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In th is paper wr-  present an algonthm for  f inding a "c losed- lorm" solut ion of  the di f ferent ia l

equat ion.1" '+.r I "+br ' .  where aand h are rat ional  funct ions of  a complex var iable r .  provided a
"c losed-[orm" solut ion exists.  The algor i thm is so arranged that  i i  no solut ion is  found. then

n t r  so lu t i t rn  can  ex i s t .

l .  Introduction

In th is paper we present an algor i thm for f inding a "c losed-form" solut ion of  the
dil l-erential equatiofl -1"'+ ql +by, where a and b are rational functions of a complex
var iable .x.  provided a "c losed-form" solut ion exists.  The algor i thm is so arranged that i f
no solut icrn is found. then no solut ion can exist .

The frrst  sect ion makes precise what is meant by "c losed-form" and shows that there
are four possible cases. The f i rst  three cases are discussed in sect ions 3.  4 and 5
respect ively.  The last  case is the case in which the given equat ion has no "c losed-form"

solut ion.  I t  holds precisely when the f i rst  three cases fai l .
In the second sect ion we present condi t ions that are necessary for  each of  the three

cases. Al though this mater ia l  could have been omit ted.  i t  seenas desirable to know in
advancc which cases are possible.

The algor i thm in cases I  and 2 is qui te s imple and can usual ly be carr ied out by hand.
provided the given equat ion is relat ively s imple.  However.  the algor i thm in case 3
invt l lves qui te extensive computat ions.  I t  can be programmed on a computer for  a spepi f ic
di f ferent ia l  equat ion wi th no di f l icul ty,  In fact .  the author has Worked through ;everal
cxamples using only a programmable calculator.  Only in one example was a coinputer
necessary.  and this was because intermediate numbers grew.to 20 decimal digi ts.  more
than the calculator could handle.  Fortunately,  the necessary condi t ions for  case 3 are
quite strong so this case can often be eliminated from consideration.

The algor i thm does require that  the part ia l  f ract ion expansion of  the coeff ic ients of  the
di f ferent ia l  equat ion be known. thus one needs to factor a polynomial  in one var iable
over the complex numbers into l inear factors.  Once the part ia l  f ract ion expansions are
knou'n.  only l inear algebra is required.

Using the MACSYMA computer algebra system. see. for  example.  Pavel le & Wang
(1985).  Bob Caviness and David Saunders of  Rensselear Polytechnic Inst i tute
programmed the ent i re algor i thm (see Saunders (1981)) .  Meanwhi le.  the algor i thm has
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been implemented also in the uaplE computer algebra system, see. for example. Char er
al .  (1985).  by Carolyn Smith (1984).

This paper is arranged so that the algorithm may be studied independently of the
proofs. In section l, parts I and 2 are necessary to understand the algorithm. parts 3 and
4 are devoted to proofs. In the other sections, part I describes the algorithm, part 2
contains examples, and the remaining parts contain proofs.

Since the first appearance of this paper as a technical report. a number of papers have
appeared on the same problem: Baldassarri (1980), Baldassarri & Dwork (lg7g), Sinser
( 1 9 7 9 . 1 9 8 1 ,  t 9 g 5 ) .

Special thanks are due to Bob Caviness and David Saunders of RPI for their
encouragement and assistance during the preparation of this paper.

l. The Four Cases

In the first part of this section we define precisely what we mean by "closed-form"
solut ion.  In the second part  we state the four possible cases that can occur.  These cascs
are t reated indiv idual ly in the lat ter  sect ions.  The third part  is  devoted to a br icf
descr ipt ion of  the Galois theory of  d i f ferent ia l  equat ions.  This theory is used in the prc-rofs
of  the theorems of  the present chapter and those of  sect ions 4 and 5.  Part  4 contLr ins a
proof of  the theorem stated in part  2.

