
Title: Algebraic group representations, and related topics 
 
a lecture by Len Scott, 
McConnell/Bernard Professor of Mathemtics, The University of Virginia. 
 
 
Abstract: This lecture will survey the theory of algebraic group representations 
in positive characteristic, with some attention to its historical development, and its relationship to  
the theory of finite group representations. Other topics of a Lie-theoretic 
nature will also be discussed in this context, including at least brief mention of 
characteristic 0 infinite dimensional Lie algebra representations in both the classical and 
affine cases, quantum groups, perverse sheaves, and rings of differential operators.  
Much of the focus will be on irreducible representations, but some attention will be given 
to other classes of indecomposable representations, and there will be some discussion of  
homological issues, as time permits. 





CHAPTER VI 

Linear Algebraic Groups in the 20th Century 

The interest in linear algebraic groups was revived in the 1940s by C. Chevalley 
and E. Kolchin. The most salient features of their contributions are outlined in 
Chapter VII and VIII. Even though they are put there to suit the broader context, 
I shall as a rule refer to those chapters, rather than repeat their contents. Some of 
it will be recalled, however, mainly to round out a narrative which will also take 
into account, more than there, the work of other authors. 

§1. Linear algebraic groups in characteristic zero. Replicas 

1.1. As we saw in Chapter V, §4, Ludwig Maurer thoroughly analyzed the 
properties of the Lie algebra of a complex linear algebraic group. This was Cheval­
ey's starting point. In order to algebraize Maurer's results and extend them to more 

general ground fields, Chevalley introduced in [C3l, 1943, the notion of replica of 
an endomorphism X of a finite dimensional vector space V over a field k, which we 
assume here to be of characteristic zero, since the main use of that notion pertains 
to that case. In particular, if X is nilpotent, its replicas are only its multiples. If 
X is semisimple, with eigenvalues 0:1," . ,O:n (in some extension of k), then the 
replicas of X are the polynomials p(X) in X, without constant term, such that 
any linear relation between the O:i with integral coefficients is also satisfied by the 
p(O:i)' Chevalley calls a linear Lie algebra algebraic if it contains the replicas of all 
its elements. In that terminology, the main result of Maurer's 1888 paper (see V, 
-1.3-4.5) asserts that the Lie algebra of a complex linear algebraic group is algebraic. 
[CT1l, 1946, also sketches a proof of the converse. 

1.2. The papers of Chevalley and Chevalley-Than [C3l, 1943, [C4l, 1947, [CT1], 
(T] quickly gave rise to some work by M. Goto [GIl, [G2] and Y. Matsushima [M3l, 
[M4] (1947-8). They provided variants, or alternate proofs, or proofs of results only 
announced there. As a new point, Goto slightly generalized the notion of algebraic 
Lie algebra to not necessarily linear ones, by saying that a Lie algebra over the field 
k is algebraic if the Lie algebra of its inner derivations is so. He shows that it is 
then isomorphic to a linear algebraic one. 

The results of Chevalley and Than were first proved in [CT2l, 1951, and were 
later incorporated by Chevalley in a more general theory of linear algebraic groups 
over a field of characteristic zero [C5], 1951, [C6], 1954 (see VII, 4). 

§2. Groups over algebraically closed ground fields I 

2.1. Chevalley's approach to algebraic groups in [C1] and [C2] uses a formal 
analog ofthe exponential mapping to set up a correspondence between Lie algebras 
and Lie groups with the usual properties. It is therefore tied to characteristic zero. 
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120 VI. LINEAR ALGEBRAIC GROUPS IN THE 20TH CENTURY 

Completely different is the point of view of Kolchin [K1], [K2], 1948, who con­
sidered linear algebraic groups over an algebraically closed ground field of arbitrary 
characteristic and provided proofs insensitive to the characteristic, without any 
recourse to, nor even any mention of, the Lie algebra (VIII, §4). I cannot help 
drawing here an analogy with Lie: both were moved by the wish to establish some 
Galois theory of differential equations. In Lie's case, this hope, labeled Lie's "idee 
fixe" by Hawkins [H3], led to applications to differential equations which are inter­
esting, but still minor in comparison with the wealth of uses of Lie groups in so 
many parts of mathematics. Similarly, the case of positive characteristic initiated 
by Kolchin found hardly any application in his Galois theory of homogeneous linear 
differential equations, or more generally of differential fields (his motivation), which 
is confined to characteristic zero; but it underwent a tremendous development in 
other directions. 



11. In the notice on his own work [C22], written in Japan probably during 
the winter 1953-54, Chevalley gives the following motivation for studying algebraic 
groups over fields other than the complex numbers: 

The principal interest of the algebraic groups seems to me to be 
that they establish a synthesis, at least partial, between the two 
main parts of group theory, namely the theory of Lie groups and 
the theory of finite groups. 

Whether this view was already his at the beginning I do not know, but it became 
foremost in his mind in the late forties. The model here was L. Dickson, who, taking 
advantage of the fact that the classical groups have an algebraic definition valid over 
general fields, had constructed new series of finite simple groups over finite fields. 
He had also done that for the exceptional group G 2 (as well as for E 6 , but this was 
pretty much forgotten at the time and unknown to Chevalley). The task Chevalley 
set for himself was then to find models of the four other exceptional groups which 
would make sense over arbitrary fields and again lead to new simple groups. His 
joint paper with R.D. Schafer [C15] on F 4 and E 6 and his Comptes Rendus notes 
on E 6 [C20, 21] are first steps in that direction. In [C22] Chevalley asserts that in 
the summer of 1953 he had found new algebraic definitions of F 4, E 6 and E 7 , by 
making use of the triality principle, and that these groups generate infinite series of 
simple groups, the first new ones in fifty years. No doubt he intended at that time 
to publish the proofs. In fact, he states in [C22] that in his small book on spinors 
[C25] he carries out a synthesis of the methods developed by Weyl and Cartan, and 
generalizes their results over arbitrary ground fields, a "generalization which was 
necessary in view of the study of the new finite groups I have discovered". But he 
never did. There was apparently a breakthrough shortly afterwards, and Chevalley 
saw how to carry this out in a uniform, classification-free manner. This leads us to 
the first major achievement in the second part of Chevalley's work (in the division 
proposed above), the very influential and justly famous "T6hoku" paper [C28]. 
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12. The next publication of Chevalley is the no less famous Paris Seminar [C30]. 
There, the framework and point of view are completely different from those of Lie 
II, III. The Lie algebra appears only briefly, in the last two lectures, and there is no 
exponential mapping. They are replaced by global arguments in algebraic geometry 
valid over an algebraically closed ground field of arbitrary characteristic. Since I 
am responsible for this change of scenery, I'll digress a little and discuss briefly my 
own work at that time and how it relates to Chevalley's. 

I had been aware of [C9] and of Lie II early on, but from a distance. I got 
closer to algebraic groups during the first AMS Summer Institute in 1953, devoted 
to Lie groups and Lie algebras, through my joint work with G.D. Mostow [BM] 
and a series of lectures by Chevalley on Cartan subalgebras and Cartan subgroups 
of algebraic groups (the future Chapter VI of Lie III). He was not pleased with it, 
though, and toward the end said he felt it was too complicated and there should 
be a more natural approach valid in any characteristic. Another topic which came 
up in discussions was a claim by V.V. Morozov, to the effect that maximal solvable 
subalgebras of a complex semisimple Lie algebra are conjugate. Nobody under­
stood his argument, but I found a simple global proof, using Lie's theorem and the 
flag variety. In 1954-55, in Chicago, I made a deliberate effort to get away from 
characteristic zero. Two papers by Kolchin [Kl, 2], the first ones to prove substan­
tial results on linear algebraic groups by methods insensitive to the characteristic 
of the ground field, led quickly to a structure theory of connected solvable groups 
(see VIII). Then I saw how to extend my conjugacy proof of maximal connected 
solvable subgroups to arbitrary characteristics. That was the decisive step. From 
then on, it was comparatively smooth sailing, and the other results of [Bl] followed 
rather quickly. I lectured on this work and talked about it with Chevalley shortly 
afterwards, in February 1955 I think, at a conference in Urbana, Illinois. In sum­
mer 1955, before leaving the States, I gave him a copy of the manuscript of my 
forthcoming Annals paper. We did not discuss the subject until the Summer 1956 
Bourbaki Congress, where I was told (not by him) that he had classified the simple 
algebraic groups over any algebraically closed ground field. When asked, he con­
firmed it and agreed to give us an informal lecture about this work, at which time 
he announced he would propose the name "Borel subgroup" for a maximal closed 
connected solvable subgroup of a linear algebraic group. He also told me that, after 
having read my paper, his first goal had been to prove the normalizer theorem: "A 
Borel subgroup of a connected linear algebraic group is its own normalizer", after 
which, "the rest followed by analytic continuation". 
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MR0109191 (22 #79) 22.00 (20.00)
Steinberg, Robert
Variations on a theme of Chevalley.
Pacific J. Math. 9 1959 875–891

The paper contains the discovery of two families of new simple groups, one of which seems
to coincide with the family given independently by J. Tits [Séminaire Bourbaki, 10e année:
1957/1958, Secrétariat mathématique, Paris, 1958; MR0106247 (21 #4981)] from a different
point of view. Roughly speaking, the groups are constructed by a method which generalizes that
of constructing certain unitary groups.

Let g be a simple Lie algebra over the complex field, and K a field. For each root r of g and
t ∈ K define the automorphism xr(t) of the algebra gK as in Chevalley, Tôhoku Math. J. (2) 7
(1955), 14–66 [ MR0073602 (17,457c)]. Let U [resp. B] be the group generated by the xr(t) with
r > 0 [resp. r < 0], and G the group generated by U and V. If g is of type (Al), (Dl), or (E6),
the Dynkin diagram of g shows that the root system admits an automorphism r → r of order 2
such that r > 0 whenever r > 0; G admits a corresponding automorphism σ which maps xr(t)
upon xr(±t), where t→ t is an automorphism of order 2 of K. Let U1 [resp. V1] be the group
of elements in U [resp. V] invariant by σ, and G1 the group generated by U1 and V1. Then G1

for (E6) turn out to be new simple groups. If g is of type (D4), then the root system admits an
automorphism of order 3 which, combined with an automorphism of K of order 3, again yields
new simple groups. Another family of (new) infinite simple groups is also obtained from (D4).
The orders of the new finite simple groups are computed in an ingenious manner.

Reviewed by Rimhak Ree
c© Copyright American Mathematical Society 1961, 2009
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MR0138680 (25 #2123) 20.29
Ree, Rimhak
A family of simple groups associated with the simple Lie algebra of type (G2).
Amer. J. Math. 83 1961 432–462

Suzuki [Proc. Nat. Acad. Sci. U.S.A. 46 (1960), 868–870; MR0120283 (22 #11038)] discovered
a new class of finite simple groups. On observing the matric representation given by Suzuki,
the present author and the reviewer independently noticed that each Suzuki group is made up of
the fixed elements of a rather special involutary automorphism of the group of type C2 (four-
dimensional symplectic group) over a field of 22n+1 elements and that similar automorphisms
of groups of types G2 and F4 could be used to construct other classes of simple groups. In the
present article, and in a comparison article devoted to groups of type F4 [Amer. J. Math. 83
(1961), 401–420; MR0132781 (24 #A2617)], the author carries through the construction and
obtains new simple groups, of which the finite ones have orders q3(q3 + 1)(q − 1) with q =
32n+1, and q12(q6 + 1)(q4− 1)× (q3 + 1)(q− 1) with q = 22n+1, and n ≥ 1 in both cases. Each
group of the first class has an order divisible by 8 but not by 16. First the author proves the
existence of the involutary automorphism necessary for the construction, but this was already
done in Séminaire C. Chevalley, 1956/58 [Secrétariat mathématique, Paris, 1958; MR0106966
(21 #5696)]. Then he obtains a Bruhat lemma and proves the simplicity of the constructed groups.
Here the development closely follows that of the reviewer in his modification [Pacific J. Math. 9
(1959), 875–891; MR0109191 (22 #79)] of Chevalley’s paper [Tôhoku Math. J. (2) 7 (1955), 14–
66; MR0073602 (17,457c)]. In a final section the author determines the automorphisms of the new
finite groups.

