Entrée to Malgrange ideas: General Involutivity
Theorem

Camilo Sanabria

The CUNY Graduate Center

October 3™, 2008



Recall

Given a fiber bundle 7 : E — M, we define the k-th order jet
bundle J¥7 as the collection of equivalent classes of germs of
sections of 7, where two sections are identified if their image and
all their derivatives, up to the k-th order, coincide. The class of
¢ € [pm is denoted by j,’j :

A local coordinate chart is given by the functions (x', u®, uf),
where:

e x' are the coordinate functions of M.
e u% are coordinate functions of the fibers of 7.

_ 1]
I < k, and uf(jk¢) = aa;z;

e | =(i1,...,in) is a multi-index,




Recall

o . Jkr ... Jlx — E — M, and we define:
Jr = lim J*r

e Oy — O —0Opp— ... — Oy, — ..., and we define:

ﬁJw = lim ﬁJkﬂ.
e Locally, &, turns into a sheave of differential ring by setting
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Recall

With all this paraphernalia, we want to think about a system of
differential equations as a coherent sheaf of ideals .# on &, that
are locally differential ideals. The local solutions are given by
differential morphisms of &);-algebras:

D ﬁjﬂ/,ﬂ — ﬁm(U)
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Recall

With all this paraphernalia, we want to think about a system of
differential equations as a coherent sheaf of ideals .# on &, that
are locally differential ideals. The local solutions are given by
differential morphisms of &);-algebras:

D ﬁjﬂ/,ﬂ — ﬁm(U)

Arternatively, we can also think about a system of differential
equations as a locally closed embedded sub-promanifold S of Jr.
We set

Sk=Jknans  Ik=0u.ns

#% and S are called k-th order differential equations.



Jet solutions

We turn our attention to the computational aspect of the
differential equations. So we will not restrict our attention to an
7k and an Sk coming from objects in @, and Jr. We simply
start from elements defined on the k-th order jet.



Jet solutions

We turn our attention to the computational aspect of the
differential equations. So we will not restrict our attention to an
7k and an Sk coming from objects in @, and Jr. We simply
start from elements defined on the k-th order jet.

Not having a differential structure on & ., we now consider k-th
order jet solutions: these are simply (closed) points in SX. Which
one should think as a potential solution to the differential
equation, in the sense that it is a k-th order Taylor expansion that
may converge to a solution after extending it infinitely many times.



Extending a jet solution

Assume F € Og(U)[u®] (U C E open) is zero on S¥, and

JEo=(x",u®, uft)

is a k-th order jet solution (i.e. F(jX¢)=0).
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Extending a jet solution

Assume F € Og(U)[u®] (U C E open) is zero on S¥, and

JEo=(x",u®, uft)

is a k-th order jet solution (i.e. F(jX¢) =0).If ¢ € [(U) is a local
solution of S¥, i.e. jK¢p(U) C S* then, since F is constant (zero) in
Sk,

DIF(E"0) = 2 F o j*o(p) = 0

Recall,
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Extending a jet solution

So a necessary condition for a k-th order jet solution j,’,‘qﬁ to
converge to a local solution is that there is a point in
Skt1 = pr S* € J*T above jK¢. Where:

pr1S¥ ;= {zeroes in J**11 of F and D;F| F vanishes in S¥}



Extending a jet solution

So a necessary condition for a k-th order jet solution j,’,‘qﬁ to
converge to a local solution is that there is a point in
Skt1 = pr S* € J*T above jK¢. Where:

pr1S¥ ;= {zeroes in J**11 of F and D;F| F vanishes in S¥}

167 .
In other words, we solve for {u,+€i}‘,‘:k7,-e{17n_7,,} the system:

'F OF P
Z ou® (X”ua’u?)u;ﬂ'fi = _(W—i_ Z uﬁ_gfﬁ)(x!’ua,ula)
alll=k ! o,0<|1|<k /



Extending a jet solution

Set §;F = §;F(x', u®, uf*) as the linear form on the C-vector space
with coordinates {uf', _}|jj=,ic{1,....n} defined by:

IFE .
CITRTOV

§;F < (uf'e,) — Z

ouf
all|=k



Extending a jet solution

Set §;F = §;F(x', u®, uf*) as the linear form on the C-vector space
with coordinates {uf', _}|jj=,ic{1,....n} defined by:

IFE .
(X', u®, uf)ui'y,

§iF ¢ (ufie) — Z

al|=k

(63
ouj

Set vj = v;(x', u®, uf)

OF 8“‘F .
V_j = (a "I_ Z U?:_EJW)(Xl, ua7 U?)
a,0<|1|<k !



