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Definitions and motivation

o E. Aljadeff and C. Kassel associated to any finite-dimensional Hopf
algebra H an algebra By of rational fractions, which is a finitely generated
smooth domain of Krull dimension equal to the dimension of H. The
algebra By is called the generic base algebra associated to H.
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Definitions and motivation

o E. Aljadeff and C. Kassel associated to any finite-dimensional Hopf
algebra H an algebra By of rational fractions, which is a finitely generated
smooth domain of Krull dimension equal to the dimension of H. The
algebra By is called the generic base algebra associated to H.

@ The generic base algebra is known for very few Hopf algebras: it has been
described for finite group algebras in a work by Aljadeff, Haile, Natapov
and for the four-dimensional Sweedler algebra by C. Kassel.
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Definitions and motivation

o E. Aljadeff and C. Kassel associated to any finite-dimensional Hopf
algebra H an algebra By of rational fractions, which is a finitely generated
smooth domain of Krull dimension equal to the dimension of H. The
algebra By is called the generic base algebra associated to H.

@ The generic base algebra is known for very few Hopf algebras: it has been
described for finite group algebras in a work by Aljadeff, Haile, Natapov
and for the four-dimensional Sweedler algebra by C. Kassel.

o In this talk, | will describe By for other finite-dimensional Hopf algebras
such as the Taft algebras, the Hopf algebras E(n) and certain monomial
Hopf algebras, all natural generalizations of the Sweedler algebra. This is
joint work with C. Kassel.
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Definitions and motivation

o E. Aljadeff and C. Kassel associated to any finite-dimensional Hopf
algebra H an algebra By of rational fractions, which is a finitely generated
smooth domain of Krull dimension equal to the dimension of H. The
algebra By is called the generic base algebra associated to H.

@ The generic base algebra is known for very few Hopf algebras: it has been
described for finite group algebras in a work by Aljadeff, Haile, Natapov
and for the four-dimensional Sweedler algebra by C. Kassel.

o In this talk, | will describe By for other finite-dimensional Hopf algebras
such as the Taft algebras, the Hopf algebras E(n) and certain monomial
Hopf algebras, all natural generalizations of the Sweedler algebra. This is
joint work with C. Kassel.

@ A theory of polynomial identities for comodule algebras was also worked
out by Aljadeff and Kassel. It leads naturally to a universal comodule
algebra Uy, the analogue of the “relatively free algebra” in the classical
theory of polynomial identities. The subalgebra of coinvariants Vy of Uy
maps injectively into By. In the few known cases, the injection turns By
into a localization of V4. We show that this also holds for the Hopf
algebras considered here. Finally for the same Hopf algebras we also
describe a suitable central localization of Uy as a By-module.
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Definitions and motivation

o Fix a ground field k of characteristic zero. All vector spaces, all algebras
are defined over k; similarly, all linear maps are supposed to be k-linear.
The symbol ® denotes the tensor product over k.
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Definitions and motivation

o Fix a ground field k of characteristic zero. All vector spaces, all algebras
are defined over k; similarly, all linear maps are supposed to be k-linear.
The symbol ® denotes the tensor product over k.

@ Denote the coproduct of a Hopf algebra by A, its counit by €, and its
antipode by S. We also use a Heyneman-Sweedler-type notation

A(x) = x1 ® x2
for the image under A of an element x of a Hopf algebra H, and we write
AP (x) =x @ x ©x3

for its image under the iterated coproduct A® = (A ®idy) o A.
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Definitions and motivation

o Fix a ground field k of characteristic zero. All vector spaces, all algebras
are defined over k; similarly, all linear maps are supposed to be k-linear.
The symbol ® denotes the tensor product over k.

@ Denote the coproduct of a Hopf algebra by A, its counit by €, and its
antipode by S. We also use a Heyneman-Sweedler-type notation

A(x) = x1 ® x2
for the image under A of an element x of a Hopf algebra H, and we write
AP (x) =x @ x ©x3

for its image under the iterated coproduct A® = (A ®idy) o A.

e A (right) H-comodule algebra over a Hopf k-algebra H is an associative
unital k-algebra A equipped with a right H-comodule structure whose
(coassociative, counital) coaction

0:A—-AQH

is an algebra map.
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Definitions and motivation

o Fix a ground field k of characteristic zero. All vector spaces, all algebras
are defined over k; similarly, all linear maps are supposed to be k-linear.
The symbol ® denotes the tensor product over k.

@ Denote the coproduct of a Hopf algebra by A, its counit by €, and its
antipode by S. We also use a Heyneman-Sweedler-type notation
A(x) = x1 ® x2
for the image under A of an element x of a Hopf algebra H, and we write
AP (x) =x @ x ©x3

for its image under the iterated coproduct A® = (A ®idy) o A.

e A (right) H-comodule algebra over a Hopf k-algebra H is an associative
unital k-algebra A equipped with a right H-comodule structure whose
(coassociative, counital) coaction

0:A—-AQH

is an algebra map.
@ The subalgebra A" of coinvariants of an H-comodule algebra A is the

subalgebra
A ={ac Als(a)=am1}.
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Definitions and motivation

o Example of an H-comodule algebra: Twisted comodule algebra
A two-cocycle o on a Hopf algebra H is a bilinear form a: H x H — k
satisfying the cocycle condition

a(xi, y1) a(xeys, z) = a(y, z1) a(x, y222)

for all x,y,z € H. We always assume that « is invertible (with respect to
the convolution product) and normalized, i.e., a(x, 1) = a(1, x) = ¢(x) for
all x € H.
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Definitions and motivation

o Example of an H-comodule algebra: Twisted comodule algebra
A two-cocycle o on a Hopf algebra H is a bilinear form a: H x H — k
satisfying the cocycle condition

a(xi, y1) a(xeys, z) = a(y, z1) a(x, y222)

for all x,y,z € H. We always assume that « is invertible (with respect to
the convolution product) and normalized, i.e., a(x, 1) = a(1, x) = ¢(x) for
all x € H.

