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Throughout, K is an ordinary A-field of characteristic 0. We let C' = K2.

We could start with a finite dimensional A-K-vector space V. Then we want
a A-extension field L such that L ®x V has a basis of horizontal vectors. If
B is the defining matrix of V' relative to some basis, then we want a A-field
L and a € GL(n, L) with

o' + Ba = 0.
Or we could start with
L(y) = y™ = ap1y™™ — -+ = agy = 0.
Then we want a fundamental system my,...,n, of solutions in some A-

extension field L of K. In this case, the Wronskian matrix

7’]1 e 7771
nooe M
W=W(n,...,nn) = : :
n—1 n—1
gy gy
is invertible and satisfies
W' = AW
where
0 1
A=
0 1
apg ... Ap—1

is a companion matrix.

In both cases we have a first-order matrix A-equation
Y' = AY, A € Mat(n, K),
and we look for a A-extension field L of K and a € GL(n, L) with

o = Aa.

Choose a matrix of n? A-indeterminates over K
Y = (ij)
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We denote by Y’ the result of differentiating each entry of Y,
Y = (?J;J)

Consider the A-ideal
a=[Y — AY]

1.e.

a= |:yz/'j - Zn: Aikykj} .

k=1
If p C K{Y}is a prime A-ideal and a C p then we have
mi K{Y} = K{Y}/p C af(K{V}/p) = L.
Let a = 7(Y), then o = Aa.

Of course we want to do this so that « is invertible, i.e. detY ¢ p. And, for
Picard-Vessiot theory, we want L» = K2 = C.



Lemma 1. Let a C K{Y} be the A-ideal generated by the entries of Y'—AY .
Then no power of detY 1is in a.

Proof. Suppose, on the contrary, that (detY)¢ € a. Then

(detY)* ZZP”’“@U ZAzlylj) ;

i,j=1 k=0

where P;j; € K{Y'}. We write this symbolically as

(detY)* =" Py - (Y — AY)®).

Choose d minimal, so that there is a d-th derivative of some entry of Y'— AY
that appears with a non-zero coefficient on the right hand side. Think of this
as an equation in the indeterminates Y, Y’ Y ... not as a A-polynomial.

Observe that
(Y — AY)D =y _ pf

where M is a polynomial in the y;; and their derivatives of order no higher
than d. Substitute
Y+ s A

The left hand side does not change, since it has order 0 and the right hand
side gets shorter; i.e. d decreases. But this is a contradiction since we had
chosen d minimal. O]



Using Zorn’s Lemma we can find a radical A-ideal that contains a and is
maximal with respect to the condition that it not contain detY. (See the
A-ring theory notes on the web, Corollary 1.10.7, p. 23.) But it is easier to
pass to the ring of fractions

S = K{Y,

1
FryaL

Proposition 2. Let A € Mat(n, K). Then there is a A-extension field L of
K and a € GL(n, L) such that o/ = Aa.

Proof. The ideal b = Sa is proper and therefore (by Zorn’s Lemma) is con-
tained in a maximal A-ideal p, which is prime (Adam proved this). Let

w8 — S/p Cqf(S) =1L, a=7(Y).

Then
o = Aa.

Also detY ¢ p so det v # 0. O

We do not have uniqueness. In fact any prime A-ideal that contains b will
work in the above proof. We might want to choose p minimal, but that is
not a good choice.



Example 3. Consider the ordinary A-field
K =C(e").

and the linear homogeneous A-equation

The matrix equation is
Y=Y

(1 by 1 matrices). Then
a=[y -y

is prime and so is
p=b=[y—yl C K{y}.

Note that o ¢ K since every element of a has order at least 1. Also
o =«

so o = ke® where k is a constant not in C.



Another possibility is to choose p as large as possible, i.e. maximal.
Proposition 4. The following conditions are equivalent.

1. p is a mazximal A-ideal.
2. R=Klo, =] = Kla, a7 is A-simple.