Extending a jet solution

So the question is now: is there a vector (uf‘+€i) such that:

(0jF (uiye,)) = =(v)?

A necessary and sufficient is that the linear functionals that
vanishes at the image of (J;F) vanishes at (v;). In other words:

Z)\j(SJ'F:O = Z)\j\/jzo
J J



Extending a jet solution

Zj /\jde = 0 means:
e >°; A\jDjF is constant in the fiber of S**1 — Sk above
(<", u, uf') = j5o
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Extending a jet solution

:A\jo;F = 0 means:

TR A

e >°; A\jDjF is constant in the fiber of S**1 — Sk above
(x', u®, uft) = jgo

o 2 ANDF( u uf) =305 A

* > ;Ajvi = 0 means this constant at the fiber is zero.

o Y A0iF(x, u®, uft) = 0 implies that 3~ A;D;F can be seen
as a function over SX.

Introducing some notation we will interpret ZJ- AjojF =0 as
> AidjF is a cycle and 3 Ajv; will correspond to the value of a
function at this cycle, vanishing at the borders.



Example: The curvature

We take M an open set of C”, and 7 : E — M an m-dimensional
vector bundle over M. We set the connection defined by

(V% u)* =734 rj?‘ﬁuﬁ:

where A; is the matrix with (A;)3 = '}y holomorphic over M. So
S is defined by the ideal .# generated by the

Fo(x' u® u®) = uff — Z r?‘ﬁ(xl, o xM P
B
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FA(x' u® u®) = uq—zr?‘/@(xl,...,xn)uﬁ

SF(X u® uf) = uf
. d

vii(x' e uf) = —Zu o Jr?ﬁ+r,ﬁu (modF{¥)

- _Z ?B+Zr5rjﬂvm (mod Ff)



Example: The curvature

FA(x u® u®) = uf —Zr?‘ﬁ(xl,...,xn)uﬁ
B
SF(X u® uf) = uf

,d(xi ut uft) = —Zu F?‘ﬂ—l—r,ﬁu (modF{¥)
= =) (f ?B+Zr M u7)  (modFf)
B

_ e a B a
— _Zm(wrWZr,ﬂrJﬁ) (mod F)
v B
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Example: The curvature

(5‘,'/:;0[—(5;6& == UU—U =0

DiF* — DiFf*  (modF*) = vij —vii(modF)

0 a9 4
= Z H vl

e} 5 « ﬁ (o7
+ Zriﬁrm*rjﬁriw) (mod F*)
5

In other words we can prolong the solution to the second order if:
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Another example

This time 7 : C" x C — C" is the first projection. And we take S!
defined the ideal generated by:

' i 1 2 —1
Fi(x'su,u)) =u1, Fa(xX' u,up)) =x"up+x“us+...+x" "u,
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i—1 i—1 1 2 -1
X TR =Xy, F=xupo+xuz 4.+ X" U,
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Another example

This time 7 : C" x C — C" is the first projection. And we take S!
defined the ideal generated by:

j ' 1 2 -1
Fi(x'su,u)) =u1, Fa(xX' u,up)) =x"up+x“us+...+x" "u,

so that:
Soxd = F = sd= 1y - 51 F> — x1 2 n—
)i X 1=X "uj, 1h=xup2+xu3+...+x Uin

Whence 61 F5 — ZJ- (5jxj*1F1 = 0; but:

D1F2_ZDJ‘XJ_1F1 = W +X1u1,2—|—...+xn_lu1,n
J
— (X1u1,2+...+x”_1

g U2

Ul,n)
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