@ Let uy be a copy of the underlying vector space of H. Denote the identity
map u from H to uy by x — ux (x € H). The twisted comodule algebra
*H is defined as the vector space uy equipped with the product given by

Ux Uy = a(thl) Uxayn

for all x, y € H. This product is associative thanks to the cocycle
condition. As « is normalized, the unit of “H is uy.
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Definitions and motivation

o Example of an H-comodule algebra: Twisted comodule algebra
A two-cocycle o on a Hopf algebra H is a bilinear form a: H x H — k
satisfying the cocycle condition

a(xi, y1) a(xeys, z) = a(y, z1) a(x, y222)

for all x,y,z € H. We always assume that « is invertible (with respect to
the convolution product) and normalized, i.e., a(x, 1) = a(1, x) = ¢(x) for
all x € H.

@ Let uy be a copy of the underlying vector space of H. Denote the identity
map u from H to uy by x — ux (x € H). The twisted comodule algebra
*H is defined as the vector space uy equipped with the product given by

Ux Uy = aX1, Y1) Uy,
for all x, y € H. This product is associative thanks to the cocycle

condition. As « is normalized, the unit of “H is uy.

@ The algebra “H is an H-comodule algebra with coaction §: “H — “H® H
given for all x € H by
0(ux) = ug @ x.

One can check that the subalgebra of coinvariants of “H coincides
with k u.
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Definitions and motivation

@ Another example of an H-comodule algebra: The tensor algebra Take
a copy Xy of H; the identity map from H to Xy sends an element x € H
to the symbol X. The map x — X is linear and is determined by its
values on a linear basis of H. Now consider the tensor algebra on Xu:

T(Xn)=€P T'(Xn),

i>0

where T/(Xy) = (Xn)®".
There is a tautological H-comodule algebra structure on T(Xy) with
coaction ¢ : T(Xy) — T(Xn) ® H given on each generator X, by

5(XX) = Xx1 X X2 .
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Definitions and motivation

@ Another example of an H-comodule algebra: The tensor algebra Take
a copy Xy of H; the identity map from H to Xy sends an element x € H
to the symbol X. The map x — X is linear and is determined by its
values on a linear basis of H. Now consider the tensor algebra on Xu:

T(Xn)=€P T'(Xn),

i>0

where T/(Xy) = (Xn)®".
There is a tautological H-comodule algebra structure on T(Xy) with
coaction ¢ : T(Xy) — T(Xn) ® H given on each generator X, by

5(XX) = Xx1 X X2 .

o Definition: H-identity Given an H-comodule algebra A, we say that an
element P € T(Xy) is an H-identity for A if ;(P) = 0 for all H-comodule
algebra maps u: T(Xu) — A.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Definitions and motivation

@ Another example of an H-comodule algebra: The tensor algebra Take
a copy Xy of H; the identity map from H to Xy sends an element x € H
to the symbol X. The map x — X is linear and is determined by its
values on a linear basis of H. Now consider the tensor algebra on Xu:

T(Xn)=€P T'(Xn),
i>0
where T/(Xy) = (Xn)®".
There is a tautological H-comodule algebra structure on T(Xy) with
coaction ¢ : T(Xy) — T(Xn) ® H given on each generator X, by

5(XX) = Xx1 X X2 .

o Definition: H-identity Given an H-comodule algebra A, we say that an
element P € T(Xy) is an H-identity for A if ;(P) = 0 for all H-comodule
algebra maps u: T(Xu) — A.

@ Denote the set of all H-identities for A by Idy(A). The set I(A) is a
two-sided ideal, right H-coideal of T(Xy), and it is preserved by all
comodule algebra endomorphisms of T (Xy).
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Definitions and motivation

@ The quotient algebra Un(A) = T(Xn)/Iu(A) is an H-comodule algebra
such that the canonical surjection T(Xy) — Un(A) is a comodule algebra
map. By definition, all H-identities for A vanish in Uy(A), which is the
biggest quotient of T(Xu) for which this happens. We call Un(A) the
universal H-comodule algebra attached to the H-comodule algebra A (in
the classical literature on polynomial identities, U (A) is called the
relatively free algebra).
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Definitions and motivation

@ The quotient algebra Un(A) = T(Xn)/Iu(A) is an H-comodule algebra
such that the canonical surjection T(Xy) — Un(A) is a comodule algebra
map. By definition, all H-identities for A vanish in Uy(A), which is the
biggest quotient of T(Xu) for which this happens. We call Un(A) the
universal H-comodule algebra attached to the H-comodule algebra A (in
the classical literature on polynomial identities, U (A) is called the
relatively free algebra).

o H-identities when A is a twisted comodule algebra: Aljadeff and Kassel
have shown that the the H-identities for *H can be detected by a
comodule algebra map

Ua - T(XH) — S(tH) X OtH,

where the details are as follows:
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Definitions and motivation

@ The quotient algebra Un(A) = T(Xn)/Iu(A) is an H-comodule algebra
such that the canonical surjection T(Xy) — Un(A) is a comodule algebra
map. By definition, all H-identities for A vanish in Uy(A), which is the
biggest quotient of T(Xu) for which this happens. We call Un(A) the
universal H-comodule algebra attached to the H-comodule algebra A (in
the classical literature on polynomial identities, U (A) is called the
relatively free algebra).

o H-identities when A is a twisted comodule algebra: Aljadeff and Kassel
have shown that the the H-identities for *H can be detected by a
comodule algebra map

Ua - T(XH) — S(tH) X aH,

where the details are as follows:

o Consider a copy ty of H, identifying each x € H linearly with the
symbol t, € ty. Define S(ty) to be the symmetric algebra on the vector
space ty.
The algebra S(tn) @ “H is generated by the symbols tu, (x,y € H) as a
k-algebra (we drop the tensor product sign ® between the t-symbols and
the u-symbols).
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Definitions and motivation

@ It is a comodule algebra whose coaction is S(ty)-linear and extends the
coaction of “H:
O(txty) = telly, @ y2.
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Definitions and motivation

@ It is a comodule algebra whose coaction is S(ty)-linear and extends the
coaction of “H:
O(txty) = telly, @ y2.

@ The algebra map g @ T(Xu) — S(tn) ® “H is defined for all x € H by
Pa(Xx) = tq ® Ux, -

It is an H-comodule algebra map. We call o the universal comodule
algebra map
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Definitions and motivation

@ It is a comodule algebra whose coaction is S(ty)-linear and extends the
coaction of “H:
O(txty) = telly, @ y2.

