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Differential operators on associative unital algebras

Following Beilinson-Bernstein localization for the universal enveloping algebra
of a complex semisimple Lie algebra (1980), Lunts and Rosenberg addressed
localization for quantum groups, g not a root of unity, in a series of papers
(1997-1999). This led to their definition of differential operators on
noncommutative algebras and beta and quantum differential operators on
graded (possibly noncommutative) algebras. We first introduce the usual
differential operators.
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Differential operators on associative unital algebras

Following Beilinson-Bernstein localization for the universal enveloping algebra
of a complex semisimple Lie algebra (1980), Lunts and Rosenberg addressed
localization for quantum groups, g not a root of unity, in a series of papers
(1997-1999). This led to their definition of differential operators on
noncommutative algebras and beta and quantum differential operators on
graded (possibly noncommutative) algebras. We first introduce the usual
differential operators.
o Let k denote a field, R an associative unital k-algebra, and M an
R-bimodule. Let Q) denote ), and R° denote R Q) R° where R is the
opposite ring of R.
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Differential operators on associative unital algebras

Following Beilinson-Bernstein localization for the universal enveloping algebra
of a complex semisimple Lie algebra (1980), Lunts and Rosenberg addressed
localization for quantum groups, g not a root of unity, in a series of papers
(1997-1999). This led to their definition of differential operators on
noncommutative algebras and beta and quantum differential operators on
graded (possibly noncommutative) algebras. We first introduce the usual
differential operators.
o Let k denote a field, R an associative unital k-algebra, and M an
R-bimodule. Let Q) denote ), and R° denote R Q) R° where R is the
opposite ring of R.

o Let 3(M)={me M| rm= mr Vr € R}, the centre of M. When R is
commutative, 3(M) is an R-bimodule. In general My = R3(M)R, the
R-bimodule generated by 3(M).
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Differential operators on associative unital algebras

Following Beilinson-Bernstein localization for the universal enveloping algebra
of a complex semisimple Lie algebra (1980), Lunts and Rosenberg addressed
localization for quantum groups, g not a root of unity, in a series of papers
(1997-1999). This led to their definition of differential operators on
noncommutative algebras and beta and quantum differential operators on
graded (possibly noncommutative) algebras. We first introduce the usual
differential operators.
o Let k denote a field, R an associative unital k-algebra, and M an
R-bimodule. Let Q) denote ), and R° denote R Q) R° where R is the
opposite ring of R.

o Let 3(M)={me M| rm= mr Vr € R}, the centre of M. When R is
commutative, 3(M) is an R-bimodule. In general My = R3(M)R, the
R-bimodule generated by 3(M).

@ Inductively construct for each i > 1, an R-bimodule M;, called the i-th
differential part of M, as follows:

Mi=R{meM|rm—mr € Mi_; Vr € R}R

U.N. lyer, Bronx Community College On the quantum torus



Differential operators on associative unital algebras

Following Beilinson-Bernstein localization for the universal enveloping algebra
of a complex semisimple Lie algebra (1980), Lunts and Rosenberg addressed
localization for quantum groups, g not a root of unity, in a series of papers
(1997-1999). This led to their definition of differential operators on
noncommutative algebras and beta and quantum differential operators on
graded (possibly noncommutative) algebras. We first introduce the usual
differential operators.
o Let k denote a field, R an associative unital k-algebra, and M an
R-bimodule. Let Q) denote ), and R° denote R Q) R° where R is the
opposite ring of R.

o Let 3(M)={me M| rm= mr Vr € R}, the centre of M. When R is
commutative, 3(M) is an R-bimodule. In general My = R3(M)R, the
R-bimodule generated by 3(M).

@ Inductively construct for each i > 1, an R-bimodule M;, called the i-th
differential part of M, as follows:

Mi=R{meM|rm—mr € Mi_; Vr € R}R

e MyCcMyC---CMC--- The differential part of M is the
R-bimodule My = U,'Z()M,'.
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Differential operators on associative unital algebras

@ The vector space Homi(R, R) (the vector space of k-linear
homomorphisms) is an R-bimodule with

(r-)(s) = re(s), (¢ r)(s) = o(rs) Vr € R, € Homk(R, R).

The bimodule of k-linear differential operators on R is
Dy(R) = (Homg(R, R))dirr, while each Dy(R) = (Homy(R, R)); is the
bimodule of order i differential operators on R.
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Differential operators on associative unital algebras

@ The vector space Homi(R, R) (the vector space of k-linear
homomorphisms) is an R-bimodule with

(r-)(s) = re(s), (¢ r)(s) = o(rs) Vr € R, € Homk(R, R).
The bimodule of k-linear differential operators on R is
Dx(R) = (Homy(R, R))ai, while each Dj(R) = (Homx(R, R)); is the
bimodule of order i differential operators on R.
e D)(R)C Di(R)C---Di(R)C---.
Di(R)DL(R) € D;”(R).
Dy (R) is a filtered algebra.
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Differential operators on associative unital algebras

@ The vector space Homi(R, R) (the vector space of k-linear
homomorphisms) is an R-bimodule with

(r-@)s) =re(s),  (p-r)(s) =w(rs)  VreR,pcHomy(R,R).