Reviewed by R. Steinberg
c© Copyright American Mathematical Society 1963, 2009
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rticle electronically pubr ed on March 27, 2001 

A BRIEF HISTORY OF THE CLASSIFICATION OF THE FINITE 
SIMPLE GROUPS 

RONALD SOLOMON 

ABITR.>.CT. \\"e present some highlights of the llO-year project to classify the 
finite simple groups. 

1. THE BEGINNINGS 

"Es ware von dem grossten Interesse, wenn eine Uebersicht der siimmtlichen ein­
fachen Gruppen von einer endlichen Zahl von Operationen gegeben werden konnte." 
["It would be of the greatest interest if it were possible to give an overview of the 
entire collection of finite simple groups."] So begins an article by Otto Holder in 
Mathem.atische Annalen in 1892 [Ho]. Insofar as it is possible to give the birthyear 
of the program to classify the finite simple groups, this would be it. The first paper 
class.iting an infinite family of finite simple groups, starting from a hypothesis on 
the structure of certain proper subgroups, was published by Burnside in 1899 [Bu2]. 
As ;he final paper (the classification of quasithin simple groups of even characteris­
tic by Aschbacher and S. D. Smith) in the first proof of the Classification Theorem 
for the Finite Simple Groups (henceforth to be called simply the Classification) will 
pre>bably be published in the year 2001 or 2002, the classification endeavor comes 
wry close to spanning precisely the 20th century. 

Len
Highlight

Len
Typewritten Text
Bulletin AMS article

Len
Highlight

Len
Highlight

Len
Highlight



Previous Up Next Article

MR2097623 (2005m:20038a) 20D05 (20C20)
Aschbacher, Michael; Smith, Stephen D.
�The classification of quasithin groups. I.

Structure of strongly quasithin K-groups.
Mathematical Surveys and Monographs, 111.
American Mathematical Society, Providence, RI, 2004. xiv+477 pp. ISBN 0-8218-3410-XCitations

From References: 0
From Reviews: 0

MR2097624 (2005m:20038b) 20D05 (20C20)
Aschbacher, Michael; Smith, Stephen D.
�The classification of quasithin groups. II.

Main theorems: the classification of simple QTKE-groups.
Mathematical Surveys and Monographs, 112.
American Mathematical Society, Providence, RI, 2004. pp. i–xii and 479–1221.
ISBN 0-8218-3411-8

In 1983, Danny Gorenstein announced the completion of the classification of the finite simple
groups. All of the major constituent theorems were published by 1983 with one exception. This
exception was at last removed and the classification has now been completed with the publication
of the two monographs under review. These volumes, classifying the quasithin finite simple groups
of even characteristic, are thus a major milestone in the history of finite group theory. The statement
of the main theorem requires certain definitions.

Let G be a finite group. A subgroup M is 2-local if M = NG(T ) for some non-identity 2-
subgroup T of G. G is of even characteristic if every 2-local M of odd index in G has a normal
2-subgroup O2(M) such that CM(O2(M))≤O2(M).

This generalizes the notion of a group G of characteristic 2-type, in which the indicated con-
dition is required for all 2-locals of G. Note that a consequence of the Borel-Tits theorem is that
every finite simple group of Lie type defined over a field of characteristic 2 is a group of even
characteristic.

For p a prime, the p-rank of H , mp(H), is the maximum rank of an abelian p-subgroup of H .
The 2-local p-rank of G, m2,p(G), is the maximum p-rank achieved by any 2-local of G. Finally,
e(G) is the maximum value of m2,p(G), as p ranges over all odd primes. This parameter was
introduced by J. G. Thompson [Bull. Amer. Math. Soc. 74 (1968), 383–437; MR0230809 (37
#6367); Pacific J. Math. 33 (1970), 451–536; MR0276325 (43 #2072); Pacific J. Math. 39 (1971),
483–534; MR0313378 (47 #1933); Pacific J. Math. 48 (1973), 511–592, ibid. 50 (1974), 215–297;
ibid. 51(1974), 573–630; MR0369512 (51 #5745)], and it approximates the Lie rank of G when
G is a finite group of Lie type in characteristic 2. For various reasons, but primarily because of
the central role of the p-signalizer functor theorem (valid only for groups G with mp(G) ≥ 3) in
the proof of the classification theorem, there seems to be a natural division in the study of finite
simple groups G of even characteristic between those with e(G)≤ 2 and those with e(G)≥ 3.
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Thompson factorization and failure of factorization, presented in (I.B). Obstructions to pushing-
up arise from FF -modules for SQTK groups, and these are enumerated in (I.B.5). A difficult
pushing-up result of U. Meierfrankenfeld and B. Stellmacher [Comm. Algebra 21 (1993), no. 3,
825–934; MR1204756 (94d:20025)] is quoted.

Once pushing-up is handled, one arrives at some variant of the following set-up (Hypothesis
D.1.1): G1 and G2 are overgroups of T with R = O2(G1) and V ≤ Z(R) a normal elemen-
tary 2-subgroup of G1 and a faithful G1/R-module. Moreover, G2 is a minimal parabolic, i.e.,
T is contained in a unique maximal subgroup of G2. Also O2(〈G1, G2〉) = 1. In this context, the
Stellmacher-Meierfrankenfeld qrc-Lemma (D.1.5) tends to put severe restrictions on the module
V . Sections G and H explore the relevant modules for SQTK groups. Finally, two related funda-
mental techniques for the entire analysis are the weak closure method of Thompson [op. cit.] and
M. Aschbacher [J. Algebra 70 (1981), no. 2, 561–627; MR0623826 (82j:20034)], and the amal-
gam method. These are exposited in Sections E and F respectively. In particular, the case when
Gi/O2(Gi) is a split BN -pair of rank 1 in characteristic 2 was analyzed in the “Green Book” [A.
L. Delgado, D. M. Goldschmidt and B. Stellmacher, Groups and graphs: new results and meth-
ods, Birkhäuser, Basel, 1985; MR0862622 (88a:05076)] via the amalgam method, and the authors
use this work in their analysis of the generic case.

Volume I could serve as a textbook on the methodology to be employed in the proof of the
main theorem. Volume II provides the proof. In Chapter 2, the case |M(T )| = 1 is shown to
lead to the rank 1 groups of Lie type in characteristic 2, plus L3(3), M11, and L2(p) for p > 7
a Fermat or Mersenne prime. The proof now subdivides into cases determined primarily by the
structure of a certain group L � M ∈M(T ) with [Z(O2(L)), L] �= 1, and L chosen non-solvable
if possible. In Chapter 5, the “generic case” is analyzed, in which L/O2(L) ∼= L2(2n), n ≥ 2.
With certain additional restrictions this is shown to yield all the groups of Lie type of Lie rank
2 defined over a field F of characteristic 2 with |F | > 2 (and with |F | = 4 if G ∼= U5(q)), plus
M22 and M23. Next, Chapters 7–11 treat the remaining cases when L/O2(L) is defined over a
field F with |F |> 2, plus some other special configurations, yielding the group J4. The final four
chapters of the proof of the main theorem treat the situation when L/O2(L) is a group over F2
(or is A7 ≤ SL(4, 2)), including the case when L is solvable. Chapter 12 yields A8, A9, M24, He,
and SL(5, 2). Chapter 13 yields Sp(6, 2), SU(4, 2), PSU(4, 3), and PSL(4, 3). Chapter 14 yields
G2(3), HS, and Ru, completing the case when L can be chosen non-solvable. Chapter 15 gives the
identification of M12, J2, J3, 3D4(2), 2F4(2)′, and U3(3) = G2(2)′, under the hypothesis that all
such L are solvable, completing the proof of the main theorem.

The book is written with remarkable care and clarity, especially in view of its extraordinary length
and depth. It is an amazing tour de force. Volume I has been read carefully by John Thompson.
Volume II has been checked by a team of referees.

REVISED (October, 2005)
Current version of review. Go to earlier version.

Reviewed by Ronald Solomon
c© Copyright American Mathematical Society 2005, 2009



List of finite simple groups
From Wikipedia, the free encyclopedia

In mathematics, the classification of finite simple groups states that every finite simple group is cyclic, or
alternating, or in one of 16 families of groups of Lie type (including the Tits group, which strictly speaking is not
of Lie type), or one of 26 sporadic groups.

The list below gives all finite simple groups, together with their order, the size of the Schur multiplier, the size of
the outer automorphism group, usually some small representations, and lists of all duplicates. (In removing
duplicates it is useful to note that finite simple groups are determined by their orders, except that the group
Bn(q) has the same order as Cn(q) for q odd, n > 2; and the groups A8 = A3(2) and A2(4) both have orders
20160.)

Notation: n is a positive integer, q > 1 is a power of a prime number p, and is the order of some underlying finite
field. The order of the outer automorphism group is written as d·f·g, where d is the order of the group of
"diagonal automorphisms", f is the order of the (cyclic) group of "field automorphisms" (generated by a
Frobenius automorphism), and g is the order of the group of "graph automorphisms" (coming from
automorphisms of the Dynkin diagram).

Contents

1 Infinite families
1.1 Cyclic groups Zp
1.2 An, n > 4, Alternating groups
1.3 An(q) Chevalley groups, linear groups
1.4 Bn(q) n > 1 Chevalley groups, orthogonal group
1.5 Cn(q) n > 2 Chevalley groups, symplectic groups
1.6 Dn(q) n > 3 Chevalley groups, orthogonal groups
1.7 E6(q) Chevalley groups
1.8 E7(q) Chevalley groups
1.9 E8(q) Chevalley groups
1.10 F4(q) Chevalley groups
1.11 G2(q) Chevalley groups
1.12 2An(q2) n > 1 Steinberg groups, unitary groups
1.13 2Dn(q2) n > 3 Steinberg groups, orthogonal groups
1.14 2E6(q2) Steinberg groups
1.15 3D4(q3) Steinberg groups
1.16 2B2(22n+1) Suzuki groups
1.17 2F4(22n+1) Ree groups, Tits group
1.18 2G2(32n+1) Ree groups

2 Sporadic groups
2.1 Mathieu group M11
2.2 Mathieu group M12

List of finite simple groups - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/List_of_finite_simple_groups

1 of 16 11/3/2009 4:45 PM



List of finite simple groups
From Wikipedia, the free encyclopedia

In mathematics, the classification of finite simple groups states that every finite simple group is cyclic, or
alternating, or in one of 16 families of groups of Lie type (including the Tits group, which strictly speaking is not
of Lie type), or one of 26 sporadic groups.

The list below gives all finite simple groups, together with their order, the size of the Schur multiplier, the size of
the outer automorphism group, usually some small representations, and lists of all duplicates. (In removing
duplicates it is useful to note that finite simple groups are determined by their orders, except that the group
Bn(q) has the same order as Cn(q) for q odd, n > 2; and the groups A8 = A3(2) and A2(4) both have orders
20160.)

Notation: n is a positive integer, q > 1 is a power of a prime number p, and is the order of some underlying finite
field. The order of the outer automorphism group is written as d·f·g, where d is the order of the group of
"diagonal automorphisms", f is the order of the (cyclic) group of "field automorphisms" (generated by a
Frobenius automorphism), and g is the order of the group of "graph automorphisms" (coming from
automorphisms of the Dynkin diagram).