@ The algebra map g @ T(Xu) — S(tn) ® “H is defined for all x € H by
Pa(Xx) = tq ® Ux, -

It is an H-comodule algebra map. We call o the universal comodule
algebra map

o Aljadeff-Kassel: An element P € T(Xy) is an H-identity for *H if and
only if o (P) = 0. In other words, I4(*H) = Ker pq.
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Definitions and motivation

@ It is a comodule algebra whose coaction is S(ty)-linear and extends the
coaction of “H:
O(txty) = telly, @ y2.

@ The algebra map g @ T(Xu) — S(tn) ® “H is defined for all x € H by
Pa(Xx) = tq ® Ux, -

It is an H-comodule algebra map. We call o the universal comodule
algebra map

o Aljadeff-Kassel: An element P € T(Xy) is an H-identity for *H if and
only if o (P) = 0. In other words, I4(*H) = Ker pq.

o Let U =Un(“H) and I§ = In(*H). It follows from the previous item
that pq induces an injection of comodule algebras

Ug = T(Xn)/1§ — S(tn) ® “H,

and by abuse of notation denote this map by rq.
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Definitions and motivation

o The algebra Vi = (Uf})" is the subalgebra of coinvariants.
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Definitions and motivation

@ The algebra V§i = (Ug5)" is the subalgebra of coinvariants.

@ Localizing the symmetric algebra: Aljadeff-Kassel showed that there is a
unique linear map x — t; ! from H to the field of fractions Frac S(ty) of
the symmetric algebra S(ty) such that for all x € H,

Dtatyt = tott, =e(x)1.
) )

When x is a group-like element of H, i.e., such that A(x) = x ® x and
e(x) =1, then t; ! = 1/t,.
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Definitions and motivation

@ The algebra V§i = (Ug5)" is the subalgebra of coinvariants.

@ Localizing the symmetric algebra: Aljadeff-Kassel showed that there is a
unique linear map x — t; ! from H to the field of fractions Frac S(ty) of
the symmetric algebra S(ty) such that for all x € H,

Dtatyt = tott, =e(x)1.
) )

When x is a group-like element of H, i.e., such that A(x) = x ® x and
e(x) =1, then t; ! = 1/t,.

@ Denote by S(tn)e the subalgebra of Frac S(tn) generated by all
elements t, and ;! (x € H).
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Definitions and motivation

@ When H is a pointed Hopf algebra, S(tn)e has a simple description as the
following localization of S(ty):
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Definitions and motivation

@ When H is a pointed Hopf algebra, S(tn)e has a simple description as the
following localization of S(ty):

@ Note, the algebra S(tn)e carries a commutative Hopf algebra structure
with coproduct A, counit € and antipode S given for all x € H by

Alt) =tq @ ty, Alt)=t, @t ,

e(t) = e(ts!) = e(x) and S(t,) = t*.
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Definitions and motivation

@ When H is a pointed Hopf algebra, S(tn)e has a simple description as the
following localization of S(ty):

@ Note, the algebra S(tn)e carries a commutative Hopf algebra structure
with coproduct A, counit € and antipode S given for all x € H by
Alt) =t, Oty, At)=t, @t,",

e(t) = e(ts!) = e(x) and S(t,) = t*.

@ This Hopf algebra is Takeuchi's free commutative Hopf algebra on the
coalgebra underlying H; it satisfies the following universal property: for
any coalgebra map f : H — H’ into a commutative Hopf algebra H’, there
is a unique Hopf algebra map f : S(tw)e — H’ extending f, i.e., such that
f(t) = f(x) for all x € H.
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Definitions and motivation

@ The generic base algebra: To a pair (H, «) consisting of a Hopf
algebra H and a normalized convolution invertible two-cocycle ¢, we

attach a bilinear map oo : H X H — S(tn)e with values in the previously
defined algebra S(tn)e.
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Definitions and motivation

@ The generic base algebra: To a pair (H, «) consisting of a Hopf
algebra H and a normalized convolution invertible two-cocycle ¢, we
attach a bilinear map oo : H X H — S(tn)e with values in the previously
defined algebra S(tn)e.

@ The map o, is given for all x,y € H by

Ta(X, ) =ty ty, alxe, y2) oy, -
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Definitions and motivation

@ The generic base algebra: To a pair (H, «) consisting of a Hopf
algebra H and a normalized convolution invertible two-cocycle ¢, we
attach a bilinear map oo : H X H — S(tn)e with values in the previously
defined algebra S(tn)e.

@ The map o, is given for all x,y € H by
UO‘(Xay) = tXl t}/1 a(X27y2) tx;l/g N

o We call o, the generic cocycle associated to a. The cocycle a being
invertible, so is 0, with inverse o ! given for all x,y € H by

J;I(X,y) = bay O‘il(x27y2) tgl t;al
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Definitions and motivation

@ Define the generic base algebra Bjf; attached to the pair (H, ) to be the
subalgebra of S(ty)e generated by the values of the generic cocycle o4
and of its inverse o 1.
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Definitions and motivation

@ Define the generic base algebra Bjf; attached to the pair (H, ) to be the
subalgebra of S(ty)e generated by the values of the generic cocycle o4
and of its inverse o 1.

@ Since Bj sits inside S(tu)e, it is a domain.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Definitions and motivation

@ Define the generic base algebra Bjf; attached to the pair (H, ) to be the
subalgebra of S(ty)e generated by the values of the generic cocycle o4
and of its inverse o 1.

@ Since Bj sits inside S(tu)e, it is a domain.

o Kassel-Masuoka: If H is finite-dimensional, then
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Definitions and motivation

@ Define the generic base algebra Bjf; attached to the pair (H, ) to be the
subalgebra of S(ty)e generated by the values of the generic cocycle o4
and of its inverse o 1.

Since B§ sits inside S(tn)e, it is a domain.

o Kassel-Masuoka: If H is finite-dimensional, then

(1) By is a finitely generated smooth Noetherian domain of Krull
dimension equal to dim, H; and
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Definitions and motivation

@ Define the generic base algebra Bjf; attached to the pair (H, ) to be the
subalgebra of S(ty)e generated by the values of the generic cocycle o4
and of its inverse o 1.