I . I .  L I O U V I L L I A N  E X T E N S I O N S

The goal  of  th is paper is to f ind "c losed-form" solut ions of  d i f l 'erent ia l  equat io 's.  B'  a
"closed-form" solut ion we mean. roughly.  one that can be w'r i t ten down by a f i rs1-) 'c l r r
calculus student.  Such a solut ion may involve esponent ia ls.  indel in i te integrals and
solut ions of  polynomial  equat ions.  (As we are consider i lg funct ions of  a complcr
var iable.  we need not expl ic i t ly  ment ion t r igonometr ic funct ions.  they can be wri t tcn rrr
terms of  exponent ia ls.  Note that  logar i thms are indef in i te integrals and hence i t re
al lowed.)  A more precise def in i t ion involves the not ion of  L iouvi l l ian f ie ld.

DEFtNtrtclN. Let F be a differential f ield of functions of a complex variable -x that conrai's
C(x).  (Thus F is a f ie ld and the der ivat ion operaror '  ( :  drd.r)  carr ies F into i tsel f  ) .  F is
said to be Liouti l l ian if there is a tower of differential l lelds

C ( ' x ) : F o l F t 9 "

such tha t .  fo r  each i :  1 .  .  .  . ,  t1 .

e i t h e r  F i : F i - , ( r )  w h e r e  x ' l x e F , _ ,

(F,  is  generated by an exponent ia l

C F , : F

of an integral  over F,  ,  )

o r  F i : F i _ , ( e )  w h e r e r ' € F ,  1
(F, is generated by an rntegral  over F,_,)

o r  F ,  i s  f in i te  a lgebra ic  over  F ,_ , .

A funct ion is said to be Liout ' i l l iuni f  i t  is  contained in some Liouvi l l ian di f lerent ia l  f ie ld.
Suppose that ry is a (non-zero) Liouvi l l ian solut ion of  the di f ferent ia l  equat ion
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j , "  *a 'y '*bj- ,  where q,beC(r) .  I t  fo l lows that every solut ion of  th is di f ferent ia l  equat ion is
Liouvil l ian. Indeed. the method of reduction of order produces a second solution. namely

ry[k- l ' l r t t ) .This second solut ion is evident ly Liouvi l l ian and the two solut ions are
l inear ly independent.  Thus any solut ion.  being a l inear combinat ion of  these two. is
Liouvil l ian.

We may use a well-known change of variable to eliminate the term involving .), '  from
the d i f fe ren t ia l  equat ion .  Set  z :e ! l ' y .  Then z" * (b - io ' - Ia ' ) r :0 .  Th is  new equat ion
sti l l  has coefficients in C(.x) and evidently ) ' is Liouvil l ian if and only if : is Liouvil l ian.
Thus no generality is lost by assuming that the term involving y' is missing from the
differential equation.

L2 rHE FouR cASES

In the remainder of this paper we shall consider the equation

j " ' : r j ' ,  r e  C ( - x ) .

We shal l  refer to th is equat ion as " the DE".  To avoid t r iv ia l i ty .  we assume that r t 'C.  By
a solut ion of  the DE is alwavs meant a non-zero solut ion.

THgoREl,t.

Case l .

Case 2.

Case 3.

Case 4.

There are preciselv /our c'd)^es that c'an occur.

The DE has a solut ior t  o/ '  the . f  onn e! 'o x 'here o e C(.x) .

The DE has a solution o/'the ./brm et' ' '  v'here o is algebraic orer C(.x)
2. and c'ase I does not hold.

All solutions of'the DE are algebraic' ot,er C(-x) and cd.res 1 untl

The DE htts no Lioutti l l ian solution.

2 d o

that

o/ degree

not hold.

they arcIt is evident that these cases are mutually exclusive. the theorem states
exhaust ive.  The proof of  th is theorem wi l l  be presented in part  1.4.

1.3. rHn DTFFERENTTAL GALOTs GRoup

Here we present a brief summary of the Picard-Vessiot theory of differential equations
(see Kaplansky (1957).  or  Chapter 6 of  Kolchin (1973)) ,  which is ta i lored speci f ical ly to
the DE l"  :  r  j - .