The bimodule of k-linear differential operators on R is
Dx(R) = (Homy(R, R))ai, while each Dj(R) = (Homx(R, R)); is the
bimodule of order i differential operators on R.
e D)(R)C Di(R)C---Di(R)C---.
DI(R)DI(R) C D(R).
Dy (R) is a filtered algebra.
@ Setting [p,r] = ¢ - r —r- ¢, we have,

DY(R) = R{ | [v,a] = 0 Va € RIR
Di(R) = R{¢ | [¢,a] € Di"Y(R) Va € R}R.
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Differential operators on associative unital algebras

@ The vector space Homi(R, R) (the vector space of k-linear
homomorphisms) is an R-bimodule with
(r-)(s) = re(s), (¢ - r)(s) = p(rs) Vr € R, € Homi(R, R).
The bimodule of k-linear differential operators on R is
Dy(R) = (Homg(R, R))dirr, while each Dy(R) = (Homy(R, R)); is the
bimodule of order i differential operators on R.
e D)(R)C Di(R)C---D{(R)C --.
DI(R)DI(R) C D(R).
Dy (R) is a filtered algebra.
@ Setting [p,r] = ¢ - r —r- ¢, we have,
DI(R) = R{¢ | [p,a] =0 Va € R}R

Di(R) = R{¢ | [¢,a] € Di"Y(R) Va € R}R.

@ When R is commutative, we have the definition given by Grothendieck
([EGA)):
DI(R) ={¢ | [¢,a] =0 Va € R}
Di(R) = {¢ | lp.a]l € D;}(R) Va € R}.
Di(R) ={¢ | [ [lp, @], a1],- -~ )] = 0,Yag, - - ,a € R}.



Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).

e Examples (U.N.lyer):
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\r, pr|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).

e Examples (U.N.lyer):

o R = Mpy(k): In this case, Homg(R, R) = R® R° = DJ(R). Hence,
Dy(R) = D(R).

More generally, when R is an Azumaya algebra, we have Dyg(R) is generated
as an algebra by Dy (Z(R)) and D2(R).
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).
e Examples (U.N.lyer):
o R = Mpy(k): In this case, Homg(R, R) = R® R° = DJ(R). Hence,
D.(R) = DY(R).
More generally, when R is an Azumaya algebra, we have Dyg(R) is generated
as an algebra by Dy (Z(R)) and D2(R).
o R = A, the n-th Weyl algebra: When the characteristic of k is 0, we can
check that Dx(R) = DY(R) = An ® A 2 Ay ® An X Agy.
When the characteristic of k is nonzero, then A, is an Azumaya algebra.
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).
e Examples (U.N.lyer):
o R = Mpy(k): In this case, Homg(R, R) = R® R° = DJ(R). Hence,
D.(R) = DY(R).
More generally, when R is an Azumaya algebra, we have Dyg(R) is generated
as an algebra by Dy (Z(R)) and D2(R).
o R = A, the n-th Weyl algebra: When the characteristic of k is 0, we can
check that Dx(R) = DY(R) = An ® A 2 Ay ® An X Agy.
When the characteristic of k is nonzero, then A, is an Azumaya algebra.
o When R is a semisimple Hopf algebra, then Dy(R) = DY(R). This covers
the cases of group algebras and universal enveloping algebras of the
semisimple kind.
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Differential operators on associative unital algebras

@ For r € R, let A, pr € Homi(R, R) be the left and right multiplication
operators. That is, A,(s) = rs and p,(s) = sr. Then DJ(R) is generated
by the set {\;, p|r € R}.

@ There is a surjection R ®zry R° — DY(R) given by a® b° +— Aspp for
a,b € R where Z(R) is the centre of R.

o If o is a derivation, then ¢(rs) = rop(s) 4+ (r)s. Thus, [p, r] = Ay
Hence, » € DE(R).
e Examples (U.N.lyer):
o R = Mpy(k): In this case, Homg(R, R) = R® R° = DJ(R). Hence,
D.(R) = DY(R).
More generally, when R is an Azumaya algebra, we have Dyg(R) is generated
as an algebra by Dy (Z(R)) and D2(R).
o R = A, the n-th Weyl algebra: When the characteristic of k is 0, we can
check that Dx(R) = DY(R) = An ® A 2 Ay ® An X Agy.
When the characteristic of k is nonzero, then A, is an Azumaya algebra.
o When R is a semisimple Hopf algebra, then Dy(R) = DY(R). This covers
the cases of group algebras and universal enveloping algebras of the
semisimple kind.
e (Joint with T.C.McCune) R a finitely generated free associative algebra.
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.

@ The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and
Dy (R)) have infinite Gelfand-Kirillov dimension.
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.

@ The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and
Dy (R)) have infinite Gelfand-Kirillov dimension.

@ For each a € R, and i < n let &7 be the derivation on R defined by
97(x) = dija. Thatis, [07,x] = dij\s € DY(R).
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by

X1, Xn.

The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and

Dy (R)) have infinite Gelfand-Kirillov dimension.

