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Symbolic Computation for Nonlinear Differential Systems

Algebraic structures and nice theorems on those
Algorithm
In: a differential system and a ranking

Out: a finite set of nice differential systems
(membership, elimination, completion)

s.t. the set of solutions of the input system is the union of the non singular solutions
of the output systems

Implementation publically available

http://www.inria.fr/cafe/Evelyne.Hubert/diffalg
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1 Sample problems

Envelope

Consider a family of curves

yzcac—l—c2

What is their envelope? \

The differential equation satisfied by this family

is: )
dﬁ +x d—u =y
dx dx

General solution: y = cx + ¢?

Singular solution: y = —1/42?

Kepler = Newton

Kepler’s observational laws: , o
Newton’s gravitational laws:

K7 the planets move along ellipses with the

N; the acceleration is inversely propor-
sun as focus

tional to the square of the distance to

r:p—l—zem ) ) the sun.

where r* =z +y d (2 \_

h o a(r a)—O

and p,¢= where a? = (i? + §%)

K3 the vector from th.e sun to .the planet N5 the acceleration vector is directed to-
sweeps equal area in equal times

wards the sun
TY—TYy=S=:
with s =0

zy—zy=20

Ky = NQ, K]./KQ = N 7

Membership ~ [Wu 91]

Orthogonal waves
[G. Metivier]

5(1/1m+¢w)+8z%+8y%+¢
%%-H/)y% =0

Il
o

e Is there a solution? consistency

e What are the degrees of freedom completion



2 3
s = fily)+ foly)z+ 5220% + 830 5. -
Y = f3(y) ezt G+ $2y + 20 %G ...
o fa(y) + b0z + do1y + b2 + 11 TY + ...
4 functions of 1 variable, 1 constant.
e Conditions on s elimination
Equivalence
[Neut 03]
36,1
y' = f(z,y,9") — Y"=0

X =¢&(x,y),Y = n(z,y)

37,1
3/2:f($790ayl) — }/220
X:§($’y0)7Y0 :77(93,3/0)

53}1 =0, Ny, = 0, )

(Uyo fx o gyo 7]:0) f + (TIyoyo fyo — Myo gyoyo) yltS

+ (2 7}.’1«‘&/1)52/0 - 27]y()fzn;,()*"]:ngynyo + 7/’!}(1’!}05.’1? le

+ (2 771:7,/051, - 27717511/0 - 77,1/05195 + nx,xfyo) Y1 — 77151:9: + Neale = 0

Differential indeterminates : &, 7, f, functions of z, yg, y1

: : . _ 0 _ 0 _ 0
Derivations : 830—%,8% _8—%,% =57

Differential indeterminates : &£, 1, f

Consider 9y, Oy,, and Dy = 0, + y1 Oy, + f Oy,

aynDCE_Drayr):fynayw 8y1Dx_Dway1:8yn+fy18y1

§yp = 0, 1y, =0,
5.’1:7]:1::1; - E.’lf:],‘/’],’l,‘ — 0

General case :
fylylylyl =0, fﬂiwylyl :4fwyoy1 + fyl fmylyl - 4fy1 fyoyl - 6fy0y0 + 3fy1y1 fyo

Fiber preserving case (£, = 0)

fy1y1y1 =0, fﬂﬂy1y1 = fyoyu fmyoy1 = 2fy0y0 _fy1y1fyo +fy1fyoy1



2 Software

Software for nonlinear differential systems

diffalg: Differential Algebra MapleV
1996 Rosenfeld-Grobner algorithm [BLOP 1997)

by F. Boulier (1996) then at SCG, U. of Waterloo. Maple V.5
1998 Singular solutions [H 99]; Efficiency improvement [H 00]

by E. Hubert then at SCG, UWaterloo. Maple 6
1999 Redesign of help pages. Maple 7

2004 Non-commuting derivations [H 2005]
http://www.inria.fr/cafe/Evelyne.Hubert/diffalg

BLAD: Bibliotheques Lilloises d’Algebre Différentielle GLGPL

C libraries distributed under Gnu Lesser General Public License

http://www2.1ifl.fr/~boulier/BLAD by F. Boulier

RIF: Reduced Involutive Forms Maple6
A. Wittkopf, G. Reid Maple 6, DEtools
diffgrob: Differential Grébner bases Maple

E. Mansfield (http://www.kent.ac.uk/ims/personal/elm2)

CRACK: PDE solver Reduce
T. Wolf (http://lie.math.brocku.ca/crack)

For linear functional systems

kan/sml by N. Takayama (http://www.math.kobe-u.ac.jp/KAN)
D-Macaulay by A. Leykin & H. Tsai (http://www.ima.umn.edu/~1leykin/Dmodules)
Cocoa, http://cocoa.dima.unige.it/