Since B§ sits inside S(tn)e, it is a domain.

o Kassel-Masuoka: If H is finite-dimensional, then

e (1) Bj is a finitely generated smooth Noetherian domain of Krull
dimension equal to dim, H; and
@ (2) S(tn)e is a finitely generated projective Bfj-module, from which it

follows that S(ty)e is integral over B.
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Definitions and motivation

@ It can be shown that the map u induces an embedding of the subalgebra
of coinvariants Vi of Uy into Bg:

Vi — Bj.
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Definitions and motivation

@ It can be shown that the map u induces an embedding of the subalgebra
of coinvariants Vi of Uy into Bg:

Vi — Bj.

@ Say that a two-cocycle a is nice if B is a localization of Vj.
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Definitions and motivation

@ It can be shown that the map u induces an embedding of the subalgebra
of coinvariants Vi of Uy into Bg:

Vi — Bj.

@ Say that a two-cocycle a is nice if B is a localization of Vj.

@ The generic base algebra Bjy when H = kG is a group algebra was given
by Aljadeff, Haile, Natapov.
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Definitions and motivation

@ It can be shown that the map u induces an embedding of the subalgebra
of coinvariants Vi of Uy into Bg:

Vi — Bj.

@ Say that a two-cocycle a is nice if B is a localization of Vj.
@ The generic base algebra Bjy when H = kG is a group algebra was given
by Aljadeff, Haile, Natapov.

@ A presentation by generators and relations of Bj; when H is the
four-dimensional Sweedler algebra was given by Aljadeff and Kassel. They
also showed that any two-cocycle on a group algebra or on the Sweedler
algebra is nice.
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Definitions and motivation

@ It can be shown that the map u induces an embedding of the subalgebra
of coinvariants Vi of Uy into Bg:

Vi — Bj.

@ Say that a two-cocycle a is nice if B is a localization of Vj.
@ The generic base algebra Bjy when H = kG is a group algebra was given
by Aljadeff, Haile, Natapov.

@ A presentation by generators and relations of Bj; when H is the
four-dimensional Sweedler algebra was given by Aljadeff and Kassel. They
also showed that any two-cocycle on a group algebra or on the Sweedler
algebra is nice.

@ Kassel and Masuoka showed that any two-cocycle on a cocommutative
Hopf algebra is nice.
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Definitions and motivation

o Functoriality:
Consider pairs (H, «), where H is a Hopf algebra and « is a normalized
convolution invertible two-cocycle. We define a map of such pairs
(H,a) — (H',a’) to be a Hopf algebra map ¢ : H — H’ such that

’

o o(pxp)=a.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Definitions and motivation

o Functoriality:
Consider pairs (H, «), where H is a Hopf algebra and « is a normalized
convolution invertible two-cocycle. We define a map of such pairs
(H,a) — (H',a’) to be a Hopf algebra map ¢ : H — H’ such that

’

o o(pxp)=a.
@ Define an algebra map o7 : T(Xn) — T(Xu) by

p1(X) = Xoy  (x € H).
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Definitions and motivation

o Functoriality:
Consider pairs (H, «), where H is a Hopf algebra and « is a normalized
convolution invertible two-cocycle. We define a map of such pairs
(H,a) — (H',a’) to be a Hopf algebra map ¢ : H — H’ such that

o o(p X )=a.

@ Define an algebra map o7 : T(Xn) — T(Xu) by

Pr(X) = Xog  (xE€H).
o Define an algebra map s : S(tn) @ *H — S(ty) @ * H' by

Ps(telly) = () Up(y) (x,y € H).
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Definitions and motivation

Functoriality:
Consider pairs (H, «), where H is a Hopf algebra and « is a normalized
convolution invertible two-cocycle. We define a map of such pairs
(H,a) — (H',a’) to be a Hopf algebra map ¢ : H — H’ such that

/

o o(pxp)=a.
Define an algebra map @7 : T(Xy) — T(Xu) by

p1(X) = Xoy  (x € H).

Define an algebra map s : S(tn) ® *H — S(t) @ * H' by
Ps(tety) = to(x) Up(y) (x,y € H).

@ Then, the map @7 induces a comodule algebra map ¢y : Ufj — Z/Iﬁ,/.
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Definitions and motivation

Functoriality:
Consider pairs (H, «), where H is a Hopf algebra and « is a normalized
convolution invertible two-cocycle. We define a map of such pairs
(H,a) — (H',a’) to be a Hopf algebra map ¢ : H — H’ such that

/

o o(pxp)=a.
Define an algebra map @7 : T(Xy) — T(Xu) by

p1(X) = Xoy  (x € H).

Define an algebra map s : S(tn) ® *H — S(t) @ * H' by
Ps(tety) = to(x) Up(y) (x,y € H).

@ Then, the map @7 induces a comodule algebra map ¢y : Ufj — Z/Iﬁ,/.

Moreover, if s is injective, then so is ¢y.
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Definitions and motivation

@ The algebra map s sends By to Bﬁ;.
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Definitions and motivation

@ The algebra map s sends By to Bﬁ;.

@ Trivial cocycle:
The trivial two-cocycle is given by

ap : (x,y) = e(x)e(y)  (xy € H).

In this case it follows from (4) that “H coincides as a H-comodule algebra
with H itself, the coaction being the coproduct, and that the linear
isomorphism u : H — uy is a Hopf algebra map. This allows us to write x
instead of u, (x € H).
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Definitions and motivation

@ The algebra map s sends By to Bﬁ;.

@ Trivial cocycle:
The trivial two-cocycle is given by

ap : (x,y) = e(x)e(y)  (xy € H).

In this case it follows from (4) that “H coincides as a H-comodule algebra
with H itself, the coaction being the coproduct, and that the linear
isomorphism u : H — uy is a Hopf algebra map. This allows us to write x
instead of u, (x € H).

@ When a = ag, we write Iy for I, Uy for Uy, Vu for Vi, and By for Bj.
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Definitions and motivation

@ Note, Iy is the kernel of the comodule algebra map
to : T(Xu) — S(tw) ® H given by

N/O(Xx) = txl ® x2.
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Definitions and motivation

@ Note, Iy is the kernel of the comodule algebra map
to : T(Xu) — S(tw) ® H given by
MO(XX) =tq ®x2.