@ For each a € R, and i < n let &7 be the derivation on R defined by
97(xj) = dija. Thatis, [07,x] = 6ijAa € DY(R).

o Definition:
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.
The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and
Dy (R)) have infinite Gelfand-Kirillov dimension.
@ For each a € R, and i < n let &7 be the derivation on R defined by
97(xj) = dija. Thatis, [07,x] = 6ijAa € DY(R).
o Definition:
o Forr=1,1=(i1) and J = (a1), with it < n, a1 € R, set 9/ = 97"
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.
The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and
Dy (R)) have infinite Gelfand-Kirillov dimension.
@ For each a € R, and i < n let &7 be the derivation on R defined by
97(xj) = dija. Thatis, [07,x] = 6ijAa € DY(R).
o Definition:
o Forr=1,1=(i1) and J = (a1), with it < n, a1 € R, set 9/ = 97"

e ForanreN,r>2, let | = (i1,i2, -+ ,ir) be a sequence of natural numbers
ij <nand J= (a1, --,ar) be a sequence of elements from R. Further, let
T= (i, ,ir)and J = (a2, -+ ,a,). Denote by 9{ € D[(R) the operator

which satisfies the commutator rules

[07.x,) = a8, [0f,x] =0 for | # i, and  9}(1) =0.
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Differential operators on the free algebra

@ Let n>1and R =k(xi, - ,xn) be the free algebra over k generated by
X1, Xn.
The algebras R ® R° and D2(R) are isomorphic. Hence, DJ(R) (and
Dy (R)) have infinite Gelfand-Kirillov dimension.
@ For each a € R, and i < n let &7 be the derivation on R defined by
97(xj) = dija. Thatis, [07,x] = 6ijAa € DY(R).
o Definition:
o Forr=1,1=(i1) and J = (a1), with it < n, a1 € R, set 9/ = 97"

e ForanreN,r>2, let | = (i1,i2, -+ ,ir) be a sequence of natural numbers
ij <nand J= (a1, --,ar) be a sequence of elements from R. Further, let
T= (i, ,ir)and J = (a2, -+ ,a,). Denote by 9{ € D[(R) the operator

which satisfies the commutator rules
[07.x,) = a8, [0f,x] =0 for | # i, and  9}(1) =0.

@ Theorem: For r > 1 D{(R) is generated as an R-bimodule by the set
{07 | 1=(i, - ,is),J= (a1, ,as),ij €N,ij < naje R 1<s<r}

U{p. | a € R}.

U.N. lyer, Bronx Community College On the quantum torus



Differential operators on the free algebras

@ The algebra Dy(R) is simple.

U.N. lyer, Bronx Community College On the quantum torus



Differential operators on the free algebras

@ The algebra Dy(R) is simple.
o Further questions:
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Differential operators on the free algebras

@ The algebra Dy(R) is simple.
o Further questions:

e We do not know whether Dy(R) is a domain in the case when the
characteristic of k is 0.
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Differential operators on the free algebras

@ The algebra Dy(R) is simple.
o Further questions:

e We do not know whether Dy(R) is a domain in the case when the
characteristic of k is 0.
o The operators (9,J satisfy the Hasse-Schmidt-like property:

0f(ab) = > 8,1(a)d;2(b)
hxlh=1

where 1 * I, denotes the concatenation of /1 and b, and Ji, J» are the
corresponding subsequences of J. How does one develop a Hasse-Schmidt
theory for the free algebras?
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Differential operators on the free algebras

@ The algebra Dy(R) is simple.
o Further questions:

e We do not know whether Dy(R) is a domain in the case when the
characteristic of k is 0.
o The operators (9,J satisfy the Hasse-Schmidt-like property:

0f(ab) = > 8,1(a)d;2(b)

xbh=1

where 1 * I, denotes the concatenation of /1 and b, and Ji, J» are the
corresponding subsequences of J. How does one develop a Hasse-Schmidt
theory for the free algebras?

o In the case of commutative algebras, the subalgebras of constants of fixed
derivations form a rich topic of study. Such a study for the noncommutative
algebras have not been undertaken. A start could be on the free algebras.
Other than works by P.M.Cohn and his students, not much has been done
in this area.
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Quantum differential operators on graded algebras
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Quantum differential operators on graded algebras

@ When the enveloping algebra of a Lie algebra acts on an associative ring
via its Hopf structure, the action gives usual differential operators.
Likewise, when the enveloping algebra of a Lie superalgebra (respectively,
Lie coloured algebra) acts on an associative ring, the action gives super
(respectively, coloured) differential operators. Lunts and Rosenberg
wanted a notion of differential operators which would allow quantum
groups to act via such differential operators, keeping in mind that
quantum groups have group-like elements which act as automorphisms.
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Quantum differential operators on graded algebras

@ When the enveloping algebra of a Lie algebra acts on an associative ring
via its Hopf structure, the action gives usual differential operators.
Likewise, when the enveloping algebra of a Lie superalgebra (respectively,
Lie coloured algebra) acts on an associative ring, the action gives super
(respectively, coloured) differential operators. Lunts and Rosenberg
wanted a notion of differential operators which would allow quantum
groups to act via such differential operators, keeping in mind that
quantum groups have group-like elements which act as automorphisms.

