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1. A—SCHEMES

This section assembles basic results on A—schemes that are needed to set up
a Grothendieck topology and show that the resulting cohomology agrees with
Kolchin’s constrained cohomolgy for differential varieties. Most of these results
appear in various papers of Kovacic [2], [3] and others. All rings contain Q and are
commutative. We fix a differential A ring A throughout this section.

1.1. The topological space. Let A be a commutative A ring. We define
Spec™ (A) = {p/p is a differential prime ideal in A} .
We introduce the Kolchin topology on X = Spec® (A) by introducing, for f € A,
Up=1{pecX/f¢p}.

as a basis for the open sets. This means that the closed sets are of the form
V() ={p/p DI for I C A}. The ideal of functions vanishing on a set S C X is
a then a radical A—ideal that we denote Z (S). Z(V (I)) = [I] and V (Z (5)) = S,
the closure of S in X. Points in X will be written with roman letters x,... when
considered as points of a topological space and as p, if we need to identify the
corresponding prime ideals.

1.2. The structure sheaf and sheaves of quasi-coherent modules. Recall
that a presheaf of abelian groups F on X is a contravariant functor on the category
of open sets of X with inclusion maps as morphisms. A presheaf is a sheaf on X if
for every open set U and all coverings {Uy},; of U by open sets, two conditions
are satisfied:

Sl: if x € F(U) and z|y, =0 for all @ € I, then z = 0 and
S2: if there are z, € F (U, ) such that x| = zg| € F (U, NUp), then there is
an ¢ € F (U) with x|y, =z, forall a € T
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We say that a presheaf F is separated if S1 is satisfied for any U and any covering
{U4} of U. In general it suffices to define a sheaf only on a basis for the topology
since then the two sheaf conditions determine F (U) if U = UU, where {U,} is
contained in a basis for the topology. B

We would like to define a presheaf A by setting A (Uy) = Ay on basic open sets.
However the existence of differential units that are not units poses a problem as
does the existence of differential zeros that are not zero. So we begin by defining
them.

Definition 1. Let M be a (differential) A module. m € M is a differential zero of
M if =0 € A, for all z € Spec™ (A). Z (M) denotes the set of all differential
zeros of M.

Definition 2. a € A is a differential unit if a ¢ p, for any x € Spec™ (A). A (AX)
is then the set of all differential units of A and is multiplicatively closed.

Observe that if we want a structure sheaf whose stalks at differential primes
x are A,, then differential units will be units in the sheaf and differential zeros
will be zero in the sheaf since these statements are local statements aside from a
patching condition. In the differential unit case, the multiplicative inverse is unique
if it exists and so the patching condition will always be satisfied for the inverse
of a differential unit. Note also that a differential semi-local ring A has no non
zero differential zeros and no differential units that aren’t units by considering the
embedding A — H A, where the product is over its localizations at all maximal
ideals m;.

The differential units that are not units cause major difficulties. For instance let
k be your favorite A field and consider the A ring A := k{X} in one differential
indeterminate. Then Usx C Ux and so there should be a restriction map, that is
a differential homomorphism

Alx = aex)™].

But X isnot a unitin A [(5X)71} , only a differential unit, and so there is no canon-

ical homomorphism. Thus, to define a presheaf, we must first formally invert the
differential units. So Ax (Uy) := (A(A; ))
rings on a basis for the Kolchin topology on X.

Traditionally the A—structure sheaf A® has been defined by requiring that gﬁ =
A, for all z € X. Then a section s € A2(X) is specified by its value s (z) € A,
for all z € X subject to the condition that there is a Kolchin covering {Uy, }and
elements & € Alf; Y] with 3o (z) = s(z) for all z € Uy,. Alternatively we can
proceed by introducing a sheafification functor as follows. Let U C X be a Kolchin
open set in X. Choose a Kolchin cover U = {U;},.; of U where U; = Uy,. Then, for

each (i,j) € I?, choose a covering V; j = {Vkij} of U; N U; where Vkij = Uy,

keli,j
Set

1
Ay defines a presheaf of differential

KA(U,V) = Ker HEX(UJ%) — HH/IX(U%)
i

12 Ii;
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where the map sends H s; to H (sl vii —8j
i ;

AR (U) = 1lim A2 (U, V).