@ Also when o = ap, we write ot instead of o2, In this case we have
-1 -1 _ —1,-1
o(x,y) =tqtyty, and o (X, y) =tayty, t, -
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Definitions and motivation

@ Note, Iy is the kernel of the comodule algebra map
to : T(Xu) — S(tw) ® H given by

N/O(Xx) = txl ® x2.

@ Also when o = ap, we write ot instead of o2, In this case we have
1,-1
t,” .

(X, y) =ty ty, tgiz and 071(X7Y) = tgy by by,

o Kassel-Masuoka showed that the study of the generic base algebra
attached to a non-trivial cocycle can be reduced to the study of the

generic base algebra attached to the trivial cocycle.
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Definitions and motivation

@ This works as follows: given a convolution invertible two-cocycle « on H,
. -1 .
define the Hopf algebra L = “*H®  as the coalgebra H with the product

x#y = a(x1,y1)xy a *(x3,ys) (x,y € H).
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Definitions and motivation

@ This works as follows: given a convolution invertible two-cocycle « on H,
. -1 .
define the Hopf algebra L = “*H®  as the coalgebra H with the product

xxy=alan)eya (xay)  (xy€eH).
@ Then inside S(tn)e, we have the equality

By =B..
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Definitions and motivation

@ This works as follows: given a convolution invertible two-cocycle « on H,
. -1 .
define the Hopf algebra L = “*H®  as the coalgebra H with the product

xxy=alan)eya (xay)  (xy€eH).
@ Then inside S(tn)e, we have the equality
By =B..

o Of special interest are the so called /azy two-cocycles. In this case, L = H.
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Definitions and motivation

@ This works as follows: given a convolution invertible two-cocycle « on H,
. -1 .
define the Hopf algebra L = “H*  as the coalgebra H with the product

x#y = a(x1,y1)xy a *(x3,ys) (x,y € H).

@ Then inside S(tn)e, we have the equality

By =B..
o Of special interest are the so called /azy two-cocycles. In this case, L = H.
@ For example, on a cocommutative Hopf algebra all two-cocycles are lazy,

so that B, = By for any two-cocycle a on such a Hopf algebra.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Definitions and motivation

@ This works as follows: given a convolution invertible two-cocycle « on H,
. -1 .
define the Hopf algebra L = “H*  as the coalgebra H with the product

x#y = a(x1,y1)xy a *(x3,ys) (x,y € H).

@ Then inside S(tn)e, we have the equality

By =B..
o Of special interest are the so called /azy two-cocycles. In this case, L = H.
@ For example, on a cocommutative Hopf algebra all two-cocycles are lazy,

so that B, = By for any two-cocycle a on such a Hopf algebra.

@ We concentrate on Hopf algebras equipped with the trivial cocycle.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Taft Algebras

o Taft algebras: Fix an integer n > 2. We assume that the ground field k
contains a primitive n-th root of unity q.
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Taft Algebras

o Taft algebras: Fix an integer n > 2. We assume that the ground field k
contains a primitive n-th root of unity q.

@ The Taft algebra H = H,2 has the following presentation as a k-algebra:

H=k({x,y|x"=1, yx=gqxy, y"=0).
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Taft Algebras

o Taft algebras: Fix an integer n > 2. We assume that the ground field k
contains a primitive n-th root of unity q.

@ The Taft algebra H = H,2 has the following presentation as a k-algebra:
H=k({x,y|x"=1, yx=gqxy, y"=0).

@ The set {x"yj}og,-,j@ is a basis of the vector space H, which therefore is
of dimension n?.
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Taft Algebras

o Taft algebras: Fix an integer n > 2. We assume that the ground field k
contains a primitive n-th root of unity q.

The Taft algebra H = H,2 has the following presentation as a k-algebra:
H=k({x,y|x"=1, yx=gqxy, y"=0).

The set {x"yj}og,-,j@ is a basis of the vector space H, which therefore is
of dimension n?.

The algebra H is a Hopf algebra with coproduct A and counit ¢ defined by

Ax)=x®x, AY)=1y+y®x, e(x)=1, e(y)=0.
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Taft Algebras

o Taft algebras: Fix an integer n > 2. We assume that the ground field k
contains a primitive n-th root of unity q.

@ The Taft algebra H = H,2 has the following presentation as a k-algebra:
H=k({x,y|x"=1, yx=gqxy, y"=0).

@ The set {x"yj}og,-,j@, is a basis of the vector space H, which therefore is
of dimension n?.

@ The algebra H is a Hopf algebra with coproduct A and counit € defined by
Ax)=x®x, Aly)=1@y+yex, ex)=1, &(y)=0.

@ When n = 2, the algebra H is the four-dimensional Sweedler algebra.
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Taft Algebras

@ The set of its group-like elements consists of the powers of x.
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Taft Algebras

@ The set of its group-like elements consists of the powers of x.

@ The generic base algebra:
The algebra S(tn) can be identified with the polynomial algebra on the
indeterminates t,;,; (0 </,j < n).
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Taft Algebras

@ The set of its group-like elements consists of the powers of x.

@ The generic base algebra:
The algebra S(tn) can be identified with the polynomial algebra on the
indeterminates t,;,; (0 </,j < n).

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting the

elements ti, ty, t,2, ..., t,n—1 corresponding to the group-like elements
of H:

S(tn)e = S(th) [ !

txf]ogf@
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Taft Algebras

@ The set of its group-like elements consists of the powers of x.

@ The generic base algebra:
The algebra S(tn) can be identified with the polynomial algebra on the
indeterminates t,;,; (0 </,j < n).

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting the

elements ti, ty, t,2, ..., t,n—1 corresponding to the group-like elements
of H:

S(tn)e = S(th) [ !

txf]ogf@

@ S(tw)e is a Hopf algebra. The coproduct on an element t,:,; is given by

i
Alti) = m teiyr ® yitryior .

r=0
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Taft Algebras

o Consider the set I'g consisting of the following n elements of S(tx):
teten—1 and t,i/(tc) for 0 < i< n, i # 1; these elements are invertible
in S(tu)e and we denote by ;! the set of inverses of the elements of I'o.
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Taft Algebras

o Consider the set I'g consisting of the following n elements of S(tx):
teten—1 and t,i/(tc) for 0 < i< n, i # 1; these elements are invertible
in S(tu)e and we denote by ;! the set of inverses of the elements of I'o.