Suppose that ry. ( is a fundamental
functions of a complex variable -x).
generated by 4, (, thus

G :  C ( - x ) Q t , O :  C ( x ) ( r y ,  r y ' , ( . ( ' ) '

Then the Galois group of G over C(x). denoted by G(G/C(,x)), is the group of all
differential automorphisms of G that leave C(r) invariant. (An automorphism o is
differential if o(a') : (oa)' for every a e G.) We refer the reader to the references cited
above for a proof that the Fundamental Theorem of Galois Theory holds in this context.

There is an isomorphism of G(G/C(,x)) with a subgroup of GL(2), the group of
invertible 2x2 matrices with coefficients in C. Let o e G(G/A(-x)). Then

system of solutions of the DE (where q. ( are
Form the differential extension field G of C(;)

(oq)" :  o(4"): o(rry) - ron.
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Hence. oq is also a solut ion of  the DE and so is a l inear combinat ion o4:oot l*c 'o i .  cr . , .
( ' , , € C .  o f  r l .  ( .  S i m i l a r l y .  o ( : b o r y + d . (  f o r  s o m e  b o , d o e C .

/ r \

(".  o ---+ (u' 
' , ' \

\ ( '  d ' /

is  immediately seen to be an in ject ive group homomorphism.
This representation r' : G(G/C(-x)) -- GL(2) certainly does depend on the choice of

fundamental  system ry.( .  l f  4t , ( t  is  another fundamental  system. then there is a matr ix
X e GL(2) such that (q, .  ( , )  :  ( r / .  i )X.  Therefore.

G :  C ( , x ) ( r y . i )  :  C ( . x ) ( r y r .  ( r )  a n d  c r ( o )  -  X -  1 c ( o ) X .

The representat ion G(G/C(.x))-- 'GL(2) is determined by the DE only up to conjugat ion.
By abuse of language. we allow ourselves to speak of any one of these conjugate groups as
thc Galois group of the DE. If a fundamental system rl. i is f ixed. then we refer tt-r
c(G(GiC(.x)))  c GL(2) as the Galois group of  the DE relat ive to r7.  ( .

Fix a fundamental system ry. ( of solutions of the DE and let G c GL(2) be the Galois
group relat ive to 17.( .  Let  W:t1; ' -n ' ;  be the Wronskian of  17.  ( .  A s imple computat ion.
using the DE. shows that W' :0,  so W rs a (non-zero) constant and is lef t  f ixed by ant '
e lement  o f  G(G/C( ,x ) ) .  Le t  oeG(GlC( , r ) ) .  then.  us ing  the  no ta t ion  above.

W  :  o W  :  ( a o \ + c , "  _ ( ) ( b o 4 ' l d ,  _ ( ' ) - ( a o r y ' * c , i ' ) ( b , r y + d . J
:  (aodo-hoc)W :  de I  c ' (o l  .  W.

Thus G c SL(2),  the group of  2 x 2 matr ices wi th determinant 1.
Recal l  that  a subgroup G of  GL(2) is an algebraic group i f  there exist  a f in i te number of

polynomials

P l .  .  .  . ,  P ,e  C[X,  .  X , , .  X . .  X* ]  such tha t

i f  and only i f
P r ( a . b ,  c ' ,  d )  : ' ' '  :  P , ( a .  h .  r ' .  t l )  :  0 .

One of  the pr incipal  facts in the Picard Vessiot  theory is that  the Galois group of  a
differential equation is an algebraic group. For a proof in all generality. see the references
cited above. Here we sketch a proof in the special case that we are considering.

Let Y. Z,  Yr,  Z ,  be indeterminates over C(.x)  and consider the subst i tut i t rn
homomorphism

The kernel  of  th is mapping is a pr ime ideal element

A -

of SL(2) induces an automorphism of C[.x.  y ' .  Z.  Yr.Z, l  over C[.r ]  by the formula

( Y ,  Z ,  Y r ,  Z , )  -  ( a Y  +  c Z .  b Y  +  d Z ,  a Y r +  c Z r .  b \  +  t l Z  r ) .