@ Let I be an abelian group. Let R be a -graded k-algebra and M a
[-graded R-bimodule. Fix a bicharacter 8 : I x I — k™.
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Quantum differential operators on graded algebras

@ When the enveloping algebra of a Lie algebra acts on an associative ring
via its Hopf structure, the action gives usual differential operators.
Likewise, when the enveloping algebra of a Lie superalgebra (respectively,
Lie coloured algebra) acts on an associative ring, the action gives super
(respectively, coloured) differential operators. Lunts and Rosenberg
wanted a notion of differential operators which would allow quantum
groups to act via such differential operators, keeping in mind that
quantum groups have group-like elements which act as automorphisms.

@ Let I be an abelian group. Let R be a -graded k-algebra and M a
[-graded R-bimodule. Fix a bicharacter 8 : I x I — k™.

o Let Z,(M) denote the quantum-center of M defined as the k-span of
homogeneous elements m € M for which there exists a d € I' such that

mr = (d, d;)rm for any homogeneous r € R.
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Quantum differential operators on graded algebras

@ When the enveloping algebra of a Lie algebra acts on an associative ring
via its Hopf structure, the action gives usual differential operators.
Likewise, when the enveloping algebra of a Lie superalgebra (respectively,
Lie coloured algebra) acts on an associative ring, the action gives super
(respectively, coloured) differential operators. Lunts and Rosenberg
wanted a notion of differential operators which would allow quantum
groups to act via such differential operators, keeping in mind that
quantum groups have group-like elements which act as automorphisms.

@ Let I be an abelian group. Let R be a -graded k-algebra and M a
[-graded R-bimodule. Fix a bicharacter 8 : I x I — k™.

o Let Z,(M) denote the quantum-center of M defined as the k-span of
homogeneous elements m € M for which there exists a d € I' such that

mr = (d, d;)rm for any homogeneous r € R.

@ For each a €T, define o, € grtHom (M, M) defined by o.(m) = 8(a, dm)m
for homogeneous m € M, and extend o, linearly on all of M.
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Quantum differential operators on graded algebras

@ When the enveloping algebra of a Lie algebra acts on an associative ring
via its Hopf structure, the action gives usual differential operators.
Likewise, when the enveloping algebra of a Lie superalgebra (respectively,
Lie coloured algebra) acts on an associative ring, the action gives super
(respectively, coloured) differential operators. Lunts and Rosenberg
wanted a notion of differential operators which would allow quantum
groups to act via such differential operators, keeping in mind that
quantum groups have group-like elements which act as automorphisms.

@ Let I be an abelian group. Let R be a -graded k-algebra and M a
[-graded R-bimodule. Fix a bicharacter 8 : I x I — k™.

o Let Z,(M) denote the quantum-center of M defined as the k-span of
homogeneous elements m € M for which there exists a d € I' such that

mr = (d, d;)rm for any homogeneous r € R.

@ For each a €T, define o, € grtHom (M, M) defined by o.(m) = 8(a, dm)m
for homogeneous m € M, and extend o, linearly on all of M.

@ For me M,r € R, let [m, r]a = mr — o,(r)m. Using these notations,
Z4(M) = k-span{homogeneous m | 3a € I such that [m, r], = OYr € R}.
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Quantum differential operators on graded algebras
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Quantum differential operators on graded algebras

e Let Mg o= RZ4(M)R. For i > 1, My ; denotes the R-bimodule generated
by the set

k-span{homogeneous m | 3a € T such that [m, r], € Mgq,i—1Vr € R}.
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Quantum differential operators on graded algebras

e Let Mg o= RZ4(M)R. For i > 1, My ; denotes the R-bimodule generated
by the set

k-span{homogeneous m | 3a € T such that [m, r], € Mgq,i—1Vr € R}.

@ Again, Mg o C Mg1 C -+ and My_gir = Uij>0Mg,i. When
M = grHomy (R, R) we get the filtered algebra of quantum differential
operators Dg(R) = Mg.qirr and the R-bimodule of quantum differential
operators of order < i is Dj(R) = Mq,;.
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Quantum differential operators on graded algebras

e Let Mg o= RZ4(M)R. For i > 1, My ; denotes the R-bimodule generated
by the set

k-span{homogeneous m | 3a € T such that [m, r], € Mgq,i—1Vr € R}.

@ Again, Mg o C Mg1 C -+ and My_gir = Uij>0Mg,i. When
M = grHomy (R, R) we get the filtered algebra of quantum differential
operators Dg(R) = Mg.qirr and the R-bimodule of quantum differential
operators of order < i is Dj(R) = Mq,;.

@ When we define M3,; as the R-bimodule generated by the set

k — span{homogeneous m | [m, r]q,, € Mp,i—1Vr € R}
and Mgy = RZgR where
Zs = k-span{ homogeneous m | [m, r]q,, = OVr € R}

then we get the notion of - (or coloured) differential operators.
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Quantum differential operators on graded algebras

e Let Mg o= RZ4(M)R. For i > 1, My ; denotes the R-bimodule generated
by the set

k-span{homogeneous m | 3a € T such that [m, r], € Mgq,i—1Vr € R}.