Contents

1 Infinite families
1.1 Cyclic groups Zp
1.2 An, n > 4, Alternating groups
1.3 An(q) Chevalley groups, linear groups
1.4 Bn(q) n > 1 Chevalley groups, orthogonal group
1.5 Cn(q) n > 2 Chevalley groups, symplectic groups
1.6 Dn(q) n > 3 Chevalley groups, orthogonal groups
1.7 E6(q) Chevalley groups
1.8 E7(q) Chevalley groups
1.9 E8(q) Chevalley groups
1.10 F4(q) Chevalley groups
1.11 G2(q) Chevalley groups
1.12 2An(q2) n > 1 Steinberg groups, unitary groups
1.13 2Dn(q2) n > 3 Steinberg groups, orthogonal groups
1.14 2E6(q2) Steinberg groups
1.15 3D4(q3) Steinberg groups
1.16 2B2(22n+1) Suzuki groups
1.17 2F4(22n+1) Ree groups, Tits group
1.18 2G2(32n+1) Ree groups

2 Sporadic groups
2.1 Mathieu group M11
2.2 Mathieu group M12

List of finite simple groups - Wikipedia, the free encyclopedia http://en.wikipedia.org/wiki/List_of_finite_simple_groups

1 of 16 11/3/2009 4:45 PM



Let 9 be a complex semisimple Lie algebra, ~ a Cartan subalgebra. A linear 
form .>- on ~ is a weight of a representation 1T: 9 --+ g[(V) if 

VA = {v E VI1T(h)v = '>-(h) (h E ~)} of o. 
The space V is always the direct sum of the VA. The weights of all finite dimensional 
representations generate a lattice P in the smallest Q-subspace ~Q of ~* spanned 
by them, which is a Q-form of ~*. A nonzero weight of the adjoint representation 
is a root. The roots generate a sublattice Q of P. Let ~~ be the real span of P. For 
each root a there is a unique automorphism Sa of order 2 of ~R leaving the set of 
roots stable, transforming a to -a and having a fixed point set of codimension one. 
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Fix a set 6. of "simple roots", i.e. L = dim ~ linearly independent roots such that 
any other root is a integral combination of the a E 6. with coefficients of the same 
sign, and call positive those with positive coefficients. Introduce a partial ordering 
among the weights by saying that A ~ f.1 if A - f.1 is a positive linear combination 
of simple roots. Then A E P is said to be dominant if A ~ saA for all simple 
a's. Let p+ be the set of dominant weights. [The group W of automorphisms of 
~i generated by the Sa is one realization of the group (5) introduced by Weyl in 
[W68] and later called the Weyl group. A weight can also be defined as dominant 
if it belongs to a suitable fundamental domain C of W, namely the intersection of 
the half-spaces Ea (a E 6.), where Ea is the half-space bounded by the fixed point 
set of Sa and containing a.] 

Let 7t" be irreducible. Cartan showed first that it has a unique highest weight A", 
i.e. a weight which is greater than any other weight. This weight has multiplicity 
one. The main result of [C37] is that any A E p+ is the highest weight of one and 
only one (up to equivalence) irreducible representation. The dominant weights are 
linear combinations with positive integral coefficients of the so-called fundamental 
weights Wi (1 :::; i :::; L), where I = dim ~ is the rank of g. Cartan's strategy for 
proving this was first to exhibit a representation Vi for each fundamental dominant 
weight Wi, and then to locate an irreducible representation having a given dominant 
weight A = L Ci . Wi as its highest weight as the smallest g-submodule in the tensor 
product VjCI @ .. '@VjCl of Cl copies of Vl , ... , Cl copies of Vi containing V;,' @ .. ,@Vu';;' . 
It is this last point that Weyl criticized (see below). 

8(34) Cartan agreed there was a gap. but in fact he could have easily bypassed 
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The key point was to show that the "unitary restriction" could be applied in 
the general situation. This was done in two steps: first Weyl showed that a given 
complex semisimple Lie algebra 9 has a "compact real" form gu, i.e., a real Lie 
subalgebra such that 9 = gu 011< C, on which the restriction of the Killing form 
is negative non-degenerate. 9 For instance, if 9 = s[n(C) one can take for g" the 
Lie algebra of SUn' To this effect, Weyl first had to outline the general theory of 
semisimple Lie algebras, for which the only sources until then were the papers of Yr. 
Killing and Cartan's thesis, all extremely hard to read, and then had to prove the 
existence of gu by a subtle argument using the constants of structure. Already this 
exposition, which among other things stressed the importance of a finite reflection 
group (5), later called the Weyl group, was a landmark, and for many years it was 
the standard reference. But there it was really only preliminary material. Identify 
9 to a subalgebra of g[(g) by the adjoint representation, which is possible since g. 
being semisimple, is in particular centerless, and let CO be the complex subgroup 
of CL(g) with Lie algebra g. It leaves invariant the Killing form K 9 defined by 
K 9 (x,y) = tr(adx 0 ady), which is non-degenerate by a result of Cartan. Then 
let C~ be the real Lie subgroup of CO (viewed now as a real Lie group) with Lie 
algebra gu. Since the restriction K u of K 9 to g" is negative non-degenerate, it can 
be viewed as a subgroup of the orthogonal group of K u , hence is compact. lO 

This is a situation to which the Schur-Hurwitz device can be applied; therefore 
any finite dimensional representation 71" of 9 which integrates to a representation of 
CO is fully reducible. However, in general, a representation 71" of 9 will integrate to a 
representation not of Co, but of some covering group C.,., of Co. In the latter, there 
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A(A) = L (detw)w· A (A E X(T)). 
wEW 

The sum A(A) is skew invariant with respect to W, equal to zero if A is fixed under 
a reflection sa in W, and depends only on the orbit W . A of A. Fix a closed 
convex cone C in X(T)1R = X(T) 0z IR which is a fundamental domain for W, call 
A dominant if it belongs to C, and say that a root 0 is positive if it lies in the 
half-space bounded by the fixed point set of Sa and containing C. Let 2p be the 
sum of the positive roots. We have Weyl's denominator formula 

1 2 1 2(5) A(p) =	 IT (0 / - 0 / ). 

a>O 

Weyl showed that for every continuous class function j on K we have 

(6)	 i j(k)dk = £j(t)p,(t)dt, 

where dk (resp. dt) is the invariant measure on K (resp. T) with mass 1 and 

(7) p, = IWI-1IA(p)12 (IWI the order of W), 

a point which Schur had singled out in his praise of Weyl's results. From this and 
the orthogonality relations for characters of K or of T, Weyl deduced that every 
irreducible character is of the form 

(8) 

where A1I" is dominant. 12 He did not show, however, but derived from Cartan's work, 
that every dominant A occurs in this way.13 I shall soon come back to this problem. 
He also deduced from (8) a formula for the degree d07f of 7f: 

(9)	 d07f = IT (p + A1I",a) , 
a>O (p,o) 

where 0 runs through the positive roots and ( , ) is a scalar product invariant 
under the Weyl group. Both (8) and (9) were not at all to be seen from Cartan's 
construction of irreducible representations. 

§3. Impact on E. Cartan 

5. Among many things, these papers mark the birthdate of the systematic 
global theory of Lie groups. The original Lie theory, created in 1873, was in prin­
ciple local, but during the first fifty years, global considerations were not ruled 
out, although the main theorems were local in character. However, a striking fea­
ture here was that algebraic statements were proved by global arguments, which 
moreover, seemed unavoidable at the time. 14 Weyl had not bothered to define the 
concepts of Lie group or of universal covering (the latter being already familiar to 
him in the context of Riemann surfaces).15 He had just taken them for granted, 
but could of course lean on the examples of the classical groups, which had been 
known global objects even back in the early stages of Lie theory. 

6. These papers had a profound impact on Cartan. He had first known Weyl's 
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1. 1 THEOREM. Let G be a semisimple algebraic group 01 characteristic p ~ 0 

and rank I, and let !R denote the set 01 pi irreducible rational projective repre­

sentations 01 G in each 01 which the high weight J. satis fies O:c:; A(a) :c:; (p - 1) 

(a E S). Let Qj denote the automorphism t -> tPI 01 the universal field as well as 

the corresponding automorphism (see §5) 0/ G, and lor RE!R let R~i denote 

the composition of Qi and R. Then every irreducible rational projective repre­

sentation 0/ G can be written uniquely as DI.oRii (weak tensor product, Rj E !In. 

Received May 21, 1962. 
* This research was supported by the Air Force Office of Scientific Research. 
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MR0409673 (53 #13425) 20G05
Verma, Daya-Nand
The rôle of affine Weyl groups in the representation theory of algebraic Chevalley groups
and their Lie algebras.
Lie groups and their representations (Proc. Summer School, Bolyai János Math. Soc., Budapest,
1971), pp. 653–705. Halsted, New York, 1975.

The author formulates a number of very interesting conjectures concerning (1) affine Weyl groups
and Weyl’s dimension polynomial for a root system ∆, and (2) representations of a split simply
connected semisimple algebraic group G having ∆ as root system, as well as representations of
its Lie algebra gK , when the field of definition K has prime characteristic p. The two parts of
his paper are devoted to these respective subjects (and the relations between them), providing
a good deal of helpful expository material as well as some original observations. Probably the
author’s most significant contribution is to focus attention on the unifying role of affine Weyl
groups in the modular representation theory of G, where the results seemed at one time to have
little coherence. The paper reached its present form in late 1972, but some footnotes added in
proof take account of later developments. By now most of the author’s specific conjectures have
in fact been settled affirmatively, largely through the efforts of S. G. Hulsurkar, J. C. Jantzen,
and the author himself, but some fundamental questions about modular representations remain
unanswered (cf. the reviewer’s paper [Ordinary and modular representations of Chevalley groups,
Lecture Notes in Math., Vol. 528, Springer, Berlin, 1976], for further details).

The first part of the paper is concerned with an abstract root system ∆ in a Euclidean space
E, together with associated objects: the Weyl group W , the weight lattice X and root lattice
X ′ ⊂ X , the cone X+ of dominant weights, the transformation group W̃ generated by W and
translations by elements of X , and the subgroup W̃ ′ (affine Weyl group) involving translations
only by elements of X ′. Weyl’s dimension polynomial D takes positive integral values on X+−
δ (δ is the half-sum of positive roots): D(λ+ δ) is the dimension of the irreducible gC-module
Vλ of highest weight λ, if gC is the complex semisimple Lie algebra having root system ∆. The
author defines certain affine transformations wσ (σ ∈ W ) that transform D into other W -harmonic
polynomials Dσ. Conjecture I: There exist unique bσ ∈ Z for which 1 =

∑
bσDσ (sum over W ).

The author summarizes his own computations in low ranks. Subsequently the conjecture was
proved by Hulsurkar [Invent. Math. 27 (1974), 45–52; MR0369555 (51 #5788)], in a way that
makes it possible in principle to compute the bσ explicitly.

Conjecture I is motivated by the second part of the paper, which begins with a detailed survey of
the irreducible G-modules Mλ (λ ∈ X+). These can be obtained as homomorphic images of the
modules V λ obtained by suitable reduction modulo p of the Vλ. Knowledge of the composition
factors of all the V λ would, in conjunction with Weyl’s character formula, yield the formal
characters of all the Mλ. Since V λ is indecomposable, the author’s “Harish-Chandra principle”,
conjectured earlier, is relevant; it asserts that the highest weights λ and µ of composition factors
of an indecomposable (rational) G-module must be related by: µ+ δ ≡ (λ+ δ)w (mod pX) for
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MR564523 (81b:14006) 14F05 (20G05 22E45)
Andersen, Henning Haahr
The strong linkage principle.
J. Reine Angew. Math. 315 (1980), 53–59.