Vi ) and define

Here the limit is taken in the usual Cech sense over maps (U, V) — (U, V') consist-
ing of tuples of maps ® : I — I’ and, for each i,j € I?, G5 iy — I<II>(7;)q>(j) such
that U; D U@(i) and V,:j ) Vi,(%(j)‘ This should be viewed as choosing a covering
U of U and representing a section s of the sheaf A2 (U) by sections s; € Ax(Uy,)
such that s; |Ufifj -5 |Ufifj € EX(Ufifj) is a differential zero and so becomes 0 on
a covering V;; of Uy, y,. Passing to the limit then makes the representation unique.
A moment’s thought shows that AL agrees with the definition in Hartshorne .

Clearly the same prescription describes the sheaf MA of A2 modules with stalks
JT/[;A = M, for any (differential) A module M.

Following [2], let A=T (X, ZA) and i4 : A — A be the corresponding A
homomorphism with similar notation for a (differential) module M. Recall that iy,
is said to be almost surjective if for any x € X and m € ]/\/[\, there are a € A — p,
and m’ € M such that

ia(a)m =iy (m').

Proposition 1. Let A be a A ring and M an A module, possibly differential. Then
iy 18 almost surjective.

Proof. Let xyp € X and m € M. Note that Uyy, 2 Uy, if v is a differential unit in

m;

Ay, Then, for any z € X, m can be represented by a fraction i in the semi-local

ring Ay », with f; € A —p,, Up,. Hence we may represent m as {']’#} relative to

a covering U = {Uy,} of X where z¢ € Uy, for all i € I. We may also assume the
index set I is finite since 1 € {f;} requires only a finite number of f;. Fix one of
these opens, say Up, containing xo. Then, on Uy, N Uy, = Uy, y,,

mifj —m;fi € Z (Agy,) -
Since Z(A;4,) = 0, we can find, for each i,j € I?, a finite covering V;; =
{V,jj} of U; N U; with Vkij = Ugij for some glij € A — pg, such that
kel; ; k

AR i\
(gk ) mifj = (gk ) mjfi € Ay,

N
for some fixed N and all 4,5, k. Let g = H H (gz’J) so that gm; f; = gm; f; in
% I ;

Aps; foralli,j.Leta:ngi.Thena§ép$0 andig (a)m =iy g H felmo| €
I keI—{0}
M since

(gl:[fz') (ZZ?)Z g9 I f]mo=1\{g JI fr]micAprs.

keI—{0} kel—{i}
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We define a A ring A (or module M) to be entire if 14 : A — A (i : M — M)
is an isomorphism. The almost surjectivity condition is sufficient to guarantee that

A (resp. M) is entire [1]. We outline a proof here since the manuscript is no longer
available.

Proposition 2. Let A be a A ring. Then i (resp. inr) is almost surjective if and
only if A (resp. M) is entire.

Proof. Tt suffices to show that i4 : A — A induces a homeomorphism iﬁ c X =

Spec® (ﬁ) — X and that for all ¥ € )A(, i @ Ay — A\g is an isomorphism if
x=i% ().
If p is a prime A ideal in A, let

P={scalsp)epay}.

p is clearly a prime A ideal in A with i;‘l (ﬁ) = p. If there are two prime A ideals, p
and ', in A both lieing over p, therAe is an fe p—p andapairac€ A—pand f€ A

~

with i4 (a) f = ia (f). But then f must be in both p and p’ which is impossible.
Consequently if is a continuous, one-to-one and onto map. Finally we show ij is
open. Suppose U5 is a basic open in X. Ifz e Uz and p = iyt (pz) = iﬁ (Z), we
know that f@}‘ p. Locating a € A —p and f € A with i4 (a) f: ia (f) means that

f ¢ p and so the neighborhood Uy NU, of p is contained in iﬁ (Uf) .

We claim i, is an isomorphism on stalks. Let f € A. Then there are a, feA
with a ¢ p, such that i, (5) = { IS E@ and the surjectivity of i, now follows

immediately. Next suppose i, (%) =0¢c A@, then there is a ]?6 A-— pz such that
Fia (g) = 0. But then 0 =i4 (ag) f=ia (gf) which means that gf € Z (A). Since
Z(A;)=0,9=0¢c A,.

A similar argument establishes the result for (differential) modules. O

Corollary 1. iﬁ X > Xisa homeomorphism, and iy : A — Aand v MM
are A isomorphisms.

Be careful. The fact that {Uy,} is a covering of X means that the differential
radical ideal I = [f;] contains 1, but this does not allow a representation of an
clement s € A as ¢ with a common denominator b. In fact Kovacic [3] has given
the details of an example, due to Kolchin, of a A integral domain A and such an
element s € A . This is caused by having to differentiate generators of I to express
1 in terms of these generators.