Plural:Singular by V. Levandovskyy & H. Schonemann (http://www.singular.uni-k1.
de/plural)

Groebner/OreModule by F. Chyzak, A. Quadrat & D. Robertz. (http://wwwb.math.
rwth-aachen.de/0OreModules)

Calix:Aldor by Ralf Hemmecke (http://www.hemmecke.de/ralf)



3 Ring of differential polynomials

Classical construction [Ritt 51, Kolchin 73]
F=Q or Q(z,vy) S (Vpz+yy)+ 82 Va+syvy+10 =0 T afield
% ¢x +wy ¢1/ =0

0, = %, 0y = % A ={0y,...,9,,} derivations on F

5;(a+b)=35,(a)+8,(b) 8;(ab)=ab;(b)+5,(a)b

V={s, o0} Y={y1,---,Un}
F[b Sy Syv Sxax - - } - F [[5 (/)w UH
Seay ~ Sg2y ™ 8(2,1) FIV] =Flya | €N, y € V]
01 (ﬁwu) = Szay 8i (Ya) = Yote; Si‘ﬂT =9,
~ 01 (s(1,1)) = S2.1) e =(0,..., .1h NI))
Zt
0 0 _ 0 0 _
Be by = By Oz 6;0; = 0,9;

Link with differential geometry

Independent variables z1,...,z,

Dependent variables y1,...,yn

— Y ={y1,...,yn} the differential indeterminates

F[V] is the coordinate ring for the infinite jet space

Total derivatives:

- 0 0
S omt A Ty,

yeY, aeN™

Declare it in Maple

> with(diffalg);

[Rosenfeld_Groebner, characters, delta_poly I, denote, deri , differential_ring, differentiate, equations, essential_components, field-estension,

greater, inequations, initial, initial_conditions, is_prime, leader, power_series_solution, preparation_polynomial, print_ranking, rank, reduce,

reduced_form, rewrite_rules, separant]
> R := differential ring( ranking=[[s,phi,psi]], derivations=[x,y], notation=jet );

R := dif ferential-polynomial_ring

> differentiate( s[x,y], x, R );

Sw,w,y



> denote( s[x,y], vjet, R );

51,1

> denote( s[x,y], diff, R );

s(z, )
dxdy

Rankings < on F[Y]

A total order on DY = {y, | @« € N, y € V} s.t.

— Ya = Ya+y
— Ya =28 = Yaty < 2644

Orderly ranking: |a| < |B] = Yo < 23,
Semi-orderly ranking: |a| < |B] = Yo < ys

Elimination ranking: y, < 23,

Rankings with diffalg

a, 3,y € N™
Y,z €Y

ol = a1+ ...+ am

Vy,z €)Y

Ya, 3 € N™

> DY := [seq(seq(seq(u[x$i,y$(j-1)],i=0..j),j=0..2) ,u=][s,phi,psi]);

DY :=[s,5y. 52, 5y,y: Sa,y: sz,0: br by, bz dy,y. Sa,y. bo,a: ¥, Yy, Y, Yy,y. Yo,y Ya,z)

>R2:=differential ring(ranking=[grlex[s],grlex[phi,psi]],derivations=[x,y]):

> sort(DY, (a,b) — > greater(b,a,R2));

[, ¢, Yy, Yo, by, ba, Yy,y, Yo,y Yo,z dy,y, Pz,y, Px,x, S, Sy, Sz, Sy, y, Sz,y, Sz,x]

> Rl:=differential ring(ranking=[[s,phi,psi|],derivations=[x,y]):

> sort(DY, (a,b) — > greater(b,a,R1));

[, &8, %y, by, sy, Ya, bz sws Yy,y» Py,y» sy, Yo,y Po,ys Se,ys Yo, Po,xs Szl

Non-commuting derivations

X = 5(337y0)
y2:f(xay07yl) — YQZO
YO = TI(IayO)

5Z/l = 0, Ny, = 0,
£m7]m:n —&pallz = 0

Differential indeterminates : &£, 7, f
Derivations 0y,, 0y,, and Dy,

Oyo Dz — Dy 0yy = fyo Oyn s

Oy, Do — Dy 0y, = Oyy + fy, Oy,
Oy, Oyy — Oy Oy, =0

Y="{y1,-,un}
D ={5,,...,6,} with

8,0, = 6,0, = cini 6
=1



Differential polynomial ring K [)] with non commuting derivations [HO5]

y:{yly---’y’n,} Yate; fap=...=a;_1=0

D={0y,...,0,} siwa) =1 5500 (va—e; )+ é cijior (va—e;)
where j < i is st aj >0

K[ya|aeNm,y€y} while a1 = ... =a;_1 =0

Example (m=2):  §;y1,1) = Y21

doY1,1) = 0201Y0,1) = 0102Y(0,1) + C12101Y0,1) + €122 02Y(0,1)
0Yo2 + c21yan T c122Y0,2)
Y(@1,2) + c21Ya,y o c12290,2)