Let G denote a connected reductive algebraic group over an algebraically closed field of prime
characteristic P, T a maximal torus in G, R+ a system of positive roots for the roots of (G, T ),
and let Mλ1,Mλ2 be irreducible G-modules with highest weights λ1, λ2, relative to the ordering in
R+, which both occur as composition factors of an indecomposable G-module. Then the linkage
principle (proved for some G and P ) asserts that λ1, λ2 are linked in the sense that they lie in the
same affine Weyl group orbit. Given the choice R+ there is a natural notion of strong linkage of
two given characters λ1, λ2 of T by a finite sequence of characters. The author proves (for all P )
a strong linkage principle for the cohomology modules of induced homogeneous line bundles on
G/B, where B ⊃ T is a Borel subgroup, and deduces as a corollary a strong linkage principle for
Weyl modules. It is shown moreover, by example, that for G of type B2, some higher cohomology
groups indeed can be decomposable as G-modules.

Reviewed by Floyd L. Williams
c© Copyright American Mathematical Society 1981, 2009
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MR560412 (81j:20066) 20H15 (17B35 20G05 22E47)
Kazhdan, David; Lusztig, George
Representations of Coxeter groups and Hecke algebras.
Invent. Math. 53 (1979), no. 2, 165–184.

In this paper of exceptional importance, the authors have been able to “explain” many combina-
torial phenomena that are associated to a Weyl group in different contexts. The key discovery is
that of a set of certain polynomials Px,y in one variable with integral coefficients associated to a
pair (x, y) of elements of a Coxeter group W . These polynomials are used extensively to (1) con-
struct certain representations of the Hecke algebra of W thereby obtaining important information
on representations of W , (2) give a formula (conjecturally) for the multiplicities in the Jordan-
Hölder series of Verma modules or equivalently for the formal characters of irreducible highest
weight modules (extending the celebrated Weyl character formula to “nondominant” weights), (3)
give a complete description for the inclusion-relations between various primitive ideals in the en-
veloping algebra of a complex semisimple Lie algebra g; in case g is of type An, this is further
tied up with the dimensions of certain representations of the corresponding Weyl group (via the
“Jantzen conjecture”—cf. a paper by A. Joseph [Noncommutative harmonic analysis (Proc. Third
Colloq., Marseille-Luminy, 1978), pp. 116–135, Lecture Notes in Math., 728, Springer, Berlin,
1979; MR0548328 (80k:17007)]), (4) give a measure of the failure of local Poincaré duality in the
geometry of Schubert cells in flag varieties. (In a later paper [Geometry of the Laplace operator
(Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), pp. 185–203, Amer. Math.
Soc., Providence, R.I., 1980] the authors give a more precise interpretation of the coefficients of
Px,y in terms of a certain cohomology theory called “middle intersection cohomology” associated
with the geometry of Schubert cells.)

Considering the various topics involved and their importance, it seems worthwhile to give a
detailed review in order to give some idea of the wealth of information contained in this paper.

We first describe the combinatorial setup involved. Let (W, S) be a Coxeter group. Let
Z[q1/2, q−1/2] be the ring of Laurent polynomials in the indeterminate q1/2 over Z. Let H be the
free Z[q1/2, q−1/2]-module with {Ty|y ∈ W} as a basis; the multiplication in H is given by: for
s ∈ S, y ∈ W , Ts · Ty = Tsy if l(sy) ≥ l(y) and Ts · Ty = (q − 1)Ty + q · Tsy if l(sy) ≤ l(y).
(Classically, one considers Z[q]-coefficients only; the algebra H thus obtained, called the Hecke
algebra of W , is isomorphic to the space of interwining operators on the “1G

B”-representation of a
finite Chevalley group with W as the Weyl group.)

It can be seen that Ty is invertible in H and so H has an involution − under which Ty goes to T−1
y−1

and q1/2 goes to q−1/2. The main discovery of the paper can now be stated as the theorem: For any
y ∈ W , there is a unique element Cy ∈ H such that (i) Cy = Cy and (ii) Cy =

∑
x∈W (−1)l(x)+l(y) ·

(q1/2)l(y) · q−l(x)Px,y · Tx, where Px,y ∈ Z[q] with Py,y = 1 and deg Px,y ≤ (l(y)− l(x)− 1)/2 if
x <

�=
y (≤ is the Bruhat ordering on W ) and Px,y = 0 otherwise.

The authors give an inductive formula for Px,y; however, no closed formula is available as yet. It
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MR1317626 (96j:17016) 17B67 (17B10)
Kashiwara, Masaki (J-KYOT-R); Tanisaki, Toshiyuki (J-HROSE-M2)
Kazhdan-Lusztig conjecture for affine Lie algebras with negative level.
Duke Math. J. 77 (1995), no. 1, 21–62.

There is a remarkable connection between the theory of D-modules on a flag manifold and
characters of irreducible highest weight modules for Kac-Moody Lie algebras. The classical Weyl
character formula and its generalization by V. G. Kac to symmetrizable Kac-Moody algebras
determine the characters when the highest weight is dominant integral. A major contribution
to understanding characters of other highest weight modules for finite-dimensional semisimple
Lie algebras was made by Kazhdan-Lusztig in 1979, when they conjectured a character formula
and suggested its relation to intersection cohomologies of Schubert varieties. The conjecture was
independently settled by Beı̆linson-Bernstein and by Brylinski-Kashiwara using D-module theory.
There are two cases involved in the generalization to Kac-Moody Lie algebras because dominant
and anti-dominant weights are not conjugate under the Weyl group. The dominant case was
treated by Kashiwara, Kashiwara-Tanisaki, and independently by Casian, for symmetrizable Kac-
Moody Lie algebras, generalizing methods used in the finite-dimensional case to deal with infinite-
dimensional flag manifolds and infinite-dimensional Schubert varieties. This paper concerns the
anti-dominant case for affine Kac-Moody Lie algebras, where Lusztig gave a precise conjecture
for the formula. The existence of imaginary roots with negative length in Kac-Moody Lie algebras
which are not of finite or affine type invalidates that formula in those cases. Using the usual
notations in the subject, the following theorem is proven. Theorem: For any λ in the dual of
the Cartan subalgebra of an affine Kac-Moody Lie algebra such that (λ + ρ)(hi) ∈ Z<0 for each
simple coroot hi, and for any w in the Weyl group W , we have the character formula

ch L(w(λ + ρ)− ρ) =
∑

y≤w

(−1)l(w)−l(y)Py,w(1)ch M(y(λ + ρ)− ρ)

where L(µ) and M(µ) denote the irreducible module and the Verma module, respectively, with
highest weight µ, and Py,w(q) denotes the Kazhdan-Lusztig polynomial.

A preprint of Casian is mentioned which also claims to prove the same result.
Reviewed by Alex Jay Feingold

c© Copyright American Mathematical Society 1996, 2009
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Brylinski, J.-L.; Kashiwara, M.
Kazhdan-Lusztig conjecture and holonomic systems.
Invent. Math. 64 (1981), no. 3, 387–410.

It is probably fair to say that during the last decade the single most important problem in the
representation theory for a semisimple complex Lie algebra g has been the problem of determining
the composition factor multiplicities in Verma modules. Before the Kazhdan-Lusztig conjecture
one had only been able to solve this problem in low rank and in some special cases [see J. C.
Jantzen, Modules with a highest weight (German), Lecture Notes in Math., 750, Springer, Berlin,
1979; MR0552943 (81m:17011)]. D. Kazhdan and G. Lusztig [Invent. Math. 53 (1979), no. 2,
165–184; MR0560412 (81j:20066)] introduced certain polynomials Py,w, one for each pair (y, w)
of elements in the Weyl group W for g and the Kazhdan-Lusztig conjecture states that the values at
1 of these polynomials give the above-mentioned multiplicities. These polynomials are introduced
as the coefficients of certain “universal” elements in the Hecke algebra of W but they may also
be described via an explicit algorithm. Moreover, Kazhdan and Lusztig in a subsequent paper
[Geometry of the Laplace operator (Honolulu, Hawaii, 1979), pp. 185–203, Proc. Sympos. Pure
Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980] showed that the polynomials also
have an interpretation in terms of the so-called middle intersection cohomology developed by M.
Goresky, R. MacPherson and P. Deligne.

In the paper under review the Kazhdan-Lusztig conjecture is proved using this last characteri-
zation of the Py,w’s. The authors set up an equivalence between a category consisting of certain
holonomic systems with regular singularities on the flag manifold (for the group corresponding to
g) and a subcategory of the category of g-modules. In this way they get associated to each simple
g-module L a sheaf L and the character of L is then computable via the complex RHomD(O,D⊗
L) where D denotes the sheaf of differential operators on the flag manifold. The proof is then
completed by proving that this complex coincides (up to a shift) with the intersection cohomology
complex associated to a Schubert variety.

A. Beilinson and J. Bernstein have independently proved the Kazhdan-Lusztig conjecture using
a similar method [C. R. Acad. Sci. Paris Sér. I Math. 292 (1981), no. 1, 15–18; MR0610137
(82k:14015)]. O. Gabber and A. Joseph proved [ MR0644519 (83e:17009)above] that the same
conjecture for Verma modules corresponding to not necessarily integral weights is a consequence
of an earlier conjecture of Jantzen. Jantzen’s conjecture has now been proved by J. Bernstein
(unpublished).

Reviewed by H. H. Andersen
c© Copyright American Mathematical Society 1983, 2009
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Kazhdan-Lusztig conjecture and holonomic systems.
Invent. Math. 64 (1981), no. 3, 387–410.

It is probably fair to say that during the last decade the single most important problem in the
representation theory for a semisimple complex Lie algebra g has been the problem of determining
the composition factor multiplicities in Verma modules. Before the Kazhdan-Lusztig conjecture
one had only been able to solve this problem in low rank and in some special cases [see J. C.
Jantzen, Modules with a highest weight (German), Lecture Notes in Math., 750, Springer, Berlin,
1979; MR0552943 (81m:17011)]. D. Kazhdan and G. Lusztig [Invent. Math. 53 (1979), no. 2,
165–184; MR0560412 (81j:20066)] introduced certain polynomials Py,w, one for each pair (y, w)
of elements in the Weyl group W for g and the Kazhdan-Lusztig conjecture states that the values at
1 of these polynomials give the above-mentioned multiplicities. These polynomials are introduced
as the coefficients of certain “universal” elements in the Hecke algebra of W but they may also
be described via an explicit algorithm. Moreover, Kazhdan and Lusztig in a subsequent paper
[Geometry of the Laplace operator (Honolulu, Hawaii, 1979), pp. 185–203, Proc. Sympos. Pure
Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980] showed that the polynomials also
have an interpretation in terms of the so-called middle intersection cohomology developed by M.
Goresky, R. MacPherson and P. Deligne.

In the paper under review the Kazhdan-Lusztig conjecture is proved using this last characteri-
zation of the Py,w’s. The authors set up an equivalence between a category consisting of certain
holonomic systems with regular singularities on the flag manifold (for the group corresponding to
g) and a subcategory of the category of g-modules. In this way they get associated to each simple
g-module L a sheaf L and the character of L is then computable via the complex RHomD(O,D⊗
L) where D denotes the sheaf of differential operators on the flag manifold. The proof is then
completed by proving that this complex coincides (up to a shift) with the intersection cohomology
complex associated to a Schubert variety.

A. Beilinson and J. Bernstein have independently proved the Kazhdan-Lusztig conjecture using
a similar method [C. R. Acad. Sci. Paris Sér. I Math. 292 (1981), no. 1, 15–18; MR0610137
(82k:14015)]. O. Gabber and A. Joseph proved [ MR0644519 (83e:17009)above] that the same
conjecture for Verma modules corresponding to not necessarily integral weights is a consequence
of an earlier conjecture of Jantzen. Jantzen’s conjecture has now been proved by J. Bernstein
(unpublished).