This corollary allows us to define affine and differential schemes in the following
manner.

Definition 3. An affine A scheme is a local A ringed spoce (X,Ox) such that
— A

(X,0x) — (SpecA (T(X,0x)),I'(X,0x) > is an isomorphism.

Definition 4. A A scheme is a local A ringed space (X, Ox) which has an open

covering by affine A schemes. Morphisms of (affine) A schemes consist of mor-
phisms of local ringed spaces that preserve the action of A.
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Note that in view of the corollary above, an affine A scheme is, up to isomor-
phism, a local A ringed space (SpecA (A),AA> for some A ring A. Structure

sheaves of A schemes will be written as Ox a to distinguish them from structure
sheaves of schemes which will be written as Oy if there is a possibility of confusion.

1.3. Basic properties. Benoist (see also ()) now goes on to establish the funda-
mental adjointness, affine product, and product theorems for differential schemes.
For the convenience of the reader and to set notation, we outline these results here
letting (( A rings)),((Entire A rings)), and ((A schemes)) denote the categories of
commutative A rings, entire commutative A rings, and A schemes respectively. We
begin though with the result, observed many times, that identifies a procedure for
passing from ((Rings)) to ((A rings)) and its properties.
Proposition 3. There is an adjoint pair of functors

A: ((Rings)) — ((A rings)) : F
where F is the forgetful functor and A (R) is the ring R with formally added deriv-
atives so that Hompyg (R, FA) RHoma rng (A (R),A).
Proof. A(R) = R{X,},cp/[r—X;]. Then a ring homomorphism ¢ : R — A
extends to a A homomorphism A (¢) : A (R) — A by sending the differential inde-

terminate X, to ¢ (r) € A and the various derivatives of X, to the corresponding
derivatives of ¢ (r). O

Next we use a formally similar procedure to pass to entire A rings.

Proposition 4. There is an adjoint pair of functors
“: (( A rings)) — ((Entire A rings)) : F

where F is the forgetful functor. In particular the category ((Entire A rings)) has
pushout diagrams given by

A — B

L

B — B®aB

and B@A\B’ - B ®z B’ is an isomorphism.

Proof. Since Ais entire, i4 : A — A is universal for A homomorphisms from A to
entire A rings. Alternatively this is the statement

HO’ITLA 'rng(A7 FB) ] HomEntire A rng (A\, B)

or that " is a left adjoint to the forgetful functor. The last statemnent follows
immediately since left adjoints preserve pushouts. ([l

Define the functor T'a : ((A schemes)) — ((Entire A rings)) to be the global sec-
tions functor on the category of A schemes. This, of course, identifies the category
of affine A schemes with ((Entire A rings))”” and guarantees that the category of
affine A schemes has pullback diagrams (= fibred products).

Proposition 5. There is an adjoint pair of functors
Spec® : ((Entire A rings))” — ((A schemes)) : Ta
so that HomEntirc A rng (A, FA (57 O&A)) EHOmA scheme (SPBCA (A) 75) -
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Proof. We have an adjoint pair of functors Spec : ((Rings))”” — ((Schemes)) : T
and ((Entire A rings))is a subcategory of ((Rings)). O

The usual argument then applies to give pullback diagrams (= fibred products)
in the category of A schemes.

Proposition 6. The pullback T xg T’ defined from the diagram
T

L.
r Los
in ((A schemes)) exists and is covered by affine A schemes of the form Spec® (BgA\BI>
if (S’pecA (A),AA) is an affine open A scheme in S and (Spec® (B),B*) and
(SpecA (B, B’A) are affine open A schemes in f~1 ((SpecA (A) ,AA)) and
ft ((SpecA (A), AA)> respectively.
Proof. Follow the proof in Hartshorne [?]. O

We will adapt scheme language to our setting by saying that a property of a A
homomorphism g : B — B’ of entire A rings is A essential if there are A rings A
and A" and a A ring homomorphism f : A — A’ and isomorphisms h and A’ and a
commutative diagram

A Lo
L h LA -
B % B

For example,

Definition 5. Let A and B be entire A rings. A A homomorphism f : A — B
s said to be of A essentially finite type if there are A rings A’ and B’ and a A
ring homomorphism f": A" — B’ which is of A finite type and A isomorphisms
a:Zl\’HA,B:B’HB such that

—

A A
Lf Lf.
B 5 B

commutes. A map of A schemes ¢ : X — Y 1is said to be locally of A essentially
finite type if for all x € X there are A affine neighborhoods U, V for z, f(x)
respectively such that ¢* : T'(V,Oy.a) — ' (U,Ox,a) is of A essentially finite type.
A map of A schemes is of A essentially finite type if there are finite coverings of
X, Y by A affine Kolchin open setsU = {U;}, V = {V;} such that ¢ (U;) CV; and
¢" T (V;,0y.a) = T (Ui, Ox a) is of A essentially finite type for all i.