Moreover,  AeG i f  and only i f  p is carr ied into i tsel f .  The ideal  p is f in i te ly generated. sav
p : ( q l . . . . . q , ) .  w h e r e  Q t . . . . , Q " ' d t e  l i n e a r l y  i n d e p e n d e n t  o v e r  C .  L e t  n  b e  t h e  m a x i m u m
of the degrees of  qr  17, in ,x,  Y,Z,Yr,Z,  and le|  V be the vector space over C of  a l l
polynomials in C[,x,  Y.  Z,Yr,Zr l  of  degree rr  or  less.  Evident ly the act ion of  SL(2) on

(i 
").,

p.  Any

( : : )
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C [ , r .  i ' .  1 . . 1 , . / , ] 1 r c s t r i c t s  l o  1 " .  I f  1 1 , .  . .  . , Q , . 4 s + t  q ,  i s  a  b a s i s  o f  V .  t h e n  t h e r e  e x i s t
p o l y n o r r i i i i l s  P , , € {  [ Y , .  f  . , . \ . , .  l * ]  s u c h  t h a t  t h e  r e s u l t  o f  t h e  a c t i o n  o f  , 4  o n  q ,  i s

t  P,,(u, b. c ' .  d)q,.
i =  L

I t  f o l l o w s  t h a t  i e G  i f  a n d  c ' r n l y  i f  P , t ( t t , b . c ' . d ) : Q  f o r  i : 1 , . . . . s . . i : s * 1 . . . . . t .
Thgreft,r0 Ci is an "rlgetrraic group.

1 .4 .  PRooF

in th is sect ion rve shal l  prove the theorem that was stated in 1.2.  We shal l  use several
facts about algebraic groups. Sui table references are Borel  (1956).  Kaplansky (1957).  and
Chaptc r  5  o f  Ko lch in  (1973) .  The fo l low ing  resu l t  i s  con ta ined in  Kap lansky  (1957.  p .  3 l ) .

Lnnavn. Let G he un ulgehruic subgrouyt o/  SL(2).  Then one o/  / i tur  ( 'uses ( 'un oL'( 'ur .

Crr.sr' l . O is triungttl isuhle.

Cuse 2. G is t 'ort. jugute to u xtbgroup of

( , ,  0 \ l  
' )  ( t  o  , \ l  . lD - : ] { . .  " , ) l  , ' e C . r ' + 0 f \ - { l  - , ^ l l  , ' e  . . r ' * 0 f .

l \ 0 ( '  ' t  )  [ \ - . ' - '  0 / l  )
urul t 'usa I r/oe.s not holtl.

Ca.se 3.  G is l in i te und cuses I  unt l  2 t lo not hol t l .

C a s e 1 .  G : S l , ( 2 ) .

Proof.  Denote the component of  the ident i ty of  G by'  G .  F- i rst  we note that  any two-
dimensional  L ie algebra is solvable" hence ei ther dim G :  3 ( in which case G :  SL(2))  or
else G- is solrable.  In the lat ter  case. G is t r iansul isable bv the Lie Kolchin Theorem.
Assume tha t  ( i  i s  t r iangu lar .

I f  G is  no t  d iagona l isab le .  then G conta ins  a  mat r i r  o f  the  fo rnr  0  
' : )  

* i tn  u  *  0
\ 0  1 /

(s ince an algebraic sroup cr-rntains the unipotent and semi-s i rnple 
.parts 

of  a l l  of  i ts

e lements ) .  S ince  G is  normal  in  G.  any  mat r ix  in  G con jugater  f  :  i ) ln ,o  a  t r iangu lar
\ 0  t /

matr ix.  A direct  computat ion shows that only t r iangular matr ices have this property.
Thus  G i tse l f  i s  t r iangu lar .  Th is  i s  case l .