Reviewed by H. H. Andersen
c© Copyright American Mathematical Society 1983, 2009
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Kashiwara, Masaki (J-KYOT-R); Tanisaki, Toshiyuki (J-HROSE-M2)
Kazhdan-Lusztig conjecture for affine Lie algebras with negative level.
Duke Math. J. 77 (1995), no. 1, 21–62.

There is a remarkable connection between the theory of D-modules on a flag manifold and
characters of irreducible highest weight modules for Kac-Moody Lie algebras. The classical Weyl
character formula and its generalization by V. G. Kac to symmetrizable Kac-Moody algebras
determine the characters when the highest weight is dominant integral. A major contribution
to understanding characters of other highest weight modules for finite-dimensional semisimple
Lie algebras was made by Kazhdan-Lusztig in 1979, when they conjectured a character formula
and suggested its relation to intersection cohomologies of Schubert varieties. The conjecture was
independently settled by Beı̆linson-Bernstein and by Brylinski-Kashiwara using D-module theory.
There are two cases involved in the generalization to Kac-Moody Lie algebras because dominant
and anti-dominant weights are not conjugate under the Weyl group. The dominant case was
treated by Kashiwara, Kashiwara-Tanisaki, and independently by Casian, for symmetrizable Kac-
Moody Lie algebras, generalizing methods used in the finite-dimensional case to deal with infinite-
dimensional flag manifolds and infinite-dimensional Schubert varieties. This paper concerns the
anti-dominant case for affine Kac-Moody Lie algebras, where Lusztig gave a precise conjecture
for the formula. The existence of imaginary roots with negative length in Kac-Moody Lie algebras
which are not of finite or affine type invalidates that formula in those cases. Using the usual
notations in the subject, the following theorem is proven. Theorem: For any λ in the dual of
the Cartan subalgebra of an affine Kac-Moody Lie algebra such that (λ + ρ)(hi) ∈ Z<0 for each
simple coroot hi, and for any w in the Weyl group W , we have the character formula

ch L(w(λ + ρ)− ρ) =
∑

y≤w

(−1)l(w)−l(y)Py,w(1)ch M(y(λ + ρ)− ρ)

where L(µ) and M(µ) denote the irreducible module and the Verma module, respectively, with
highest weight µ, and Py,w(q) denotes the Kazhdan-Lusztig polynomial.

A preprint of Casian is mentioned which also claims to prove the same result.
Reviewed by Alex Jay Feingold
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MR1239507 (94g:17049) 17B67
Kazhdan, D. (1-HRV); Lusztig, G. (1-MIT)
Tensor structures arising from affine Lie algebras. IV.
J. Amer. Math. Soc. 7 (1994), no. 2, 383–453.

In this, the last paper of this series, the authors prove the main result, which gives an equivalence
of the tensor category of the representations of an affine Kac-Moody algebra and tensor category
of finite-dimensional representations of the corresponding quantum group. The proof relies on the
three previous papers [Parts I and II, J. Amer. Math. Soc. 6 (1993), no. 4, 905–947, 949–1011;
MR1186962 (93m:17014); Part III, J. Amer. Math. Soc.; see the preceding review].

Reviewed by Ya. S. Soı̆bel′man
c© Copyright American Mathematical Society 1994, 2009



Len
Pencil



Previous Up Next Article

Citations
From References: 49
From Reviews: 15

MR1272539 (95j:20036) 20G05 (17B37 17B45)
Andersen, H. H. [Andersen, Henning Haahr] (DK-ARHS-MI); Jantzen, J. C. (1-OR);
Soergel, W. (D-FRBG)
Representations of quantum groups at a pth root of unity and of semisimple groups in
characteristic p: independence of p. (English, French summaries)
Astérisque No. 220 (1994), 321 pp.

Fix an indecomposable finite root system R. Associate to R two families of objects: (1) For any
odd integer p > 1 (prime to 3 if R is of type G2) let Up be the quantized enveloping algebra
(Lusztig’s version constructed via divided power) at a pth root ε of unity (with Q(ε) as the ground
field); (2) for any prime p let Gp be the semisimple connected and simply connected algebraic
group over an algebraically closed field of characteristic p.

It has been conjectured for quite a long time that certain modules naturally appearing in the
representation theory of Gp have decomposition patterns independent of p (for p > h, the Coxeter
number of R) [see D.-N. Verma, in Lie groups and their representations (Budapest, 1971), 653–
705, Halsted, New York, 1975; MR0409673 (53 #13425)]. It has also been expected in recent
years that the corresponding modules appearing in the representation theory of Up (p > h) would
also have the same decomposition pattern. This long paper is a contribution to these conjectures
and expectations.

To be more precise, let gk be the Lie algebra of Gk, which is naturally a restricted Lie algebra, and
let U [p](gk) be the restricted enveloping algebra of gk. On the other hand, the quantized enveloping
algebra Up has a finite-dimensional subalgebra up serving as the quantum analogue of U [p](gk).
One of the main results of the paper is as follows: (I) There is a Z-algebra B, finitely generated
as a Z-module, such that (1) the k-algebra B⊗Z k is Morita equivalent to the principal block
ideal of U [p](gk) whenever p > h, and (2) the Q(ε)-algebra B⊗Z Q(ε) is Morita equivalent to the
principal block ideal of up whenever p > h.

Here by principal block we mean the block containing the trivial module. In both cases the
simple modules in this block can be indexed naturally by the elements of the Weyl group W of
R. Denote by Lw the simple module corresponding to w ∈ W , and Qw the projective cover of
Lw. Then the result (I) implies that the integers [Qw : Ly], which are known as Cartan integers,
are independent of p, provided p is big enough. This is generalized to the following result on
the decomposition pattern of (infinitesimal) Verma modules, which are modules induced from
1-dimensional modules of a fixed Borel subalgebra. (Because of a reciprocity proved by J. E.
Humphreys, the following result is a generalization.) (II) Let Zw be the Verma module with top
composition factor Lw. Then there exists an integer d(w, y) for each pair w, y ∈ W such that
(1) [Zw : Ly] = d(w, y) for U [p](gk)-modules whenever p � 0, and (2) [Zw : Ly] = d(w, y) for
up-modules whenever p > h.

Similar results on Weyl modules and on Verma U [p](gk)-Tk-modules and their quantum ana-
logues also hold. Here Tk stands for a fixed maximal torus of Gk and the weight lattice X of R is
identified with the character group of Tk. For a quantized enveloping algebra Up, one uses a toral
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subalgebra Hp instead of Tk, making a similar identification.
Weyl modules and simple modules for Gk and Up are all indexed by the dominant weights X+

(with respect to a fixed order on R). Denote by Vλ [resp., by Lλ] the Weyl [resp., simple] module
with highest weight λ ∈ X+. Also, there is a p-dot action .p of the affine Weyl group Wa = W �

ZR on X given by w.pλ = w(λ + ρ)− ρ for w ∈ W , ρ being half the sum of positive roots,
and ν.pλ = λ + pν for ν ∈ ZR. Thanks to the linkage principle, one has [Vλ : Lµ] = 0 whenever
µ /∈ Wa.pλ. The main result on Weyl modules in this paper is as follows: (III) Set W+

a = {w ∈
Wa: w.p0 ∈ X+ for all p ≥ h}. There exists an integer b(w, y) for each pair w, y ∈ W+

a such that
(1) [Vw.p0 : Ly.p0] = b(w, y) for Gp-modules whenever p � 0, and (2) [Vw.p0 : Ly.p0] = b(w, y) for
Up-modules whenever p ≥ h.

Note that, unlike the other results mentioned in this review, one cannot expect to have a uniform
bound for p such that the conclusion (1) immediately above holds for all w, y ∈ W+

a . The bound
depends on w.

The decomposition numbers for other Wa-orbits can be obtained by using the translation prin-
ciple. A U [p](gk)-Tk-module is a vector space endowed simultaneously with a U [p](gk)-module
structure and a Tk-module structure, subject to a natural compatibility condition. Simple U [p](gk)-
Tk-modules are indexed by X . Denote by Lλ the simple U [p](gk)-Tk-module with highest weight
λ ∈ X; there is a Verma module Zλ with Lλ as its top composition factor. These constructions
also have quantization—one may consider up-Hp and its simple modules Lλ and Verma modules
Zλ for λ ∈ X . There are also linkage and translation principles for these modules. The main re-
sult for these modules is as follows: (IV) There exists an integer d′(w, y) for any pair w, y ∈ Wa

such that (1) [Zw.p0 : Ly.p0] = d′(w, y) for U [p](gk)-Tk-modules whenever p � 0, and (2) [Zw.p0 :
Ly.p0] = d′(w, y) for up-Hp-modules whenever p ≥ h.

Note also that the result (III) (or (IV)) implies that one gets for char K � 0 each simple
Gk-module with restricted highest weight by reduction modulo p from a simple Up-module,
as conjectured by Lusztig. It also implies that his conjecture on algebraic groups Gk follows for
char k � 0 from his conjecture on quantized enveloping algebras Uk. Unfortunately, the arguments
in this paper do not yield reasonable bounds.

Reviewed by Jian-Pan Wang
c© Copyright American Mathematical Society 1995, 2009
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MR997250 (90g:16026) 16A64
Dipper, Richard (1-OK); James, Gordon (4-LNDIC)
The q-Schur algebra.
Proc. London Math. Soc. (3) 59 (1989), no. 1, 23–50.

In this paper the authors consider algebras S which depend on a parameter q. They call these
algebras the q-Schur algebras. They study the decomposition matrices of S for those primes p
which do not divide q. Their main theorem asserts the following: When q is a prime power and
p is a prime not dividing q then the p-modular decomposition matrices of the q-Schur algebras
determine the p-modular decomposition matrices for GLn(q). An important consequence of this
result is the fact that the decomposition matrix of GLn(q) for the prime dividing q is determined
by the decomposition matrices for those which do not divide q.

This is a long, technical paper but one which is full of elegant, significant results. It is well worth
taking the time to read and understand.

Reviewed by Philip Hanlon
c© Copyright American Mathematical Society 1990, 2009
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MR1664998 (99k:20029) 20C33 (20C30 20E28 20G05 20G40)
Scott, Leonard (1-VA)
Linear and nonlinear group actions, and the Newton Institute program.
Algebraic groups and their representations (Cambridge, 1997), 1–23, NATO Adv. Sci. Inst. Ser. C
Math. Phys. Sci., 517, Kluwer Acad. Publ., Dordrecht, 1998.

The author surveys in some detail what is known or conjectured about modular representations
of finite groups of Lie type, in both defining and nondefining characteristics. He also explains
how these two settings are interrelated and how representation theory is connected with the
determination of maximal subgroups. The study of these finite groups involves a rich mixture of
ingredients: representations of algebraic groups, q-Schur algebras, Hecke algebras, representations
of symmetric groups, etc. The extensive list of references reflects the wide range of contributions
to these problems.
{Reviewer’s remark: The author points out that his formulation of Lusztig’s conjecture requires

the use of fundamental reflections in the walls of the negative alcove opposite to the positive
dominant alcove. He and his students have now completed their computer-aided verification of
the conjecture for SL5 for the primes 5 and 7. The case p = 5 was independently done by N.
Lauritzen and A. Buch in Aarhus. When p = 5, the version of the conjecture formulated by S.
Kato, which includes all restricted weights, turns out to be correct; this version was known by
Kato to be stronger than Lusztig’s original version, contrary to what the author suggests in his
survey.}
{For the entire collection see MR1664997 (99i:20002)}

Reviewed by James E. Humphreys
c© Copyright American Mathematical Society 1999, 2009
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MR0470094 (57 #9861) 20G05
Cline, Edward; Parshall, Brian; Scott, Leonard
Induced modules and affine quotients.
Math. Ann. 230 (1977), no. 1, 1–14.