3. L? is algebraic over C.

Proof. 1 <= 2 is immediate. 2 = 3 is Proposition 6 and 3 = 2 is
Proposition 8, both of which will be proved shortly. O

Later, to simplify the theory, we shall assume that C' is algebraically closed.
In that case the third condition becomes

3’ L has no new constants, i.e. L* = C.



Lemma 5. Let L be a A-extension field of K. If ¢ € L” is algebraic over
K, then it is algebraic over C.

Proof. Let ¢ € L™ be algebraic over K with
P=X"+P X" 4. -+ Py K[X]
being the minimal monic polynomial for ¢. Then, because ¢ is a constant,
0= (P(c)) =P, '+ -+ P,

The minimality of d implies that P/ = 0, i.e. ¢ is algebraic over C. O



Proposition 6. Suppose that R is a finitely generated (not finitely A-generated)
K -algebra that A-simple. Then R is a domain and qf(R)* is algebraic over
KA.

Proof. Since (0) is a maximal A-ideal, it is prime, hence R is a domain. Let
c € qf(R)® and define the “set of denominators”

a={be R|bce R}

Then a is a non-zero ideal and a A-ideal since ¢ is a constant. Because R is
A-simple, 1 € a and ¢ € R?.

We have shown that

af(R)* € R* C af(R)%,
and therefore qf(R)® = R®. Because the left hand side is a field, so is the
right.

By the lemma, it suffices to prove that ¢ € R? is algebraic over K. Suppose
not. We use (a weak form of) the Chevalley Extension Theorem (Bourbaki,
Commutative Algebra, Chapter V, Section 3.2, Corrollary 3, page 348). Let
K, be an algebraic closure of K. Since R is finitely generated over K, there
exists a polynomial P € K|[c| such that any homomorphism

¢: Klc] — K,,

with ¢(P) # 0, extends to a homomorphism of R into K,. Choose d € C
with P(d) # 0. Let
¢: Klc] — K,, c—d

be the substitution homomorphism. Now, c—d € R* and therefore is either 0
or else invertible in R®. But it cannot be invertible since ¢(c—d) = 0. There-
fore ¢ = d € K*, which contradicts the assumption that c is transcendental
over K. O

This proposition proves 2 = 3 of Proposition 4.

Next we prove 3 = 2 of Proposition 4. But first we need some notation and
a lemma from commutative algebra. If A is any K-algebra that is a domain,
we denote the transcendence degree of qf(A) over K by

tr.deg. A/K = tr.deg. qf(A)/K.



Lemma 7. Suppose that A is a K-algebra which is a domain, and B is a
K-homomorphic image of A. Then

tr.deg. B/K < tr.deg. A/K.
Assume that tr.deg. A/K 1is finite. Then
tr.deg. B/K = tr.deg. A/K

if and only if A is isomorphic to B.

Proof. Zariski-Samuel, Commutative Algebra, Vol. 1, Theorems 28 and 29,
p. 101. O

Be careful. This proposition requires that the mapping
¢p: A— B
be surjective. For example
¢: Clz] — Clx], T 2

is not an isomorphism even though the transcendence degrees are the same.
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Proposition 8. Let R = Ko, a™ ], where
o = Aa.

If qf(R)® is algebraic over C then R is A-simple.

Proof. We let L = ¢f(R) = K(a) and C = K?. By hypothesis L® is
algebraic over C.

Let a C R be a proper A-ideal. We need to show that a = (0). Choose a
maximal A-ideal m of L ® ¢ R/a and set

S =(L®k R/a)/m.
We have A-homomorphisms of rings

¢: L —-L®x R— LRk R/a— S, and
v:R— L®x R— L®kg R/a— S.

We identify K with its image, so that K C S. Since L is a field, ¢ is injective.
We identify L with its image, so that ¢ = id.
Note that a (really ¢(«)) and ¥ («) are both solutions of
Y' = AY.
Therefore there is a constant matrix ¢ € GL(n, qf (S)?) with
a=1(a)e.