@ Again, Mg o C Mg1 C -+ and My_gir = Uij>0Mg,i. When
M = grHomy (R, R) we get the filtered algebra of quantum differential
operators Dg(R) = Mg.gir and the R-bimodule of quantum differential
operators of order < is Dg(R) = Mj,;.
@ When we define M3,; as the R-bimodule generated by the set
k — span{homogeneous m | [m, r]q,, € Mp,i—1Vr € R}
and Mgy = RZgR where
Zs = k-span{ homogeneous m | [m, r]q,, = OVr € R}
then we get the notion of - (or coloured) differential operators.
@ The algebra Dg(R) is generated by the set {\;, ps,0. | r,s € R,a€Tl}
where
Ar)os = ps>\r7 Oadr = AUa(r)o'm and Oafr = Po,(r)Oa-
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Quantum differential operators on graded algebras

e Let Mg o= RZ4(M)R. For i > 1, My ; denotes the R-bimodule generated
by the set

k-span{homogeneous m | 3a € T such that [m, r], € Mgq,i—1Vr € R}.

@ Again, Mg o C Mg1 C -+ and My_gir = Uij>0Mg,i. When
M = grHomy (R, R) we get the filtered algebra of quantum differential
operators Dg(R) = Mg.qirr and the R-bimodule of quantum differential
operators of order < i is Dj(R) = Mq,;.

@ When we define M3,; as the R-bimodule generated by the set

k — span{homogeneous m | [m, r]q,, € Mp,i—1Vr € R}
and Mgy = RZgR where
Zs = k-span{ homogeneous m | [m, r]q,, = OVr € R}
then we get the notion of - (or coloured) differential operators.
@ The algebra Dg(R) is generated by the set {\;, ps,0. | r,s € R,a€Tl}

where
Ar)os = ps>\r7 Oadr = AUa(r)o'm and Oafr = Po,(r)Oa-

@ Foreach a €T, let ¢ € grHom, (R, R) be a left skew o,-derivation. That
is, @(rs) = @(r)s + oa(r)e(s) Vr,s € R. Then [p, rl. = Ay, Vr € R.
hat i 1 R

5
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R k[x] =7, deg(x) =1, and B:T x I — k* be given

by B(n,m) = q""
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R k[x], T =Z, deg(x) =1, and 8: T x I — k* be given

by B(n,m) = q""
e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
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Quantum differential operators on graded algebras

e Examples (Joint with T.C.McCune): Let q be transcendental over Q and
Q(q) C k. Let R k[x], T =Z, deg(x) =1, and 8: T x I — k* be given

by B(n,m) = q""
e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
o Foreach ac T let 95" ¢ D;(R) denote the left skew o,-derivation on R.

Then 07°(x") = 7(( :qaa")) xn—L
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R= k{x], T =Z, deg(x) =1, and g : T x I — k* be given
by B(n,m) = q""

e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
o Foreach ac T let 95" ¢ D;(R) denote the left skew o,-derivation on R.
Then 85° (x") = wx”_l.
(1-¢%)

o For a=0, 8% = 9, the usual derivation d(x") = nx"~1.
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R= k{x], T =Z, deg(x) =1, and g : T x I — k* be given
by B(n,m) = q""

e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
o Foreach ac T let 95" ¢ D;(R) denote the left skew o,-derivation on R.
Then 85° (x") = ﬂx”_l.
(1-¢%)
o For a=0, 8% = 9, the usual derivation d(x") = nx"~1.
o Let 9% = 95", For positive integer a, we have
07" = <11—> P 4o+ +051]

and

. 1— _
0 = ({55 )0 o k)
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R= k{x], T =Z, deg(x) =1, and g : T x I — k* be given
by 5(n, m) = q""

e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
o Foreach ac T let 95" ¢ D;(R) denote the left skew o,-derivation on R.

Then 85° (x") = =g qan)x”_l.
(1-¢%)
o For a=0, 8% = 9, the usual derivation d(x") = nx"~1.
o Let 9% = 95", For positive integer a, we have
a 1
aﬂ = <?> aﬂ[1+01+ +0'afl]
and

. 1— _
0" = ({5) ¢ o+t o)

e For any integer a, we have [Gﬁa,x]o = 0o,.
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Quantum differential operators on graded algebras

@ Examples (Joint with T.C.McCune): Let g be transcendental over Q and
Q(q) C k. Let R= k{x], T =Z, deg(x) =1, and g : T x I — k* be given
by B(n,m) = q""

e Since R is commutative, Ar = p/Vr € R. Thus, Dg(R) is generated as an
algebra by the set {Ax,01,0-1}.
o Foreach ac T let 95" ¢ D;(R) denote the left skew o,-derivation on R.
__ nan
Then 85° (x") = wx”_l.
(1-¢%)
o For a=0, 8% = 9, the usual derivation d(x") = nx"~1.
o Let 9% = 95", For positive integer a, we have
a 1
aﬂ = <?) aﬂ[1+01+ +0'afl]
and

. 1— _
0 = ({55 )0 o k)

e For any integer a, we have [Gﬂa,x]o = 0o,.

o The algebra Dy(R) is generated by the set {\x = x, 97,9, 85_1}. The
following relations can be seen: (a,b € {—1,0,1})

(0% x]a =1, 0°"x0°" = 85°x8%", and 88" — 0P = (1 — q)9° ' xdP.
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Quantum differential operators on graded algebras

@ The algebra Dy(R) is a simple domain. Presently, in a joint work with
D.A.Jordan and T.C.McCune, we are trying to understand this algebra.
D.A.Jordan has proved that this algebra is left-Noetherian and that the
relations mentioned above are the determining relations for this algebra.
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Quantum differential operators on graded algebras

@ The algebra Dy(R) is a simple domain. Presently, in a joint work with
D.A.Jordan and T.C.McCune, we are trying to understand this algebra.
D.A.Jordan has proved that this algebra is left-Noetherian and that the
relations mentioned above are the determining relations for this algebra.