Let H be a closed subgroup of an affine algebraic group G over an algebraically closed field k. The
authors prove the equivalence of the following conditions: (a) H is exact in G (the functor indH

G

on rational modules preserves short exact sequences); (b) the quotient variety G/H is affine; (c)
H is strongly observable in G (every rational H-module V can be embedded in suitable G-module
W so that V H =WG); (d) R(G) is a rationally injective H-module; (e) there is a nonzero rational
G-module which is rationally injective as an H-module; (f) every rationally injective G-module
is rationally injective as an H-module. The principal result is the equivalence of (a) and (b). For
reductive G, this means that H is also reductive.

Reviewed by Chin-han Sah
c© Copyright American Mathematical Society 1979, 2009
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MR611465 (84e:20048) 20G05
Donkin, Stephen
A filtration for rational modules.
Math. Z. 177 (1981), no. 1, 1–8.

From the introduction: “Let G be a semisimple, simply connected affine algebraic group over
k, an algebraically closed field of prime characteristic p. We show that the rationally injective
indecomposable G modules have a filtration of submodules such that each successive quotient
is isomorphic to a module induced from a one-dimensional representation of a Borel subgroup.
Moreover, we show that if I is the rationally injective envelope of the simple module L and Y an
induced module of the above type, then the number of successive quotients isomorphic to Y in
such a filtration is equal to the composition multiplicity of L in Y . This reciprocity is analogous
to the reciprocity of I. N. Bernsteı̆n, I. M. Gel′fand and S. I. Gel′fand in the category O [Funct.
Anal. Appl. 10 (1976), 87–92; MR0407097 (53 #10880)]. The proof given here of the existence
of the filtration is valid for an arbitrary prime p and is largely a matter of bookkeeping using G.
Hochschild’s rational cohomology [Illinois J. Math. 5 (1961), 492–519; MR0130901 (24 #A755)].
An invaluable aid in its application is a result of E. Cline et al. [Invent. Math. 39 (1977), 143–163;
MR0439856 (55 #12737); MR errata, EA 57].”
c© Copyright American Mathematical Society 1984, 2009
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Ballard, John W.
Injective modules for restricted enveloping algebras.
Math. Z. 163 (1978), no. 1, 57–63.

Let G be a simply connected simple algebraic group, split over Fp, and let un be the hyperalgebra
of its nth Frobenius kernel; u1 is the restricted universal enveloping algebra of the Lie algebra
of G. Under the hypothesis p ≥ 3h− 3, where h is the Coxeter number of the Weyl group of
G, the author exhibits each injective indecomposable un-module as a G-summand of a suitable
tensor product involving the corresponding Steinberg module Stn. This was partially proved by
the reviewer [Ordinary and modular representations of Chevalley groups, Lecture Notes in Math.,
Vol. 528, Springer, Berlin, 1976; MR0453884 (56 #12137)], and is still conjectured to be true
for arbitrary p. {Recently the hypothesis has been weakened to p ≥ 2h− 2 by J. C. Jantzen
[“Darstellungen halbeinfacher Gruppen und ihrer Frobenius-Kerne”, preprint, Univ. Bonn, Bonn,
1979] who observes also that the author’s equation (2) needs to be justified by the detailed estimates
given in the proof of Proposition 1.} As a corollary, the injective indecomposable modules for the
Chevalley group G(Fpn) are direct summands of the corresponding modules for un (viewed as
G-modules). An interesting, but as yet unpublished, ingredient in the author’s proof is a sort of
Clifford’s theorem for algebraic groups. The author further proves that for p as above, the injective
indecomposable G-modules are direct limits of the corresponding un-modules. {This was proved
independently, and slightly earlier, by S. Donkin (“Hopf complements and injective comodules”,
Proc. London Math. Soc., to appear); another proof is given by Jantzen in the preprint cited above.}

Reviewed by James E. Humphreys
c© Copyright American Mathematical Society 1980, 2009
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Simulating algebraic geometry with algebra. I. The algebraic theory of derived categories.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 271–281,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987.

MR933416 (89c:20062b) 20G05 (18E30)
Parshall, Brian J. (1-IL)
Simulating algebraic geometry with algebra. II. Stratifying representation categories.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 263–269,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987. Citations
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MR933407 (89c:20062c) 20G05 (18E30)
Cline, Ed (1-CLRK)
Simulating algebraic geometry with algebra. III. The Lusztig conjecture as a TG1-problem.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 149–161,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987.

In these three papers (referred to as I–III) the authors describe the ingredients in their joint program
towards proving the Lusztig conjecture for modular irreducible characters of a reductive algebraic
group G. This conjecture is an analogue of the Kazhdan-Lusztig conjecture for the irreducibles
of the category O for a complex semisimple Lie algebra. The latter conjecture was proved in the
early 1980s by using in an essential way a nontrivial equivalence between two derived categories.
It is the authors’ hope to develop a somewhat similar theory to attack the Lusztig conjecture.

In paper I, after describing the motivation and background for their work, Scott surveys the
algebraic theory of derived categories. As an example he illustrates how the so-called tilting
modules give rise to equivalences of derived categories of module categories for certain finite-
dimensional algebras.

In paper II Parshall discusses a stratification of certain derived categories associated to the cate-
gory of G-modules. This—as in fact the whole program—is based on a fundamental work by A.
Beı̆linson, J. N. Bernstein and P. Deligne [in Analyse et topologie sur les espaces singuliers, I (Lu-
miny, 1981), 5–171, Astérisque, 100, Soc. Math. France, Paris, 1982; MR0751966 (86g:32015)],
although the authors’ point of view is less geometric and more algebraic (this being the reason for
the title of I–III). A surprising application gives (in the special case G = GLn) that the classical
Schur algebras have finite global dimension (this result was obtained independently via a less fancy
technique by S. Donkin [J. Algebra 111 (1988), no. 2, 354–364; MR0916172 (89b:20084b)]).

In paper III the derived categories are only present in the distant background. Here the objects of
study are the injective G1T -modules (T a maximal torus in G and G1 the kernel of the Frobenius
homomorphism on G). It is shown how Lusztig’s conjecture can be given an equivalent formulation
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In these three papers (referred to as I–III) the authors describe the ingredients in their joint program
towards proving the Lusztig conjecture for modular irreducible characters of a reductive algebraic
group G. This conjecture is an analogue of the Kazhdan-Lusztig conjecture for the irreducibles
of the category O for a complex semisimple Lie algebra. The latter conjecture was proved in the
early 1980s by using in an essential way a nontrivial equivalence between two derived categories.
It is the authors’ hope to develop a somewhat similar theory to attack the Lusztig conjecture.

In paper I, after describing the motivation and background for their work, Scott surveys the
algebraic theory of derived categories. As an example he illustrates how the so-called tilting
modules give rise to equivalences of derived categories of module categories for certain finite-
dimensional algebras.

In paper II Parshall discusses a stratification of certain derived categories associated to the cate-
gory of G-modules. This—as in fact the whole program—is based on a fundamental work by A.
Beı̆linson, J. N. Bernstein and P. Deligne [in Analyse et topologie sur les espaces singuliers, I (Lu-
miny, 1981), 5–171, Astérisque, 100, Soc. Math. France, Paris, 1982; MR0751966 (86g:32015)],
although the authors’ point of view is less geometric and more algebraic (this being the reason for
the title of I–III). A surprising application gives (in the special case G = GLn) that the classical
Schur algebras have finite global dimension (this result was obtained independently via a less fancy
technique by S. Donkin [J. Algebra 111 (1988), no. 2, 354–364; MR0916172 (89b:20084b)]).

In paper III the derived categories are only present in the distant background. Here the objects of
study are the injective G1T -modules (T a maximal torus in G and G1 the kernel of the Frobenius
homomorphism on G). It is shown how Lusztig’s conjecture can be given an equivalent formulation
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Scott, Leonard L. (1-VA)
Simulating algebraic geometry with algebra. I. The algebraic theory of derived categories.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 271–281,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987.

MR933416 (89c:20062b) 20G05 (18E30)
Parshall, Brian J. (1-IL)
Simulating algebraic geometry with algebra. II. Stratifying representation categories.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 263–269,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987. Citations
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MR933407 (89c:20062c) 20G05 (18E30)
Cline, Ed (1-CLRK)
Simulating algebraic geometry with algebra. III. The Lusztig conjecture as a TG1-problem.
The Arcata Conference on Representations of Finite Groups (Arcata, Calif., 1986), 149–161,
Proc. Sympos. Pure Math., 47, Part 2, Amer. Math. Soc., Providence, RI, 1987.

In these three papers (referred to as I–III) the authors describe the ingredients in their joint program
towards proving the Lusztig conjecture for modular irreducible characters of a reductive algebraic
group G. This conjecture is an analogue of the Kazhdan-Lusztig conjecture for the irreducibles
of the category O for a complex semisimple Lie algebra. The latter conjecture was proved in the
early 1980s by using in an essential way a nontrivial equivalence between two derived categories.
It is the authors’ hope to develop a somewhat similar theory to attack the Lusztig conjecture.

In paper I, after describing the motivation and background for their work, Scott surveys the
algebraic theory of derived categories. As an example he illustrates how the so-called tilting
modules give rise to equivalences of derived categories of module categories for certain finite-
dimensional algebras.

In paper II Parshall discusses a stratification of certain derived categories associated to the cate-
gory of G-modules. This—as in fact the whole program—is based on a fundamental work by A.
Beı̆linson, J. N. Bernstein and P. Deligne [in Analyse et topologie sur les espaces singuliers, I (Lu-
miny, 1981), 5–171, Astérisque, 100, Soc. Math. France, Paris, 1982; MR0751966 (86g:32015)],
although the authors’ point of view is less geometric and more algebraic (this being the reason for
the title of I–III). A surprising application gives (in the special case G = GLn) that the classical
Schur algebras have finite global dimension (this result was obtained independently via a less fancy
technique by S. Donkin [J. Algebra 111 (1988), no. 2, 354–364; MR0916172 (89b:20084b)]).

In paper III the derived categories are only present in the distant background. Here the objects of
study are the injective G1T -modules (T a maximal torus in G and G1 the kernel of the Frobenius
homomorphism on G). It is shown how Lusztig’s conjecture can be given an equivalent formulation
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MR961165 (90d:18005) 18E30 (16A46 17B10 20G05 32C38)
Cline, E. (1-CLRK); Parshall, B. (1-IL); Scott, L. [Scott, Leonard L.] (1-VA)
Finite-dimensional algebras and highest weight categories.
J. Reine Angew. Math. 391 (1988), 85–99.

Let A be a finite-dimensional k-algebra (k a commutative field) and let Db(A) be the category of
bounded complexes over mod-A, the category of finitely generated right A-modules. The authors
continue their investigations for “recollement” of Db(A). For example they show that for an
idempotent e ∈ A and f = 1− e with eAf = 0 and gl dimA < ∞ one obtains a recollement
Db(eAe)←−−→←−Db(A)←−−→←−Db(fAf). Furthermore they introduce by formalizing the category O the
notion of a highest weight category, say with weight set Λ, and show that for an algebra A the
conditions that A is quasi-hereditary and mod A is a highest weight category are equivalent.

Reviewed by Dieter Happel
c© Copyright American Mathematical Society 1990, 2009
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MR1128706 (93c:16010)16G10 (16D90)

Ringel, Claus Michael(D-BLF)
The category of modules with good filtrations over a quasi-hereditary algebra has almost
split sequences.
Math. Z.208(1991),no. 2,209–223.