If the c;;; satisfy & there exists an admissible ranking <
- Cijl = —Cjil - lal <18l = Yo <ys,
= Olei) + Sileik) A Sileka) = - Yo =28 = Yat+y = 24,
D Cijulukl T CikuCuil + ChipCusjl N
p=l - E (fijl Oz(l}a) < yu+6g+ej
1EN,,

then 6,0,(p) = 6,0:(p) + D ciji6(p) Vp € Klya|a € N"] = K[V]
=1

With diffalg

ayODw—Dway():fyanl, 61/1D1'_D1'6y1:8y0+fy16y1

> R := differential_ring(ranking=[[xi,etalf], derivations=[x,y0,y1], commutations=[[y0,x|=[0,0,{[y0]],
[y1,x]=[0,1,f[y1]] ]):

> differentiate( differentiate( eta, y0, R ), x, R );

Nz, yo
> differentiate( eta, x,y0,R);
N, y0

> differentiate( eta, y0, x, R);
Nzyo + fyo Ny

Leader, initial, separant

o V={y1,-- -, Yn}s D={6,.--,0,,} F Y], <

e Nota%: §% =47 ...59m

5068 # 698 pup 626° = s10 4 > ay Y, ay €K[V]
[vI<lea+8|

e pc K[V]\K )

p:ipyad'i‘clyozd7 st cd Ci < Yo



Yo leader 1, initial s, separant

lead(p) init(p) sep(p)

®5,= 887]3 =dipyt t+(d-1D)cyd 2+ .. +ci

Prop
lead(p) =yo =  0°(p) = sep(p) Yots + ovnen
= Ya+p

4 Differential ideals
Differential Ideals

y:{yla“'ayn}a D:{(sl,"'aém}v IF[D)]]

{p17 .o 7pk} C F[[y]]
I, a differential ideal of F[Y]:
eacl = dacl,VéeA
o [p] = (6°pla € N™)
e [ is an ideal
J, radical differential ideal of F[)]:
edtcJ = acJ

[p] ={qlq"€[p]}

e J is a differential ideal

P, prime differential ideal of F[Y]:
*abEP = acPorbeP P radical and irreducible.

e is a differential ideal

Differential Nullstellensatz

P1s---3Pr € Fﬂyﬂ

Note: —ifq € [p1,...,p.] then ¢° = > ;o d*p; and g vanishes on all the common zeros
of P15 Pr.

— if 1 € [p1,...,pr] then 1 = > ¢;o,0%p; so that py,...,p, have no common zero.

THEO: — pi,...,pr admit a common zero iff 1 ¢ [p1,...,p,]

— ¢ € F[Y] vanishes on all the common zeros of py,...,px iff ¢ € [p1,...,pk]-



Ritt-Raudenbush Theorem

THEO: A radical differential ideal J of F[Y] is

— finitely generated: J = [p1,...,p.]
for some p1,...,p. € F[V].
Differential ideals need not be finitely generated.

— the intersection of finitely many prime differential ideals.

s
The irredundant decomposition J = ﬂ P; is unique.
i=1

Ex: [12+xy. —y] = [V2+2Ye — ¥, v2a] N [4y +2?].

Saturation ideals

e heF[Y] I:h* = {q|Jkst. hFqe I}
o H={hy,...,hs} I:H® =1:h*° where h ="hy...hg

NOTE: The zeros of [p] : h* are the zeros of p that don’t vanish on h, except for some
adherent piece.

EX: [[ngrxyz fy]] = [[yg + z Y, fy]] 2y + )N [[4y+:v2]].

5 Representation of radical differential ideals

Purpose

Given p1,...,p, in F[Y] we want to compute a representation of [py,...,p,] that
allows to

— test membership to [p1,...,p,]
— measure the zero set (completion)

— compute [p1,...,p- ] NF[Z] (elimination)

There is no strict analogue of Grébner bases.