@ Let I'1 be the set consisting of the elements t,i,,tx, where j # 0 and
i+j+ k=0 (mod n); the cardinality of I'; is n(n — 1).

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Taft Algebras

o Consider the set I'g consisting of the following n elements of S(tx):
teten—1 and t,i/(tc) for 0 < i< n, i # 1; these elements are invertible
in S(tu)e and we denote by ;! the set of inverses of the elements of I'o.
@ Let I'1 be the set consisting of the elements t,i,,tx, where j # 0 and
i+j+ k=0 (mod n); the cardinality of I'; is n(n — 1).
o lyer-Kassel: Let n > 3.
(a) The n? elements of [o U T; are algebraically independent.
(b) The generic base algebra By is given by

By = k[0, T ", T1].
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Taft Algebras

o Consider the set I'g consisting of the following n elements of S(tx):
teten—1 and t,i/(tc) for 0 < i< n, i # 1; these elements are invertible
in S(tu)e and we denote by ;! the set of inverses of the elements of I'o.
@ Let I'1 be the set consisting of the elements t,i,,tx, where j # 0 and
i+j+ k=0 (mod n); the cardinality of I'; is n(n — 1).
o lyer-Kassel: Let n > 3.
(a) The n? elements of [o U T; are algebraically independent.
(b) The generic base algebra By is given by

By = k[0, T ", T1].

@ When n = 2, the elements ti, tf, tct,, t., are algebraically independent
and
By = k[(t1)™, ()™, tuty, 1]
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Taft Algebas

@ As a By-algebra, we have
S(tn)e = Bu[t]/ (t" — (t)") -

That is, S(tx)e is a finite étale (hence integral) extension of By and it is a
free By-module of rank n.
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Taft Algebas

@ As a By-algebra, we have
S(tn)e = Bult]/ (t" — (&)") -
That is, S(tx)e is a finite étale (hence integral) extension of By and it is a

free By-module of rank n.

@ The universal comodule algebra:
The tensor algebra T(Xy) is the free algebra on the indeterminates X,
(0 <i,j < n). We will use the same notation for the image of X,
in Z/[H = T(XH)/IH.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Taft Algebas

@ As a By-algebra, we have
S(tn)e = Bu[t]/ (t" — (t)") -

That is, S(tx)e is a finite étale (hence integral) extension of By and it is a
free By-module of rank n.

@ The universal comodule algebra:
The tensor algebra T(Xy) is the free algebra on the indeterminates X,
(0 <i,j < n). We will use the same notation for the image of X,
in Z/[H = T(XH)/IH.

@ Note that the comodule algebra map o : T(Xy) — S(ty) ® H defined by
induces an embedding of Uy into S(ty) @ H and

vi
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Taft Algebas

@ As a By-algebra, we have
S(tn)e = Bu[t]/ (t" — (t)") -

That is, S(tx)e is a finite étale (hence integral) extension of By and it is a
free By-module of rank n.

@ The universal comodule algebra:
The tensor algebra T(Xy) is the free algebra on the indeterminates X,
(0 <i,j < n). We will use the same notation for the image of X,
in UH = T(XH)/IH.

@ Note that the comodule algebra map o : T(Xy) — S(ty) ® H defined by
induces an embedding of Uy into S(ty) @ H and

@ an element P belongs to the the subalgebra Vy of coinvariants of Uy if
and only if puo(P) € S(ty) ® 1.

vi
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Taft Algebas

@ As a By-algebra, we have
S(tn)e = Bu[t]/ (t" — (t)") -

That is, S(tx)e is a finite étale (hence integral) extension of By and it is a
free By-module of rank n.

@ The universal comodule algebra:
The tensor algebra T(Xy) is the free algebra on the indeterminates X,
(0 <i,j < n). We will use the same notation for the image of X,
in UH = T(XH)/IH.

@ Note that the comodule algebra map o : T(Xy) — S(ty) ® H defined by
induces an embedding of Uy into S(ty) @ H and

@ an element P belongs to the the subalgebra Vy of coinvariants of Uy if
and only if puo(P) € S(ty) ® 1.

@ Moreover, since the center of H is one-dimensional, Vy coincides with the
center of Uy.

vi
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Taft Algebras

@ Now, po(X1) = t1, hence Xi € Vy, and
,U,()(XXI) =t Xi

forO<i<n.
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Taft Algebras

@ Now, po(X1) = t1, hence Xi € Vy, and

,U,()(XXI) =t Xi

for0< i< n.
@ Let Vj, (resp. U};) be the localization of Vi (resp. of Uy) obtained by
inverting the central elements X;, X} forall i =1,...,n—1.
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Taft Algebras

@ Now, po(X1) = t1, hence Xi € Vy, and

,U,()(XXI) =t Xi

for0< i< n.
@ Let Vj, (resp. U};) be the localization of Vi (resp. of Uy) obtained by
inverting the central elements X;, X} forall i =1,...,n—1.

@ We have Vj; = By. That is, the trivial cocycle of a Taft algebra is nice.
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Taft Algebras

@ Now, po(X1) = t1, hence Xi € Vy, and

po(X,)) =t %
for0< i< n.
@ Let Vj, (resp. U};) be the localization of Vi (resp. of Uy) obtained by
inverting the central elements X;, X} forall i =1,...,n—1.

@ We have Vj; = By. That is, the trivial cocycle of a Taft algebra is nice.

@ Moreover, There is an isomorphism of algebras

Up = By (&n|€" =X, n" =0, n§ —qén=10),

where, the isomorphism is given by

F(€) =X and f(n) =X, — :lxx.
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The Hopf algebras E(n)

o The Hopf algebras E(n): Fix an integer n > 1. The algebra H = E(n) is
generated by n+ 1 elements x, yi,..., Yy, subject to the relations

=1, y/=0, yx+xp=0, yy+yy=0

foralli,j=1,...,n.
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The Hopf algebras E(n)

o The Hopf algebras E(n): Fix an integer n > 1. The algebra H = E(n) is
generated by n+ 1 elements x, yi,..., Yy, subject to the relations

=1, y/=0, yx+xp=0, yy+yy=0

foralli,j=1,...,n.