Because m is a maximal A-ideal, S is A-simple. It is also finitely generated
over L. So qf(S)? is algebraic over L® and therefore over C. Hence c is a
matrix whose entries are algebraic over C.

We have
L = K(o) C K(¢(a),c),
Hence
tr.deg. R/K = tr.deg. L/ K < tr.deg. K(¢¥(a),c)/K
= tr.deg. K(¢(«))/K = tr.deg. ¥(R)/K.
By the lemma, 1) is injective. But a C ker hence a = (0). O
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Definition 9. (Standard definition.) Let A € Mat(n, K). Then L is a
Picard-Vessiot extension of K for A if

1. LA =C,
2. there exists a € GL(n, L) such that o/ = Aq,
3. L=K(a).

Theorem 10. Suppose that C' is algebraically closed and let A € Mat(n, K).
The there exists a A-extension field L over K which is a Picard-Vessiot
extension of K for A.

We will see later, by example, that a Picard-Vessiot extension need not exist
in the case that C' is not algebraically closed.

Definition 11. (Churchill definition.) Let V' be a finite dimensional A-K-
vector space. Then L is a Picard-Vessiot extension of K for V' if

1. LA =C,

2. L ®k V has a basis of horizontal vectors.

3. If M is a A-extension field of K that satisfies conditions (1) and (2)
then there is a A-embedding

¢: L — M.
If B is the defining matrix of V relative to some basis, then the second

condition is equivalent to the second condition of the standard definition
(where A = —B). Churchill proved this as Proposition 9.2.

Proposition 12. Suppose that C' is algebraically closed. Then the Churchill
definition is equivalent to the standard definition.
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Proof. Assume that L satisfies the conditions of the Churchill definition.
Churchill has proved (Proposition 9.3) that L = K («), which is the condition
of the standard definition.

Now assume that L satisfies the standard definition. We set
R = Kla,a™ ]

and
S=(M®g R)/m

where m C M ®k R is a maximal A-ideal. Because S is finitely generated
over (the image of) M, S is A-simple and qf(S)2 = M2 = C. (Here is where
we used the assumption that C' is algebraically closed.)

Let
¢o: M — S, v: R— S

be the canonical mappings of A-rings. ¢ is injective since M is a field and
is injective since R is A-simple. We extend v to a A-embedding

x: L — of(S)

By assumption, there exists § € GL(n, M) with

= AB.
Then there exists ¢ € GL(n, C') such that
v(a) = ¢(B)c
Therefore
(M) = K(¢(B)) = K(¢(a)) = x(L),
and
¢dtox:L—-M
is a A-embedding. m

Proposition 13. Suppose that C' s algebraically closed. Then any two
Picard-Vessiot extensions of K for A are A-isomorphic.
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Proof. If L and M are Picard-Vessiot extensions then the previous proposi-
tion shows that there are A-embeddings ¢: L. — M and ¢: M — L. The
composition

Yvop: L — L

is an automorphism of L (Churchill’s Proposition 9.3. Hence ¢ and 1 are
isomorphisms. O
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Example 14. (A. Seidenberg, Contribution to the Picard-Vessiot theory of
homogeneous linear differential equations, Amer. J. Math, 78 (1956), 808-
817.) Let

K = R{isin 2x).

Using Seidenberg’s notation, we set
?
a = —sin 2.

Then

1. @’ =1icos2z,
2. a’ = —4a,

3. a? = —4a® — 1.

Thus
K = R(a)[d],

where a is transcendental over R and o’ is algebraic of degree 2 over R(a).
We first claim that C' = K2 = R. Suppose that
c=A+ Bd € C,

where A, B € k(a). Then

A B
OZC,:CCZZ_QI_‘_CCZZ_CL/Q_‘_BGH
a a
A dB
:C;—a’—(4a2+1)d——4a3.
a a

Therefore dA/da =0 so A € R, and
dB
4a* +1)— +aB = 0.
(4a* + 1) o ta
Assume that B # 0 and write

B = (4a* + 1)

olQ
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where r € Z and C, D € R]a] are not divisible by (the irreducible polynomial)
4a® + 1. From the equation above we have

(4a* + 1) [ r(4a® + 1)T*18a€ + (4a® + 1)7"M +
D D?