Let A be an Artin algebra andA-mod the category of finitely generated leftA-modules. LetΘ =
{Θ(1), · · · ,Θ(n)} be a finite set of modules withExt′A(Θ(j),Θ(i)) = 0 for j ≥ i. By F(Θ) is
denoted the full subcategory ofA-mod whose objects admit a filtration with factors inΘ. Let
X(Θ) be the full subcategory ofA-mod of all modules which are direct summands of modules in
F(Θ). The main results of the paper are as follows: the subcategoryF(Θ) is functionally finite
in A-mod (in the sense of M. Auslander and S. O. Smalo [J. Algebra 69 (1981), no. 2, 426–454;
MR0617088 (82j:16048a)]). The categoryX(Θ) has almost split sequences.

Several applications are given to quasi-hereditary algebras. LetE(1), · · · , E(n) be the simpleA-
modules. LetP (i) be the projective cover ofE(i) andU(i) the sum of all images of mapsP (j)→
P (i) with j > i and∆(i) = P (i)/U(i). Dually, the family of modules∇= {∇(1), · · · ,∇(n)} is
defined. The algebraA is quasi-hereditary ifAA belongs toF(∆) andEndA(∆(i)) is a division
ring for 1 ≤ i ≤ n. If A is quasi-hereditary, the categoriesF(∆) andF(∇) have almost split
sequences, theExt-projective objects inF(∆) are projectiveA-modules; moreoverthere is a
tilting and cotilting moduleT with addT = F(∆)∪F(∇).

Reviewed byJ. Antonio de la Pẽna(México)

c© Copyright American Mathematical Society1993, 2009
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MR1200163 (94b:20045) 20G05 (16G99)
Donkin, Stephen (4-LNDQM)
On tilting modules for algebraic groups.
Math. Z. 212 (1993), no. 1, 39–60.

Let G be a reductive affine algebraic group over an algebraically closed field K of characteristic
p > 0. The category of rational G-modules which are bounded in an appropriate sense is equivalent
to the category of modules of an associated quasi-hereditary algebra.

Let A be a finite-dimensional quasi-hereditary algebra with simple modules L(λ), standard
modules Δ(λ) and co-standard modules ∇(λ), and let T denote the class of modules which
have both Δ-filtrations and ∇-filtrations. It was proved by C. M. Ringel [Math. Z. 208 (1991),
no. 2, 209–223; MR1128706 (93c:16010)] that there is a one-to-one correspondence M(λ)↔
L(λ) between the indecomposable modules in T and the simple modules. The direct sum T :=⊕

M(λ) is a (generalized) tilting and cotilting module. Moreover, if A′ := EndA(T ) then A′ is
again quasi-hereditary (with standard modules ΔA′(λ) = HomA(T,∇(λ))).

In this paper, the author studies the implications of these results for reductive groups; these
include the following. The class T is closed under tensor products (which was proved earlier).
The modules M(λ) behave well on truncation to Levi factors. Further, the author studies the
relationship between the M(λ) and injective modules for the infinitesimal subgroups Gn of G.
He conjectures that the injective indecomposables for Gn are always restrictions of certain M(λ).
This is a refinement of an older conjecture (the injectives of Gn have extensions to G-modules;
this has been verified in many situations).

Let G = GLn(K); then the modules M(λ) are precisely the indecomposable summands of
tensor products of exterior powers of the natural module. It is known that one gets the Schur
algebra S(n, r) as an associated quasi-hereditary algebra. The author proves that its conjugate
S(n, r)′ is a generalized Schur algebra, in the sense of earlier work [S. Donkin, J. Algebra
104 (1986), no. 2, 310–328; MR0866778 (89b:20084a); J. Algebra 111 (1987), no. 2, 354–364;
MR0916172 (89b:20084b)]; in particular, it is isomorphic to S(n, r) if r ≤ n. From this he obtains
that the filtration multiplicity [M(λ) :∇(μ)] is equal to the decomposition number dμ′λ′ = [∇(μ′) :
L(λ′)] (where τ ′ is the transpose of the partition τ ).

Reviewed by Karin Erdmann
c© Copyright American Mathematical Society 1994, 2009
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MR1200163 (94b:20045) 20G05 (16G99)
Donkin, Stephen (4-LNDQM)
On tilting modules for algebraic groups.
Math. Z. 212 (1993), no. 1, 39–60.

Let G be a reductive affine algebraic group over an algebraically closed field K of characteristic
p > 0. The category of rational G-modules which are bounded in an appropriate sense is equivalent
to the category of modules of an associated quasi-hereditary algebra.

Let A be a finite-dimensional quasi-hereditary algebra with simple modules L(λ), standard
modules Δ(λ) and co-standard modules ∇(λ), and let T denote the class of modules which
have both Δ-filtrations and ∇-filtrations. It was proved by C. M. Ringel [Math. Z. 208 (1991),
no. 2, 209–223; MR1128706 (93c:16010)] that there is a one-to-one correspondence M(λ)↔
L(λ) between the indecomposable modules in T and the simple modules. The direct sum T :=⊕

M(λ) is a (generalized) tilting and cotilting module. Moreover, if A′ := EndA(T ) then A′ is
again quasi-hereditary (with standard modules ΔA′(λ) = HomA(T,∇(λ))).

In this paper, the author studies the implications of these results for reductive groups; these
include the following. The class T is closed under tensor products (which was proved earlier).
The modules M(λ) behave well on truncation to Levi factors. Further, the author studies the
relationship between the M(λ) and injective modules for the infinitesimal subgroups Gn of G.
He conjectures that the injective indecomposables for Gn are always restrictions of certain M(λ).
This is a refinement of an older conjecture (the injectives of Gn have extensions to G-modules;
this has been verified in many situations).

Let G = GLn(K); then the modules M(λ) are precisely the indecomposable summands of
tensor products of exterior powers of the natural module. It is known that one gets the Schur
algebra S(n, r) as an associated quasi-hereditary algebra. The author proves that its conjugate
S(n, r)′ is a generalized Schur algebra, in the sense of earlier work [S. Donkin, J. Algebra
104 (1986), no. 2, 310–328; MR0866778 (89b:20084a); J. Algebra 111 (1987), no. 2, 354–364;
MR0916172 (89b:20084b)]; in particular, it is isomorphic to S(n, r) if r ≤ n. From this he obtains
that the filtration multiplicity [M(λ) :∇(μ)] is equal to the decomposition number dμ′λ′ = [∇(μ′) :
L(λ′)] (where τ ′ is the transpose of the partition τ ).

Reviewed by Karin Erdmann
c© Copyright American Mathematical Society 1994, 2009
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MR2384612 (2009e:20098) 20G05 (16G10)
Donkin, Stephen (4-YORK)
Tilting modules for algebraic groups and finite dimensional algebras.
Handbook of tilting theory, 215–257, London Math. Soc. Lecture Note Ser., 332, Cambridge
Univ. Press, Cambridge, 2007.

This survey article is aimed at describing the relationship between representation theories of
algebraic groups and quasi-hereditary algebras, with emphasis on tilting modules.

The paper under review includes 10 sections. In Section 1, the author quickly reviews the the-
ory of quasi-hereditary algebras, due to Cline, Parshall and Scott. In particular, tilting modules for
a quasi-hereditary algebra are defined. Section 2 introduces notions of coalgebras and comodules
which connect representations of reductive algebraic groups and quasi-hereditary algebras. Sec-
tions 3, 4 and 5 deal with representations of linear algebraic groups and reductive groups. The
interaction between the tilting theory for a reductive group and the representation theory of its Lie
algebra is also considered. In particular, the author gives a character formula for certain tilting
modules which are projective as modules for the restricted enveloping algebra. In Section 6, he
makes a conjecture describing the support variety of tilting modules for general linear groups in
characteristic 2. Section 7 briefly presents the application of tilting modules in the study of invari-
ant theory. In Sections 8 and 9, the author gives a description of polynomial tilting modules for
general linear groups and makes a connection between representations of general linear groups
and representations of symmetric groups via the Schur functor. The final section provides some
new applications, including a new treatment of recent work of Hemmer and Nakano involving
Specht module multiplicities and a homological treatment of recent work of Fayers and Lyle on
homomorphisms between certain Specht modules for symmetric groups.
{For the entire collection see MR2385175 (2008i:16001)}

Reviewed by Bang Ming Deng
c© Copyright American Mathematical Society 2009
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Thi~ formula (like Kostant's) is very explicit, but not at all easy to apply 
when the Weyl group is large. A formula which is often more practical is 
developed in Exercise 9. 
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MR1072820 (92a:20044) 20G05 (14M15 14M17)
Mathieu, Olivier (F-ENS)
Filtrations of G-modules.
Ann. Sci. École Norm. Sup. (4) 23 (1990), no. 4, 625–644.

Let k be an algebraically closed field, G be a connected semisimple affine algebraic group over
k, and B a Borel subgroup of G. For a one-dimensional rational B-module λ, there is a G-
equivariant line bundle L(λ) on the homogeneous projective variety G/B associated to it. The
G-module Γ(G/B,L(λ)) of global sections of L(λ), denoted by F (λ) in this paper and by
H0(λ) by some other authors, is of great importance in the representation theory of algebraic
groups. For example, it is known that when char k = 0, the nonzero F (λ)’s form a complete
set of representatives of irreducible G-modules (the Borel-Weyl theorem) and any rational G-
module is a direct sum of F (λ)’s (the Weyl complete reducibility theorem). It is also known that
in any characteristic the formal character (thus the dimension) of F (λ), if nonzero, is given by
the Weyl character formula and the dual of F (λ) is the universal highest weight module with
highest weight λ. Therefore it is natural to pay attention to G-modules with good filtrations (a
filtration of a G-module is called good if its subquotients are isomorphic to some F (λ)’s). As a
substitute for the Weyl complete reducibility theorem, one may ask the following questions: (1)
For any λ and μ, does the G-module F (λ)⊗F (μ) have a good filtration? (2) For any λ and any
semisimple subgroup G′ corresponding to a Dynkin subdiagram, does the G′-module F (λ) have
a good filtration?

The first work in this direction was done by the reviewer, who proved [J. Algebra 77 (1982), no.
1, 162–185; MR0665171 (84h:20032)] that the answer to question (1) is “yes”, provided char k is
not too small compared with the Coxeter number. After that S. Donkin’s book Rational represen-
tations of algebraic groups [Lecture Notes in Math., 1140, Springer, Berlin, 1985; MR0804233
(87b:20054)], gave an almost complete solution to the above questions. More precisely, Donkin’s
result is that the answer to these questions is positive, provided G contains no components of
type E7, E8 or char k �= 2. Donkin’s proof requires long and difficult calculations. In particular, it
involves a case-by-case analysis when treating exceptional groups of small characteristics. There-
fore, it is natural to look for a new approach to the above questions, in order to remove Donkin’s
restrictive hypothesis and to avoid the case-by-case analysis.

The present paper is successful in this direction. A positive answer is given to the above questions
without restrictions, and the proof is general. The answer to the above questions is obtained in this
paper as a consequence of a more general result (see the theorem below).

Instead of line bundles on G/B, the author considers line bundles on a “generalized Schubert
scheme”. Recall that a Schubert variety is the Zariski closure of BwB/B in G/B, where w is
an element of the Weyl group W of G. By a generalized Schubert variety the author means the
product of n Schubert varieties for a positive integer n, viewed as a subvariety of (G/B)×n. A
generalized Schubert scheme is simply a union of generalized Schubert varieties. Suppose S ⊆
(G/B)×n is a generalized Schubert scheme. For λ= (λ1, · · · , λn), with λi a one-dimensional B-
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module for each i, there is a line bundle L(λ) on (G/B)×n associated to it. The restriction of
L(λ), also denoted by L(λ), gives a line bundle on S. If, in addition, S is G′B-invariant, with
G′ a semisimple subgroup of G corresponding to a Dynkin subdiagram, then the space of global
sections Γ(S, L(λ)) of L(λ) on S is a G′-module.