@ When n =1, then H is the Sweedler algebra.
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The Hopf algebras E(n)

o The Hopf algebras E(n): Fix an integer n > 1. The algebra H = E(n) is
generated by n+ 1 elements x, yi,..., Yy, subject to the relations

=1, y/=0, yx+xp=0, yy+yy=0

foralli,j=1,...,n.
@ When n =1, then H is the Sweedler algebra.

@ As a vector space, H is of dimension 2"*! with the following basis.
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The Hopf algebras E(n)

The Hopf algebras E(n): Fix an integer n > 1. The algebra H = E(n) is
generated by n+ 1 elements x, yi,..., Yy, subject to the relations

=1, y?=0, yx+x4=0, yy+yy=0
foralli,j=1,...,n.
@ When n =1, then H is the Sweedler algebra.
@ As a vector space, H is of dimension 2"*! with the following basis.
@ For any subset | C {1,2,...,n},setyi =y, -y, if I ={a < - <i}.

r

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



The Hopf algebras E(n)

The Hopf algebras E(n): Fix an integer n > 1. The algebra H = E(n) is
generated by n+ 1 elements x, yi,..., Yy, subject to the relations

=1, y/=0, yx+xp=0, yy+yy=0

foralli,j=1,...,n.
@ When n =1, then H is the Sweedler algebra.
@ As a vector space, H is of dimension 2"*! with the following basis.
@ For any subset | C {1,2,...,n},setyi =y, -y, if I ={a < - <i}.
@ By convention, y, =1if I = 0.
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The Hopf algebras E(n)

@ Then
{yi,xyi | 1 C{1,2,...,n}}

is a basis of H.
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The Hopf algebras E(n)

@ Then
{yi,xyi | 1 C{1,2,...,n}}
is a basis of H.

@ The elements yi, ..., y, generate a subalgebra that is isomorphic to an
exterior (or Grassmann) algebra.
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The Hopf algebras E(n)

@ Then
{yi,xyi | 1 C{1,2,...,n}}

is a basis of H.

@ The elements yi, ..., y, generate a subalgebra that is isomorphic to an
exterior (or Grassmann) algebra.

@ The algebra H is a Hopf algebra with coproduct A and counit € defined by
A(x) = x®x, Aly)=1®0yi+y ®x,

e(x)=1lande(y;)=0foralli=1,...,n
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The Hopf algebras E(n)

@ Then
{yi,xyi | 1 C{1,2,...,n}}
is a basis of H.

@ The elements yi, ..., y, generate a subalgebra that is isomorphic to an
exterior (or Grassmann) algebra.

@ The algebra H is a Hopf algebra with coproduct A and counit € defined by
A(x) = x®x, Aly)=1®0yi+y ®x,

e(x)=1lande(y;)=0foralli=1,...,n

@ For this Hopf algebra, S(tu) is the polynomial algebra on the
indeterminates t,, and ty,, where [ runs over all subsets of {1,...,n}.
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The Hopf Algebras E(n)

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting t;
and ty:

S(tn)o = S(tn) Lll H .
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The Hopf Algebras E(n)

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting t;
and ty:

11
S(tn)e = S(tn) {—, —} .
t1 tx
@ One can check that
deg(ty,) =|I| and deg(ty,)=|/|+1€Z/2

forall | C {1,...,n}.
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The Hopf Algebras E(n)

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting t;
and ty:

11
S(tn)e = S(tn) {—, —} .
t1 tx
@ One can check that
deg(ty,) =|I| and deg(ty,)=|/|+1€Z/2

forall | C {1,...,n}.
o Set Mo = {t1,(t)?} and Iyt = {t; %, (t) 2}
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The Hopf Algebras E(n)

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting t;
and ty:

S(tn)o = S(tn) Lll H .

@ One can check that
deg(ty,) =|I| and deg(ty,)=|/|+1€Z/2
forall | C {1,...,n}.
o Set [o = {t1,(t)?} and Iy " = {t; %, () %}
@ Set I'; consists of the elements t,,, t(t.,, where |/| is even > 2, and of the

elements tty,, ty,, where |/| is odd. Observe that these elements are all
of degree 0.
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The Hopf Algebras E(n)

@ The localization S(tn)e of S(tn) is obtained from S(ty) by inverting t;
and ty:

S(tn)o = S(tn) Lll H .

@ One can check that
deg(ty,) =|I| and deg(ty,)=|/|+1€Z/2
forall | C {1,...,n}.
o Set Mo = {t1,(t)?} and Iyt = {t; %, (t) 2}
@ Set I'; consists of the elements t,,, t(t.,, where |/| is even > 2, and of the

elements tty,, ty,, where |/| is odd. Observe that these elements are all
of degree 0.

o The 2" elements of o U T are algebraically independent and the generic
base algebra By is given by

By = k[, T ", T1].
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The Hopf algebras E(n)

@ As a By-algebra, we have

S(tw)e = Bu[t]/ (r2 - (tx)2> .
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The Hopf algebras E(n)

@ As a By-algebra, we have

S(tw)e = Bu[t]/ (r2 - (tx)2> .

@ The tensor algebra T(ty) is the free algebra on the indeterminates
Xy, Xy, (I C{1,2,...,n}).
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The Hopf algebras E(n)

@ As a By-algebra, we have

S(tw)e = Bu[t]/ (t2 - (tx)2> .

@ The tensor algebra T(ty) is the free algebra on the indeterminates
Xy, Xy, (I C{1,2,...,n}).

o Let Vy be the subalgebra of Uy of coinvariant elements.
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The Hopf algebras E(n)

As a Bp-algebra, we have

S(t)e = Bultl/ (£ — (&) -
@ The tensor algebra T(ty) is the free algebra on the indeterminates
Xy, Xy (1 C{1,2,...,n}).
o Let Vy be the subalgebra of Uy of coinvariant elements.