C
a@ﬁ+1ﬂ5:o,

or

dC dD
46>+ 1) [ D—= - C—= 1 D=0.
(a+)( o Cda>+a( +8r)C 0
But this contradicts the condition that a®>+ 1 does not divide C or D. There-

fore B=0and c= A € R.
We next claim that any solution 7 of the differential equation
y' +y=0

introduces new constants. In fact, we claim more. If

then we claim that

It is easy to see that

u=—1—u’

If 1 + u? = 0 then w = +i which is a new constant. So we may assume that
1+ u?#0. Let

a+ a'u — au?

1+ u?
Then
, I+ ud)(d + d'u+ dv — du? — 20u) — (a+ d'u — au?)2ud
“= (1+ u?)?
_d —dau — d' (14 v?) — a*u+ 2au(l 4+ v?) 4+ 2u(a + d'u — au?)
14+ u?

= 0.
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If ¢ ¢ R then ¢ is a new constant, so we assume that ¢ € R. The formula
a4+ du—av?
B 14 u?

implies that
(c+ a)u® —du+ (c—a) = 0.

Using the quadratic formula we get

a ++/a? —4(c+a)(c—a)
2(c+a) '

u =

This implies that
Va? —4(2 —a?) = V-1 -4 = ivV1+4c® € k(u).

Since V14 4¢? € R, we have ¢ € K (u), which is a new constant.
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In general we may find a A-extension field whose constants are algebraic
over C, even a normal (Galois) extension. M. P. Epstein, On the theory of
Picard-Vessiot extensions, Amer. J. Math. 62 (1955) 528-547, developed
a Picard-Vessiot theory for this case however was unable to get a bijection
between all intermediate A-fields and (certain) subgroups of the Galois group.
His approach appears to have been dropped.

E. R. Kolchin, Differential algebra and algebraic groups, Chapter VII, also
develops the theory without assuming that C is algebraically closed. He
makes use of a universal A-field.

The “correct” way to do it is to define the Galois group as a representable
functor from the category of C-algebras to groups.
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Definition 15. The Galois group is
Cal = Gal(L/K) = Aut®(L/K).

It is the group of all A-automorphisms of L over K.

If o € Gal then
(ca) =o(d) = o(Aa) = Ac(a).

Churchill proved that there exists ¢(o) € GL(n,C) with
oa = ac(o).

Indeed

1

c(o) = (atoa) = —a tdatoa+ a o)

= —a'Aca + o tAoa
=0
Proposition 16. The mapping
c: Gal(L/K) — GL(n,(C), c(o) = a loa,

is an injective homomorphism of groups (in the category of sets).

Proof. Let 0,7 € Gal(L/K). Then

c(or) = atora

=a loa-ocalora

= c(a)o(c(7)
= c(o)e(7)

because ¢(7) € GL(n,C) and ¢ | C = id.

If ¢(o) =1 then cav = . Because L = K(«), o = id. O

Note that the mapping ¢: Gal — GL(n,C') depends on «. If A is fixed and
also

L=K(p), where 3 = ApS,
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then there exists ¢ € GL(n, C) with
6= ac.
Therefore
cg(0) = B rof =ctala(ac) = ¢ eq(o)e,

i.e. cg(Gal) is conjugate to c,(Gal).
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Definition 17. The ring of constants of L ®x L is denoted by
D =D(L/K) = (L®g L)*.
D is not necessarily a domain, however it is reduced. It turns out that there

is a canonical bijection
Gal ~ maxspec D.

Proposition 18. Let P = K|a,a™']. Then

D = (L®g P)* = (P®k P)~.

Proof. Let d € D and define the “set of denominators”
a={acP|(1®a)d e L®P}.
a is clearly an ideal and is a A-ideal since d is constant:
led)d=(1®a)d).
But P is A-simple and a # (0) so 1 € a and
d € (L @k P)*.