For such a G′-module there is a natural “geometrical stratification” (a stratification of a module
M is simply a family I of submodules with M ∈ I): For any G′B-invariant generalized Schubert
schemes S′ and S′′ with S′ ⊇ S′′ and S′ ⊇ S, there are restriction morphisms a: Γ(S′,L(λ))→
Γ(S′′,L(λ)) and b: Γ(S ′,L(λ))→ Γ(S, L(λ)). The geometrical stratification I of Γ(S, L(λ)) is
the set of submodules of the form b(Ker a).

The main result in this paper is the following theorem. The G′-module Γ(S, L(λ)) has a good
filtration compatible with the geometrical stratification I in the sense that the trace of the filtration
in each N ∈ I is good. The proof of the theorem requires the notion of Frobenius splittings due to V.
B. Mehta and A. Ramanathan [see, e.g., Ann. of Math. (2) 122 (1985), no. 1, 27–40; MR0799251
(86k:14038)]. According to Mehta, Ramanan and Ramanathan’s theory, the variety (G/B)×n has
many Frobenius splittings. The author selects a “canonical” splitting and proves that the splitting
is compatible with good filtrations, which is the key step to the above theorem.

Reviewed by Jian-Pan Wang
c© Copyright American Mathematical Society 1992, 2009
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MR0439856 (55 #12737) 14L15 (14M15 20G10)
Cline, E.; Parshall, B.; Scott, L. [Scott, Leonard L.]; van der Kallen, Wilberd
Rational and generic cohomology.
Invent. Math. 39 (1977), no. 2, 143–163.

Let G be a semisimple algebraic group defined and split over Fp. For q = pm let G(q) be the
finite group of Fq-points of G. The main objective of the authors is to relate the cohomology of
the finite group G(q) to the rational cohomology of G. Let V be a finite dimensional rational
G-module and for an integer e ≥ 0 let V (e) be the G-module obtained by twisting the original
G-action on V by the Frobenius endomorphism x � x[p

e], x ∈ G. The main theorem of the
paper states that for sufficiently large q and e (depending on V and n) there are isomorphisms
Hn(G, V (e))�Hn(G(q), V (e))�Hn(G(q), V ), where the first map is the restriction. The proof
contains several steps. Let B be a Borel subgroup of G. In the first step the authors prove that
Hn(G, V ) �Hn(B, V ) for any rational G-module V and for all n ≥ 0. The proof is based on a
suitable modification of a theorem of G. Kempf [Ann. of Math. (2) 103 (1976), no. 3, 557–591;
MR0409474 (53 #13229)] on the vanishing of cohomology of certain homogeneous line bundles.
Next the authors compute the cohomology ring H∗(Ga, k) as a T -algebra, where T is a split torus
acting on Ga with weight α, and k is the one-dimensional trivial module. With these results the
proof of the main theorem follows from some purely arithmetic results on the p-adic expansions.

REVISED (1979)
Current version of review. Go to earlier version.

Reviewed by S. I. Gelfand
c© Copyright American Mathematical Society 1978, 2009
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MR1245719 (94k:20079) 20G05 (17B10 17B37 20G10)
Cline, Edward (1-OK); Parshall, Brian (1-VA); Scott, Leonard (1-VA)
Abstract Kazhdan-Lusztig theories. (English summary)
Tohoku Math. J. (2) 45 (1993), no. 4, 511–534.

In a series of papers, the authors have placed in a general setting many of the features shared by
the representation theories of semisimple Lie algebras in characteristic 0, semisimple algebraic
groups in characteristic p, quantum groups at a root of unity, etc. This involves the notion of highest
weight category, as described in a paper by the authors [J. Reine Angew. Math. 391 (1988), 85–99;
MR0961165 (90d:18005)]. Here they introduce further structure into such categories, centering
on length functions on weight posets and associated “Kazhdan-Lusztig theories”. A major theme
is the explicit calculation of higher Ext groups between pairs of irreducible modules. This requires
some careful work with the bounded derived category associated to a highest weight category: an
“enriched” Grothendieck group is needed to keep track of degree information.

In the concrete setting of modules for a semisimple algebraic group G, this machinery leads to
refinements in the theory surrounding Lusztig’s 1979 conjecture on characters (involving Kazh-
dan-Lusztig polynomials for an affine Weyl group Wa). The authors show that Lusztig’s conjecture
is equivalent to the nonvanishing of Ext1 for pairs of irreducible modules whose highest weights
(in the Jantzen region) are mirror images in adjacent alcoves for Wa. They go on to show how
this will imply a complete calculation of all Extn groups for pairs of irreducible modules with p-
regular highest weights. In the case of the category O in characteristic 0, they are able to make
more precise the relationship between the approaches of Kazhdan-Lusztig and of Vogan (involving
“even-odd” vanishing of cohomology).

For related developments, see the authors’ earlier paper [in Kazhdan-Lusztig theory and related
topics (Chicago, IL, 1989), 43–73, Contemp. Math., 139, Amer. Math. Soc., Providence, RI, 1992;
MR1197829 (93j:20089)].

Reviewed by James E. Humphreys
c© Copyright American Mathematical Society 1994, 2009
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MR1253506(94m:20093) 20G15 (17B10 17B37 20G10)

Cline, E. (1-OK); Parshall, B. (1-VA) ; Scott, L. [Scott,Leonard L.] (1-VA)
The homological dual of a highest weight category.
Proc. London Math. Soc. (3)68 (1994),no. 2,294–316.

This paper continues the authors’ earlier extensive study of highest weight categories [J.
Reine Angew. Math.391 (1988), 85–99;MR0961165 (90d:18005)], quasihereditary rings, and
“Kazhdan-Lusztig theories”. The setting in which the authors work encompasses not only the
characteristic 0 theory associated with the categoryO, but also the more complicated (and less
completely understood) modular theory of semisimple algebraic groups and their Lie algebras.
Here they develop further the ideas in their paper [Tôhoku Math. J. (2)45 (1993), no. 4, 511–
534;MR1245719 (94k:20079)]. In particular, they explore the “homological dual”C! of a highest
weight categoryC with finite weight poset, defined as follows. LetL be the direct sum of the
finitely many irreducible objects inC, andA! = Ext•C(L,L). ThenC! is the category of rightA!-
modules. Unpublished work of A. Beı̆linson, V. Ginsburg, and W. Soergel on self-duality of the
principal block of the categoryO inspires the authors to seek conditions under whichC! is again a
highest weight category. (Examples of V. Dlab show that this is not automatic.) For example, it
is sufficient thatC have a Kazhdan-Lusztig theory. In turn,C! itself will have a Kazhdan-Lusztig
theory if a certain even-odd vanishing criterion is met in the derived category ofC. The graded
analogues are stressed here as being perhaps more natural than the Koszul condition alone for the
algebras involved.

Reviewed byJames E. Humphreys

c© CopyrightAmerican Mathematical Society 1994, 2009
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INTEGRAL AND GRADED QUASI-HEREDITARY ALGEBRAS, II
WITH APPLICATIONS TO REPRESENTATIONS OF

GENERALIZED 𝑞-SCHUR ALGEBRAS AND ALGEBRAIC GROUPS

BRIAN J. PARSHALL AND LEONARD L. SCOTT

We dedicate this paper to Ed Cline on the occasion of his 69th birthday.

Abstract. We consider a pair (𝔞, 𝐴) consisting of a quasi-hereditary algebra 𝐴 and
a (positively) graded subalgebra 𝔞. We present conditions which guarantee that the
algebra gr𝐴 obtained by grading 𝐴 by its radical filtration is quasi-hereditary and
Koszul. In such cases, we also show that the standard and costandard modules for
𝐴 have a structure as graded modules for 𝔞. These results are applied to obtain new
information about the finite dimensional algebras (e. g., the 𝑞-Schur algebras) which

arise from quantum enveloping algebras. In the final section, we consider an order 𝐴

for a quasi-hereditary algebra 𝐴𝐾 , and consider conditions which guarantee that gr𝐴
is an integral quasi-hereditary algebra. This section and many other parts of the paper
have consequences for representations of algebraic groups in positive characteristic.
Explicit positive characteristic analogues of the above results are given, with some
restrictions.
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2 BRIAN J. PARSHALL AND LEONARD L. SCOTT

1. Introduction

This paper continues our study of integral and graded quasi-hereditary algebras be-
gun twenty years ago in [13] with Ed Cline. One dominant theme in [13] and in later
works (see, e. g., [14], [15], [17], and [35]) has been a search for Koszul structures in the
quasi-hereditary algebras of interest in the modular representation theory of algebraic
groups. Beginning with the 1986 preprint [8] by Beilinson-Ginzburg (adapting earlier
work by Priddy [37]), Koszul algebras have played an important role in representation
theory; see, for example, Beilinson-Ginzburg-Soergel [9] on the category 𝒪 (and our
own [14], [15], and [17] in the context of Kazhdan-Lusztig theory). In the case of the
category 𝒪 (as well as in other situations), the Koszul structure arises naturally in
geometric (perverse sheaf) settings, see [9] (and also [34]), but they are notoriously
difficult to obtain from algebraic hypotheses, without assuming the existence of the
positive grading, or finding equivalent algebra automorphism structures [34, §1].1 In-
deed, [17, (3.2)] showed that it is possible for an abstract quasi-hereditary algebra 𝐴
to possess every other good Lie-theoretic property, but to fail to be Koszul or even to
have a positive grading consistent with its radical filtration.
However, the “bad” example in [17] did at least have the property that gr𝐴 :=⊕
𝑛≥0 rad

𝑛𝐴/ rad𝑛+1𝐴, the graded algebra arising from the radical filtration of 𝐴, was
Koszul. We mention here that any finite dimensional algebra 𝐴 with a Koszul structure
must be isomorphic to gr𝐴, although establishing such an isomorphism is usually an
impractical way of exhibiting a grading.
These remarks suggest a different tack. If we cannot prove that an algebra 𝐴 with

many nice properties has a Koszul structure and is, in particular, isomorphic to gr𝐴,
we instead work directly with the algebra gr𝐴. That is, we study what good properties
of 𝐴 can be transferred to the graded algebra gr𝐴.
This approach also presents difficulties, but, in this paper, we have some success

in dealing with them. For example, as an application of the results, we obtain the
following result, see Theorem 8.8 in §8, where 𝑆𝑞(𝑛, 𝑟) denotes the 𝑞-Schur algebra of
bidigree (𝑛, 𝑟) in characteristic 0 at a primitive 𝑒th root 𝜁 of unity for an odd integer
𝑒 > 𝑛 (and 𝑞 = 𝜁2). By a regular block in 𝑆𝑞(𝑛, 𝑟) we mean a block whose irreducible
modules are indexed by chamber 𝑒-regular partitions.

Theorem 1. If 𝐴 is a regular block of 𝑆𝑞(𝑛, 𝑟), then the graded algebra gr𝐴 is a
quasi-hereditary algebra with a Koszul grading.

In fact, the results in §8 actually prove quite a bit more, namely, that the standard
(Weyl) modules for gr𝐴 have the form grΔ𝑞(𝜆) :=

⊕
𝑛≥0 rad

𝑛Δ𝑞(𝜆)/ rad
𝑛+1Δ𝑞(𝜆) in

terms of the standard modules Δ𝑞(𝜆) for 𝐴. We also show that the quasi-hereditary
algebra gr𝐴 has a graded Kazhdan-Lusztig theory in the sense of [14, §3, Appendix].

1One can also look for presentations by quivers and relations, which are also very hard to find in gen-
eral. (But see [24], where such presentations for the Schur algebras 𝑆(2, 𝑟) are found in characteristic
𝑝, 𝑝2 > 𝑟.) When such relations are homogeneous, gradings naturally result.
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