The
following statements are equivalent.

1. The operator P is injective.
2. The map ¢ from P satisfies 6(n) = n+ k for some k € N*.

3. There are k € N* and ¢ € k* such that P(x") = c% and hence
P= CJoXk_1.



General Monomial Rota-Baxter Operators

» We also got partial results in the degenerated case. Improving on
these on these, Houyi Yu obtained the following classification
theorem.

» Theorem Let P be a monomial linear operator on K[x] defined by
P(x™) = 8(n)x*™ n > 0. Then P is a Rota-Baxter operator if and
only if there exist a positive integer d; nonnegative integers
Co,C1, - ,Cq_1,and bg, by, -+, by_1 € k such that

1. pj=0ifandonlyif¢ci=0,1<i<d-—1;
2. forall n € N, we have

/0 b, =0,
9(”)—{cnd+n—h, by # 0:

3. for all n € N, we have

0, bn = 0)
80 = { %,
( ) Cann(iﬁa bn 7é 0)
where n € {0,1,--- ,d — 1} is the remainder of n modulo d.
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Injective Rota-Baxter Operators

An important subclass of Rota-Baxter operators P on k[x] are those
associated with the standard derivation 0 in the sense
that 0o P = 1k[x]-

More generally, for arbitrary r € k[x]* to the differential law 0 o P = r,
where r denotes the corresponding multiplication operator.

Define
RBO,(k[x]) := {P € RBO(k[x]) |0 o P = r}.
These operators are all injective.
Let RBO..(k[x]) denote the set of injective Rota-Baxter operators on
k[x].
Theorem We have RBO. (K[X]) = U, cjxx RBO/(K[x]).

Conjecture For any r € K[x]*, we have RBO,(k[x]) = {Jar | a € k}.
(At least for k = R).



Some notations
» for a Rota-Baxter algebra (R, P), the multiplication
*p:R®R— R, uxpv:=P(u)v+uP(v)forallu,veR,

is an associative product on R, called the double multiplication.
Moreover, (R, xp, P) is a Rota-Baxter algebra and
P: (R,*p, P) — (R, P) is a homomorphism of nonunitary
Rota-Baxter algebras.

» If Ais a k-module, its (linear) dual is denoted by A*. If Ais moreover
a k-algebra, we use the notation

A = {¢p € A" | p(uv) = p(u)g(v)}

for the set of multiplicative functionals.

» Through the structure map k — A we may also view the elements
of A* as k-linear operators on A, and those of A® as k-algebra
endomorphisms on A.
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Relation with derived product

We use the abbreviation x5 for x,,, and x, for x,o.

Theorem Let r € K[x]* and a € k be arbitrary. Then the map defined
by P — Jar — P is a bijection between RBO,(k[x]) and (K[x], x,.a)°®.

For any k € N, we have the isomorphism (K[x], xx) = x**'K[x] of
nonunitary algebras.

We have RBO,«(R[x]) = {Jax¥ | @ € R} for any k € N.
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