The second equality is similar. O]
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Suppose that A, B € Mat(n, P). We define
A® B € Mat(n, P ®k P)

by the formula

k=1
Another way of writing this is
Ap®1l .0 A, ®1 1® Bny
A®B = : : 5
An®l ... An®l 1® B

We denote the identity matrix of Mat(n, P) by I.
Proposition 19. Let A, B € Mat(n, P). Then

AI)(B®I)=AB®]I,
AI)(I® B)=A® B,
AR ) = Ars @1,
AB)=A®B+A® B
. det(A® B) = det A ® det B.

1
2
3.
4

5

A~ /N I/~

Proof. For the first formula we compute

1®Bln

1®Bnn

ijk

ijk

=(AB),,®@1=) (AB),;®]I,
l
= (AB®I),,.

= Z AiBip @ Ljilys = Z AiBis @1

The second and third formulas are proven similarly. The fourth follows im-
mediately from the second and the last from the second and third. ]
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However

(I®©B)(A®I)# A® B.

The correct formula is
(1®B)(1® A) = (A'® B"".
Note that A ® B is invertible if both A and B are, however
(A B)'#£ A @B

The correct formula is

t

(A®B)™ = (A" & (B))"
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Definition 20. Definey=a'®a € P® P.

1

Proposition 21. v and v~ are constants, i.e. are elements of D.

Proof. We compute

7V =—-atda'®atal®d
=—a'A®a+a ' ® Aa
=0.

It follows that dety is a constant and so is ﬁ eD.
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Proposition 22. Py P = (P ®x 1)[v,v71].

Proof. Note that

a®1)(a®a)
=(a® 1)y
Also
l=(1oa)(1®al)=(a@1)y(1oal),
hence
l@a =7 a'®1).
Therefore
1®x P (Pog )[y,77Y,
and

P®xPC(Pek D[y,v ' cP®okP.
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Proposition 23. Let A be a A-ring containing a A-field M. Then M and
A2 are linearly disjoint over M, i.e. if ay,...,a, € M are linearly depen-
dent over A® then they are linearly dependent over M?.

Proof. We want to use the Wronskian condition however we need to be careful
since A is not necessarily a domain.

Suppose that

Zaidi:O, (aiEM,diEAA),
i=1

where d, # 0. Then, for each k£ > 0,

i=1

In the matrix

aq cee Gy d,a,
a?ﬂ*l) aff:ll) d,a" Y

the last column is a linear combination of the preceding columns. Therefore
the determinant is 0:

aq Ce (7%
0 =d, det : : =d,w,
agr_l) Looary
where w is the Wronskian determinant of aq, ..., a,.

However w € M, which is a field. If w # 0 then it is invertible so d,, = 0 which
contradicts the hypotheses. Hence w = 0. Now we can use the Wronskian
condition in the field M and conclude that a4, ..., a, are linearly dependent
over C, which contradicts the hypotheses. O

Corollary 24. With the notation of the proposition, the mapping of A-C-
algebras
M ®@c A® — A, a® cr— ac,

18 1njective.
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Proof. Suppose that
i=1

is in the kernel. We may suppose that aq,...,a, are linearly independent
over C. But Y7, a;d; = 050 ay,...,a, are linearly dependent over A2 By
the proposition they are linearly dependent over C, which contradicts the
hypotheses. O
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Proposition 25. D = C[y,vy7!].

Proof. We know that C[y,7y~!] C D. And we also have, by Proposition 22,
P®yg P=(Pox1),7']| C(P®x1)[D]C Pek P,
so D C (P®@x D[y,v"] C (L@k Dy, v7'].
If d € D we have .
d= Z(ai ® 1)c;,
i=1

where a; € L and ¢; € C[y,7!]. We may assume that cy,...,c, are linearly
independent over C' and therefore, by Proposition 23, over L @ 1. But

r

0=d = Z(a; ® 1)¢;

=1

soa;, =0, a; € C,and

d= Z%’Ci € Cly, 771
i=1

Proposition 26. The mapping of A-rings (actually A—P-algebras)
P®CD—>P®KP, a®cdl—>(a®K1)d
15 bijective.