Let Vi, (resp. Uy;) be the localization of Vi (resp. of Uy) obtained by
inverting the central elements X; and XXQ.
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The Hopf algebras E(n)

e We have By = Vj;. That is, the trivial cocycle on E(n) is nice.
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The Hopf algebras E(n)

e We have By = Vj;. That is, the trivial cocycle on E(n) is nice.

o Let Ay be the By-algebra generated by &, 11, ..., 1, subject to the
relations

E=X2, mi=-=n=0, né+&ni=0, nm+nm=0

for all i,j =1,...,n. There is an isomorphism of algebras U}, = An.
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Monomial Hopf Algebras

o Fix an integer n > 2. Assume that the ground field k contains a primitive
n-th root of unity, which we denote by q.
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Monomial Hopf Algebras

o Fix an integer n > 2. Assume that the ground field k contains a primitive
n-th root of unity, which we denote by q.

o Monomial Hopf algebras of type /: Consider a triple (G, x, x), where G
is a finite group, x a central element of G of order n > 2, and x a
character G — k™ such that x" =1 and x(x) = q.
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Monomial Hopf Algebras

o Fix an integer n > 2. Assume that the ground field k contains a primitive
n-th root of unity, which we denote by q.

o Monomial Hopf algebras of type /: Consider a triple (G, x, x), where G
is a finite group, x a central element of G of order n > 2, and x a
character G — k™ such that x" =1 and x(x) = q.

@ To such a triple one associates a Hopf algebra H, which is defined as an
algebra with generators the elements g of G and an additional generator y;
the defining relations are those of the group algebra kG as well as

y"=0, ve = x(g)sy

forall g € G.
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Monomial Hopf Algebras

o A basis for H is formed by the elements gy, where g € G and 0 < i < n.
Thus, the dimension of H is n|G]|.
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Monomial Hopf Algebras

o A basis for H is formed by the elements gy, where g € G and 0 < i < n.
Thus, the dimension of H is n|G]|.

@ The algebra H has a Hopf algebra structure such that the natural inclusion
t: kG — H is a Hopf algebra map and

n—1

Aly)=1®@y+y®x, e(y)=0, S(y)=-yx
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Monomial Hopf Algebras

o A basis for H is formed by the elements gy, where g € G and 0 < i < n.
Thus, the dimension of H is n|G]|.

@ The algebra H has a Hopf algebra structure such that the natural inclusion
t: kG — H is a Hopf algebra map and

Aly)=1®y+y®x, e(y)=0, S(y)=-ym"".

@ In the literature this Hopf algebra is called a monomial Hopf algebra of
type I.
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Monomial Hopf Algebras

o A basis for H is formed by the elements gy, where g € G and 0 < i < n.
Thus, the dimension of H is n|G]|.

The algebra H has a Hopf algebra structure such that the natural inclusion
t: kG — H is a Hopf algebra map and

Aly)=1®y+y®x, ey)=0, S(y)=-y»"".

@ In the literature this Hopf algebra is called a monomial Hopf algebra of
type I.

If G =7Z/n and x is a generator of G, then H is the n>-dimensional Taft
algebra.
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Monomial Hopf Algebras

o A basis for H is formed by the elements gy, where g € G and 0 < i < n.
Thus, the dimension of H is n|G]|.

@ The algebra H has a Hopf algebra structure such that the natural inclusion
t: kG — H is a Hopf algebra map and

n—1

Aly)=1®@y+y®x, e(y)=0, S(y)=-yx
@ In the literature this Hopf algebra is called a monomial Hopf algebra of
type I.

o If G=2Z/n and x is a generator of G, then H is the n’-dimensional Taft
algebra.

@ Observe thatlic (resp. Bic) splits off Uy (resp. By). Similary, passing to
the coinvariants, Vk¢ splits off Vy.

U.N. lyer, C. Kassel Generic Base Algebras and Universal Comodule Algebras for some finite-di



Monomial Hopf Algebras

o The generic base algebra: By definition, S(ty) is the polynomial algebra
on the variables t, i, where g € G and 0 </ < n. The elements of G are
the only group-like elements.
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Monomial Hopf Algebras

o The generic base algebra: By definition, S(ty) is the polynomial algebra
on the variables t, i, where g € G and 0 </ < n. The elements of G are
the only group-like elements.

o We have

S(tn)e =k [tyilg € Gand 0 < i < n {l} _
g€G

8
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Monomial Hopf Algebras

o The generic base algebra: By definition, S(ty) is the polynomial algebra
on the variables t, i, where g € G and 0 </ < n. The elements of G are
the only group-like elements.

o We have

S(tn)e =k [tyilg € Gand 0 < i < n {l} _
g€G

8

@ The coproduct on S(ty)e is determined by

i
Alty) =" H tayr @ toeryior

r=0
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Monomial Hopf Algebras

o The generic base algebra: By definition, S(ty) is the polynomial algebra

on the variables t, i, where g € G and 0 </ < n. The elements of G are

the only group-like elements.

o We have

S(tn)e =k [tyilg € Gand 0 < i < n {l} _
g€G

8

@ The coproduct on S(ty)e is determined by

i

i
Alty) =" H tayr @ toeryior

r=0

e Consider the set I of cardinality (n — 1)| G| consisting of the fractions
ty,i/tyi where g € G and 0 < i < n.
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Monomial Hopf Algebras

o The generic base algebra: By definition, S(ty) is the polynomial algebra

on the variables t, i, where g € G and 0 </ < n. The elements of G are

the only group-like elements.

o We have

S(tn)e =k [tyilg € Gand 0 < i < n {l} _
&lgeG
@ The coproduct on S(ty)e is determined by

i

i
Alty) =" H tayr @ toeryior

r=0

e Consider the set I of cardinality (n — 1)| G| consisting of the fractions
ty,i/tyi where g € G and 0 < i < n.

o The set I is algebraically independent over B¢ and

B = BiglT].
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Monomial Hopf Algebras

@ The universal comodule algebra There is a localization V;¢ of Vi such
that Bkc = V¢ We define a localization V}; of Vy by

Vit = Vic ®v,e VH -
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Monomial Hopf Algebras

@ The universal comodule algebra There is a localization V;¢ of Vi such
that Bkc = V¢ We define a localization V}; of Vy by

Vit = Vic ®v,e VH -
o We also define the central localization

ULy = Vi @y, Un = Vig @y, Uni -
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Monomial Hopf Algebras

@ The universal comodule algebra There is a localization V;¢ of Vi such
that Bkc = V¢ We define a localization V}; of Vy by

Vit = Vic ®v,e VH -
@ We also define the central localization
ULy = Vi @y, Un = Vig @y, Uni -
@ We have Vj; = By and there is an algebra isomorphism

Uy = Ui = kn] / (n" =0, nXg — x(g)Xen =0]g € G).
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