@ Generalization to the polynomial algebra: Let R = k[xi, - - , xn] which is
Z"-graded by deg(x;) = (0,0,---,1,0,---0) = e the standard basis. Let
g1, -, qn be transcendental over Q and Q(q1,- - ,gn) C k. Let
B2 x 2" >k be Blene) =47 T1=J Then D(R) is generated

1 ifi#j

as an algebra by the set {)\X,.,(’),B_l,(‘),-,(’)f} | 1 < i< n}. Again, Dg(R) is a

simple domain.
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Quantum differential operators on graded algebras

@ The algebra Dy(R) is a simple domain. Presently, in a joint work with
D.A.Jordan and T.C.McCune, we are trying to understand this algebra.
D.A.Jordan has proved that this algebra is left-Noetherian and that the
relations mentioned above are the determining relations for this algebra.

@ Generalization to the polynomial algebra: Let R = k[xi, - - , xn] which is
Z"-graded by deg(x;) = (0,0,---,1,0,---0) = e the standard basis. Let
g1, -, qn be transcendental over Q and Q(q1,- - ,gn) C k. Let

ifie] .
g I I J Then Dg(R) is generated
1 ifi#j

as an algebra by the set {)\X,-,(’)F_l,(‘),-,(’),ﬁ | 1 < i< n}. Again, Dg(R) is a
simple domain.

B:Z"XZ" — k" be B(ej, ) =

kaj
-1
@ Here Q.Bk(xa) = qlil x?7% where k € {—1,071},
qi —
a=(ay, - ,an) €Z", and x* ;1= x{* - x7".
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Quantum differential operators on graded algebras

@ The algebra Dy(R) is a simple domain. Presently, in a joint work with
D.A.Jordan and T.C.McCune, we are trying to understand this algebra.
D.A.Jordan has proved that this algebra is left-Noetherian and that the
relations mentioned above are the determining relations for this algebra.

@ Generalization to the polynomial algebra: Let R = k[xi, - - , xn] which is
Z"-graded by deg(x;) = (0,0,---,1,0,---0) = e the standard basis. Let
G1, -+, qn be transcendental over Q and Q(q1, -, qn) C k. Let

ifie] .
g I I J Then Dg(R) is generated
1 ifi#j

as an algebra by the set {)\X,-,(’)F_l,(‘),-,(’),ﬁ | 1 < i< n}. Again, Dg(R) is a
simple domain.

B:Z"xXZ" —Kk* beﬂ(e;,ej):{

kaj
-1
@ Here Q.Bk(xa) = qlil x?7% where k € {—1,071},
qi —
a=(ay, - ,an) €Z", and x* ;1= x{* - x7".

@ The following relations can be seen

8Bk il =di;
(07, x] = 0i 0k,

(07,077 = 0 for i #,

[Gﬁk,aa] = 0 when a; = 0.

1
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Quantum differential operators on graded algebras

@ Quantum plane: Let g be a transcendental element over QQ and
VG €Q(q) Ck. Let R=k < x,y > /(xy — qyx). Let Uy = Uq(sh). The
ring R has a natural U action because R is a model of
U,-representations; that is, every type 1, irreducible, finite dimensional
representation of Uy appears in R exactly once.
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Quantum differential operators on graded algebras

@ Quantum plane: Let g be a transcendental element over QQ and
VG €Q(q) Ck. Let R=k < x,y > /(xy — qyx). Let Uy = Uq(sh). The
ring R has a natural U action because R is a model of
U,-representations; that is, every type 1, irreducible, finite dimensional
representation of Uy appears in R exactly once.

@ Let I = Z? with standard basis {e;, e} and 3: T x I — k* be given by

oy _Ja ifi=j
/B(elaej)_{l Ifl#j
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Quantum differential operators on graded algebras

@ Quantum plane: Let g be a transcendental element over QQ and
VG €Q(q) Ck. Let R=k < x,y > /(xy — qyx). Let Uy = Uq(sh). The
ring R has a natural U action because R is a model of
U,-representations; that is, every type 1, irreducible, finite dimensional
representation of Uy appears in R exactly once.

@ Let I = Z? with standard basis {e;, e} and 3: T x I — k* be given by

qg ifi=j

Blei, &) = {1 it

@ This 3 corresponds to the matrix

(£ )
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Quantum differential operators on graded algebras

@ Quantum plane: Let g be a transcendental element over QQ and
VG €Q(q) Ck. Let R=k < x,y > /(xy — qyx). Let Uy = Uq(sh). The
ring R has a natural U action because R is a model of
U,-representations; that is, every type 1, irreducible, finite dimensional
representation of Uy appears in R exactly once.