Proof. Evidently the image is (P ®x 1)[D] which equals P ®x P by the
proposition. The mapping is injective by Corollary 24. ]

Definition 27. Let 0 € Gal(L/K). Then we define
o: P@K P—P

by
g(a®b) = aob.

and
p, = kero.
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Proposition 28. p, is a mazimal A-ideal of P Qk P.

Proof. The image of oo is a A-simple ring.
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Proposition 29. Let p C P ®k P be a mazximal A-ideal. Then there is a
unique o € Gal with p = p,.

Proof. Let
S =(P®K P)/p.

As before define

J2: P — P®g P, jila)=1®a
. PQx P — S

As before the image of o j; equals the image of o js so we defineo: P — P
by

o= (m ojl)_1 o (7o js).

Since o is injective it extends to an injective A-homomorphism L — L which
must be surjective. I.e. 0 € Gal. Also

(moji1)(a(a® b)) = n(j2(acd)) = 7(j2(a))m(j1 (b)) = m(a @ b).
Since 7 o j; is injective,

p, = kerg = kerm = p.

Suppose that p = p, = p,. Let a € P. Then
ca®1—-—1®a € p,

SO
0=7T(a®1l—-1®a)=o0a—Ta.

Therefore o = 7. O

Proposition 30. Gal(L/K) is canonically isomorphic (as a set) to max diffspec(P@x
P).
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If Ris a A-ring we denote the set of all A-ideals of R by J(R). Note that
J(D) is the set of all ideals of D since every ideal of D is a A-ideal.

Proposition 31. The the mappings (of sets ordered by inclusion)
®:J(D) - I(R®c D) where P(a)=RRca

and
U:J(R®c D) — 3(D) where V(b)={deD|1®decb}.

are bijective and inverse to each other.

Proof. Evidently a C U(®(a)) = V(R ®¢ a). Choose a basis A of a over C
and extend it to a basis M of D over C. Then R ®¢ D is a free R-module
with basis 1 ®c M. Let d € U(®(a)), so 1 ® d € R ®¢ a. Therefore

1@d=Y ma&X (n€R)
xeA
But d € D, so
1®d=Zl®cM,u (c, € C).

pneM

Comparing coefficients, we see that ¢, = 0 for p ¢ A, and 7\, = cy; thus
d e a.
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It is also clear that ®(¥(b)) = R ®¢ ¥(b) C b. Suppose they are unequal.
As above, choose a vector space basis A of U(b) over C' and extend it to a
basis M of D over C'. Among elements a € b, a ¢ R ®@¢ ¥Y(b), choose one
whose representation in the form

azZm@,u (r, € R)

pneM

has fewest non-zero terms. Say that r,, # 0. Then

(rup @ 1)’ = () @ D)a = > (rugrly = Thor) ® p

B# 1o
has fewer terms, so
/ / o
TuoTy — Ty T = 0
for every p € M. This means that
T
Tﬂo

is a constant in qf(R), and therefore, by hypothesis, in C. Let

"
c,=—¢€C.
8 r#o
If
b= Z cut € D
pneM
then

a = ZCHT#0®NZT#0®b'
pneEM
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Because R is A-simple, the radical A-ideal {r,,} cannot be proper. Therefore
I1®le{r,®1} CR®cD.
But this implies (by, for example, Kaplansky, Lemma 1.6, page 12) that
1@be{r,, ®1}{l1®b} ={(r,,®1)(1®0b)} ={a} Cb.
This implies that b € U(b) and
a € R®cV(b),
which is a contradiction. O

Proposition 32. The mappings ® and ¥ of the proposition are bijective
when restricted to maximal A-ideals.

Putting Proposition 30 and Proposition 32 together we get

Gal ~ max diffspec(P @ P) ~ max diffspec(P ®@¢ D) ~ maxspec D.
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