Differential ideals do not admit in general

— a finite set
— that is generating for the differential ideal

— and reduces to zero the elements of the differential ideal
Characterisable differential ideals are defined by

— a finite set so called the



— that reduces to zero the elements of the differential ideal

— generate the ideal outside of some hypersurface

Prime differential ideals are characterizable

Radical diff. ideal are N° of characterisable diff. ideals

Characteristic Decomposition

ALGO: (Rosenfeld-Groebner in diffalg )

In: {p1,...,px} C F[V], <
Out: C4,...C, s.t.
1, o] = [Ch]:ST° N
Membership: p € [Ci]:S; & p—¢, 0

Completion: If < orderly then

Elimination: If < eliminates Y \ £ and C} = C; NF[Z] then

N [Cr]: 5>
where S; = sep(C})

[C4]:8%° N F[D,Y] = (DuCi): S

[Ci]:87° N F[2] = [C]]: S~

Output characteristic sets C'

e (' is a differential triangular set:

a,beC, lead(a) = yq, lead(b) =y =
o (' is coherent:
a,beC, lead(a) = ya, lead(d) = ys
y=a+a=0+3 = s5,6°b—s,
Recall: _
b = spy, +.
0% = Sqyy+.
A generalisation of
Uy f@w)}
:> J—
uy = g(,y) Iy

® p —. ¢ means:

— ¢ is free of proper derivatives of lead(c)
s¢p=g¢q mod (6’c,...,57¢c)

— the degree of ¢ in lead(p) is lower than that of p

il q1 = q mod (p)
Prop: [C]:5% is a radical differential ideal.

Prop: If [C]: 8% = ﬂ [C;]:S; then lead(C;) = lead(C)

(A

10

or pseudo-Grobner bases

BF#aty
[Rosenfeld 59]

6% € (DC«y,): 5%

gmzo

s¢if p=¢ mod [c]

Because (C): 5% is.



Envelope
> R:= differential ring(ranking=[c,y],derivations=[x]):
> C := Rosenfeld_Groebner([y — cz — ¢?, ¢.], R);

C' := [characterisable]

> equations(C);
[~y + ¢ vz +2ya —yl]
> p := equations(G[1])[-1];
Pi=ys Ty —y
> C:= Rosenfeld_Groebner([p],R);

C' := [characterisable, characterisable)
> equations(C), inequations(C)

2 +zye —yl, Ay+27),  [[2y0 + 2], []]

That is: Il = [p): 2ye + ) N [4y + 7]

Kepler = Newton

> R:= differential ring(ranking=([x,y],[a.r],[p,e,s]],derivations=[t], parameters=|[p,e,s|):

> K= {aQ—xit—yﬁt,rz—xz—yQ),r—p—|—eaz,xyt—yxt—s}:

> C := Rosenfeld_Groebner(K, {p, e, s}, R);
C' := [characterisable]
> N := differentiate(r? a,t,R):
N :=r(ar + 27ra)

> reduce(N, C[1]);

With [K]:(pes)>™ = lex+1r—p,esy — prry,
rip?re? — s2(e*r? + r? — 2rp + p?),r'*pa? — s*| : (epsarry)>

Orthogonal Waves

8(¢zz+¢yy)+sx¢m+sy¢y+¢ =
S(’(/sz +¢yy)+szwz+sy¢y+w
VYo bz + Py Dy
3w75y7¢w7¢yawwa¢y

RS
cocoo

with(diffalg)

R:=differential ring(ranking=([s,phi,psi]],derivations=[x.y]):
S:=[s*(phi[x,x]|+phily,y])+s[x]*phi[x]+. . .]

H = {5 sy hi, ..}

C :=Rosenfeld_Groebner(S,H,R);

vV V. V V V

C' := [characterisable]

11



o
o
o
o
o
o
s
12 y2 1?3
s = S0+ s10T+ 801y +S20%F FS11TY+ So25 +S30F ---
) 2 ‘ 2
Y = oo+ V10T + o1y + Voo + Vi vy + Yoz % .
2
¢ = ¢oo+ dr0T+ P01y + P20 + P11 TY+ P02 % .-
2 3
s = fl(y)+f2(y)x+'9220%+S3o%~-~ ,
Y = f3(y) +erz+ G + i Ty + 120 G ...
¢ fi(y) + b0z + do1y + d20% + o1 TY + .-
Differential Dimension Polynomial
< orderly
H(s) = dim([C]:SNF[D,Y]) = dim(D,C): 5
d
= am( mts ) +...—|—ad< ts >—|—...—|—a0
s s
for s >>0
Algorithm for computing the characteristic decomposition
1 [E]l=[A]:HX*N...Nn[Ag] : HY?
(A;, H;) regular differential systems [BLOP 97]
2. (Ai):H® =) (Cij): S5
J
3. [Zl=()I[Cyl: S
ij
[H 00]

Algorithm for the decomposition in Regular Differential Systems - Case of a
single derivation

12



2, 0,0 [Boulier, Lazard, Ollivier, Petitot, 1997]

| >~ T

(B\h b s ind | [ BULp30.05) [BU€sp 10100 |

G, A, H

peEG
pAP
a€ A
5¥lead(p) = lead(q)

[ c\{p}u{a},A\{a}u{m,Huwﬁ} Eﬂb{sﬁ},A7 Hu{i}{}cu{sﬁ,iﬁ},f;,};
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