@ Let I = Z? with standard basis {e;, e} and 3: T x I — k* be given by

oy _Ja ifi=j
/B(elaej)_{l Ifl#j

This 8 corresponds to the matrix
qg 1
1 g

The algebra R is naturally graded by I', with deg(x) = e1 and deg(y) = e>.
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Quantum differential operators on graded algebras

@ Quantum plane: Let g be a transcendental element over QQ and
VG €Q(q) Ck. Let R=k < x,y > /(xy — qyx). Let Uy = Uq(sh). The
ring R has a natural U action because R is a model of
U,-representations; that is, every type 1, irreducible, finite dimensional
representation of Uy appears in R exactly once.

@ Let I = Z? with standard basis {e;, e} and 3: T x I — k* be given by

oy _Ja ifi=j
/B(elaej)_{l Ifl#j

@ This 3 corresponds to the matrix
qg 1
1 g
@ The algebra R is naturally graded by I', with deg(x) = e1 and deg(y) = e.

o First note that A\x = pxoe, and Ay, = p,o_¢,.
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Quantum differential operators on graded algebras

o The algebra DJ(R) is generated by the set {\, Ge,, T, Py, Ter, T—ey }-
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Quantum differential operators on graded algebras

o The algebra DJ(R) is generated by the set {\, Ge,, T, Py, Ter, T—ey }-
o For integer a € {—1,1} define 32°,05 as
na ma

a -1 a -1 -
a}[j (Xnym) _ (qqa — ) anlym and 85 (Xnym) _ (qqa — ) Xnym 1.
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Quantum differential operators on graded algebras

o The algebra DJ(R) is generated by the set {\, Ge,, T, Py, Ter, T—ey }-
o For integer a € {—1,1} define 32°,05 as
na ma

a -1 a -1 -
a}[j (Xnym) _ (qqa — ) anlym and 85 (Xnym) _ (qqa — ) Xnym 1.

o Define 0,0, as

o(x"y™) = nx""y™ and d,(x"y™) = mx"y™ !
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Quantum differential operators on graded algebras

The algebra DJ(R) is generated by the set {\x, 0e;, T—e;, Pys Ty O—ey }-

For integer a € {—1,1} define 87", as

BT n. my _ qna_l n—1 m BT ron. my _ qma_]- n. . m—1
oy (x"y™) = 1 x""'y™ and 9, (x"y") = 1 x"y™

o Define 0,0, as

o(x"y™) = nx""y™ and d,(x"y™) = mx"y™ !

0 97°,0,,0(",8, € DX(R).
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Quantum differential operators on graded algebras

The algebra DJ(R) is generated by the set {\x, 0e;, T—e;, Pys Ty O—ey }-
For integer a € {—1,1} define 87", as

na

B2 on.my _ (94 -1 n—1 m BT ron. my _ qma_]- n. . m—1
oy (x"y™) = 1 x""'y™ and 9, (x"y") = 1 x"y™

o Define 0,0, as

o(x"y™) = nx""y™ and d,(x"y™) = mx"y™ !

0 97°,0,,0(",8, € DX(R).
For a € {—1,0,1} (let 8" = 9 and 8" = 9,)

[0, p,] = 0, 07, A =02,
[0, M =0, [0, p)] = o,

U.N. lyer, Bronx Community College On the quantum torus



Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.
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Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.

o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D.® Dy = Dy(R)

as filtered algebras.
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Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.

o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D.® Dy = Dy(R)

as filtered algebras.

@ Dy(R) is a simple domain.

U.N. lyer, Bronx Community College On the quantum torus



Quantum differential operators on graded algebras

Let D, be the subalgebra of Dy(R) generated by {\., 87 | a=—1,0,1}

°
and D, be the subalgebra of Dy(R) generated by {py,afa |a=—-1,0,1}.
o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D« @ Dy = Do(R)
as filtered algebras.
@ Dy(R) is a simple domain.

@ The same result is obtained when 3 corresponds to the matrix (; q) or

(qll ‘17>
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Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.

o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D.® Dy = Dy(R)

as filtered algebras.

@ Dy(R) is a simple domain.

@ The same result is obtained when 3 corresponds to the matrix (; q) or

(qll ‘17>

@ Further questions:
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Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.

o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D.® Dy = Dy(R)

as filtered algebras.

@ Dy(R) is a simple domain.

@ The same result is obtained when 3 corresponds to the matrix (; q) or

(qll ‘17>

@ Further questions:
e We do not know the results for general /3 corresponding to the matrix (qgj).
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Quantum differential operators on graded algebras

e Let D, be the subalgebra of Dy(R) generated by {\,d | a= —1,0,1}
and D, be the subalgebra of Dg(R) generated by {p,, 9, | a= —1,0,1}.

o D, = D, = Dy(k[t]) as in the previous example, as algebras. Further,
D.® Dy = Dy(R)

as filtered algebras.

@ Dy(R) is a simple domain.