1.4. Chevalley’s theorem and applications. Our goal is to show that flat mor-
phisms f: X — Y of A schemes are open maps. We follow the traditional algebraic
geometry approach by first establishing that f (C) is a constructible set in Y for
any f and then showing that f(X) is closed under generizations and so is open
when f is flat. As before this is mostly definitions and references.
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Definition 6. Let f: X — Y be a morphism of A schemes. f is said to be flat at
v € X if f*: Oy pz)a — Ox an 8 a flat map of local A rings. f is said to be flat
if fis flat at all x € X. f is said to be A faithfully flat if f is flat and surjective.

Thus f* induces an exact functor ((Oy,a modules)) — ((Ox A modules)), also
denoted f*, if and only if f is flat while f*(F) = 0 forces F = 0 if and only if
f is, in addition, A faithfully flat. However, in the A affine case, this does not
necessarily mean that the A ring extension is flat or faithfully flat unless the A
rings involved are entire.

Recall that a Zariski topological space is a noetherian topological space S in
which every irreducible closed set has a unique generic point. Constructible sets in
S are then those in the smallest subset collection C that contains all open sets and
is closed under finite intersections and complements.

Theorem 1 (Chevalley). Let f: X — Y be a morphism of noetherian A schemes
that is A essentially of finite type. If C is a constructible set in X, then f(C) is a
constructible set in'Y.

Proof. Exercises in Hartshorne [?, Chapter II, Exercises 3.18, 3.19] outline a proof
of Chevalley’s theorem by topologically reducing it to the assertion that if X and Y
are affine and irreducible and C = X, then f (C) contains an open set U C Y. Then
an algebraic extension theorem is proved to complete the argument. Noetherian A
schemes are Zariski spaces so the topological reduction is the same, and we only
need to establish the extension theorem for entire A integral domains. Topolog-

ically Spec® (A) is homeomorphic to Spec® (/T) and so Kolchin has established

the necessary extension theorem that, formulated in our language, is the Lemma
below. Here the semiuniversal condition replaces an algebraically closed field con-
dition that is needed to guarantee that any A prime ideal in A can be realized as
the kernel of a A homomorphism A — U.

Lemma 1 (Kolchin Basis Theorem). Let B be a A integral domain with a A
subring A such that B is A finitely generated over A, and let b € B be a nonzero
element. There exists a nonzero element a € A such that every A homomorphism,
f+A—U, into a field U which is a a semiuniversal extension of F, the quotient
field of f (A), with f (a) # 0 € U may be extended to a A homomorphismg: B — U
with g (b) # 0.

O

Proof. Theorem 3, Chapter 111 O

This result is the basis of a variety of assertions since constructible sets that are
closed under generization (resp. specialization) are open (resp. closed). The result
we are immediately interested in is that A flat maps are open.

Proposition 7. Let f : X — Y be a A flat morphism of noetherian A schemes
that is A essentially of finite type. Then f is open.

Proof. If Ox ;A is flat as an Oy, () o module then so is any generization of f (x)
since a map f* (M), — f*(IN), which is monic remains so on all generizations of
x. (]
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2. A—Frat ToroLOGY
Connections with etale topology and flat topology.

2.0.1. Principal homogeneous spaces. A—flat descent a la Deligne
Constrainedly closed fields

PHS have sections over constrainedly closed field

Corollary 2. Over a A—field A—flat phs are Kolchin phs

3. KoLCHIN’S THEOREM

REFERENCES

. Franck Benoist, Some notions of d-algebraic geometry, website:
www.amsta.leeds.ac.uk/ benoist/ (September 9, 2008).

. Jerald J. Kovacic, Differential schemes, Differential algebra and related topics (Newark, NJ,
2000), World Sci. Publ., River Edge, NJ, 2002, pp. 71-94. MR MR1921695 (2003i:12010)

. , Global sections of diffspec, J. Pure Appl. Algebra 171 (2002), no. 2-3, 265-288.
MR MR1904483 (2003¢:12008)

THE CiTy COLLEGE OF NEW YORK AND GRADUATE CENTER, CUNY
E-mail address: rhoobler@ccny.cuny.edu