@ The same result is obtained when 3 corresponds to the matrix (; q) or

(qll ‘17>

@ Further questions:

e We do not know the results for general /3 corresponding to the matrix (qj).
e More ring theoretic properties of Dq(R) are yet to be investigated.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:

° o Let n be aninteger, n > 1and g; € k* for 1 <i,j < n. Let
Ry =k({x1,...,xa)/(xiXj — qjixjx;) denote the quantized coordinate algebra
on n variables.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:

° o Let n be aninteger, n > 1and g; € k* for 1 <i,j < n. Let
Ry =k({x1,...,xa)/(xiXj — qjixjx;) denote the quantized coordinate algebra

on n variables.
e Throughout this section we assume that the elements g;; generate a free

abelian subgroup of k*.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:
° o Let n be aninteger, n > 1and g; € k* for 1 <i,j < n. Let
Ry =k({x1,...,xa)/(xiXj — qjixjx;) denote the quantized coordinate algebra

on n variables.
e Throughout this section we assume that the elements g;; generate a free

abelian subgroup of k*.
o For a fixed s,1 < s < n, the algebra

Rs,n = k<X1i, X ety xn)/(xixj — qijxjx;) denotes the algebra of
the quantum torus. That is, Rs,, is the localization of R, with respect to
the Ore set T = {x;' -+ x& | i1,...,is > 0}.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:

° o Let n be aninteger, n > 1and g; € k* for 1 <i,j < n. Let
Ry =k({x1,...,xa)/(xiXj — qjixjx;) denote the quantized coordinate algebra
on n variables.
e Throughout this section we assume that the elements g;; generate a free
abelian subgroup of k*.
o For a fixed s,1 < s < n, the algebra

Rs,n = k<X1i, X ety xn)/(xixj — qijxjx;) denotes the algebra of
the quantum torus. That is, Rs,, is the localization of R, with respect to
the Ore set T = {x;' -+ x& | i1,...,is > 0}.

o Note, Rs , is Z" graded by setting degx; = €;, with
e =1(0,...,0,1,0,...,0) the standard basis of Z". We have the
bicharacter (call it natural) B : Z" x Z" — k* given by §(ej, &) = qj;.
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Quantum differential operators on the Quantum Torus

@ In a joint work with T.C.McCune, we have established the algebra of the
quantum differential operators on the free algebras in the so-called generic
case. This algebra, as expected, is far more technical than the ones seen
so far. We have not investigated the nature of this algebra yet.

@ In a joint work with D.A.Jordan and T.C.McCune, we have studied Dy(R)
for the quantum torus on n variables R. The set-up is as follows:

° o Let n be aninteger, n > 1and g; € k* for 1 <i,j < n. Let
Ry =k({x1,...,xa)/(xiXj — qjixjx;) denote the quantized coordinate algebra
on n variables.
e Throughout this section we assume that the elements g;; generate a free
abelian subgroup of k*.
o For a fixed s,1 < s < n, the algebra

Rs,n = k<X1i, X ety xn)/(xixj — qijxjx;) denotes the algebra of
the quantum torus. That is, Rs,, is the localization of R, with respect to
the Ore set T = {x;' -+ x& | i1,...,is > 0}.

o Note, Rs , is Z" graded by setting degx; = €;, with
e =1(0,...,0,1,0,...,0) the standard basis of Z". We have the
bicharacter (call it natural) B : Z" x Z" — k* given by §(ej, &) = qj;.
Proposition: For any ¢ € Dq(Rs,,) there exists an t € T such that
to € Dg(Rn).
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@ Note that the case when R = k[x] we studied earlier was where 3 was not
natural. But it helped us understand the natural case for
R =k(x,y)/(xy — qyx).

e Fix n > 3. Consider the following operators on R,:
For each a € Z",

oa(r) = B(a, d)r for r homogeneous of degree d;

For each r € R,
)\r(s) =15, p,(S) = sr;
For each i < n, define a right o.,-derivation, d; by

[5i7Xi]:Uei7[5i1)<j]:o (.’750)1 6f(1):0'

@ Note that px, = )\Xfa,;il.
@ Consider the subalgebra A of D4(R,) generated by the set {py;,d; | i # n}.
Then,

Px; Px; = GjiPx; Px; s
6idj = qji%;6i,
5,'pxj — pxj§; = 6']
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pr denote p i -+ p .
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pr denote p i - p .
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@ Theorem: The algebra A is a simple, left and right Noetherian, domain of
GK-dimension 2n with basis {p;d,}.
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o Notations : For a multi-index | = (i, ..., in), let ; denote 6" - .. i, and
pr denote p i - Py

@ Theorem: Tlhe algebra A is a simple, left and right Noetherian, domain of
GK-dimension 2n with basis {p;d,}.

o The group Z" acts on A by v - px. = (7, €)px and v - &; = B(y, &)~ '6;
foryeZ".

o The algebra A#7Z" is a left and right Noetherian simple domain of
GK-dimension 3n.

o Consider the homomorphism of algebras

f:AH#Z" — Dg(R,) with f(py)— woy, forpe A~y eZ".

@ Theorem: The map f is an isomorphism of filtered algebras.
@ Theorem: The algebra Dq(Rs,») is a left and right Noetherian, simple
domain of GK-dimension 3n with basis

{pidjoala,l,J €Z iy >0 for t > s,j: > OVt}.

@ Derivations and skew derivations on R, and its tori have been studied by
various people (J.Alev, V.A.Artamonov, F.Dumas, S.Montgomery,
J.P.Osborn, D.Passman, S.P.Smith, and others ... my apologies for my
ignorance). A study of these quantum differential operators will contribute
to this literature. Thank you.
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