Assume next that  6 rs diagonal  and inf in i te.  so G contains a non-scalar diagonal
matr ix , { .  Becausc G is normal in G. any element of  G conjugates '4 into a diagonal
mat r ix .  A  d i rec t  computa t ion  shows tha t  any  mat r ix  w i th  th is  p roper tv  must  be  conta ined
in  D* .  There fore  e i ther  G is  d iagona l .  th is  be ing  case 1 .  o r  e lse  G is  conta incd  in  D* .  th is
being case l .

F ina l l y  we obser ie  tha t  i i  G  is  { rn i te  (and there fore  6  :  l l l ) .  then  G must  a lso  be
f in i te.  This is case 3.  This proves the lemma.

We shal l  no\ \ '  prove the theorem of sect ion 2.
Le t  17"  i  be  a  fundamenta l  sys tem o f  so iu t ions  o f  the  DE and le t  G be  the  Ga lo is  g roup

r e l a t i v e  t o  r i .  i .  S c t  G :  C ( . x ) ( r 1 .  , ) .
C-ase l .  G is  t r iangu l isab le .  We mav assume tha t  G is  t r iangr " r la r .  Then.  fo r  everv
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o € G ( G / C ( r ) ) .  o 4 : c o 4 , w h e r e  ( ' o € C .  c , + 0 .  T h e r e f o r e  o o ) : r l - l ,  w h e r e  r o : q ' 1 4 ,  w h i c h
implies that rr,r e C(.x).

Case 2.  G is conjugate to be a subgroup of  D*.  We may assume that G is a subgroup of
Dr . l f  r r ; :  ry ' l r \  and  6 :  _ ( l ( .  then .  fo r  every  oeG(GlC( ,x ) ) ,  e i ther  o@:o.  06 :$  o r
o()r :  Q, oQ: rr ; .  Thus a- l  is  quadrat ic over C(.x) .

Cnse 3. G is f inite. In this case G has only a finite number of differential automorphisms
or.  . . ,  o, .  Since the elementary symmetr ic funct ion of  o,  t l .  .  . ,  on4 are invar iant  under
G(G/A(.x)). 4 is algebraic over C(.r). Similarly, ( is algebraic over C(.x). Because every
solut ion of  the DE is contained in G. every solut ion of  the DE is algebraic.

Case 4.  G:SL(2).  Suppose that the DE had a Liouvi l l ian solut ion.  Then, as pointed
out in l . l .  every solut ion of  the DE is Liouvi l l ian.  Thus G is contained in a Liouvi l l ian
f ie ld .  I t  fo l lows tha t  G"  i s  so lvab le  (Ko lch in ,  1973.  p .415) .  S ince  G ' :SL(2)  i s  no t
solvable,  the DE can have no Liouvi l l ian solut ion.

This proves the theorem.

2. Necessary Conditions

In th is sect ion we discuss some easy condi t ions that are necessary for  cases 1.  2.  or  3 to
hold. These conditions give a sufficient condition for case 4 to hold (namely when the
necessary condi t ions for  cases 1.2.  and 3 fa i l ) .  Throughout.  we shal l  consider the DE
) " ' : r ) ' .  r e  C ( - x ) .

2.1. rHE NECESSARy coNDrrroNs

Since r is a rational function, we may speak of the poles oi r. by which we shall ali.r 'ays
mean the poles in the f in i te complex plane C. I f  r :s l t .  wi th s.  re C[.x] .  re lat ivel l  pr ime.
then the poles of r are the zeros of r and the order of the pole is the multiplicity of the zero
of r. By the order of r at co we shall mean the order of r as a zero of r. thus the order of r
a t  r  i s  d e g r - d e g s .

THEonsn. The./ollowing conditions are necessarl '.fnr the respectiue c'ases to hold.

Case l. Et:erypole o./ r must haue euen order or else hat,e order 1. The ortler of-r ut r,
must be eL)en or else be greater than 2.

Cttse 2. r nrust hatte at least one pole that either has odd order greater thun 2 rtr else hus
order 2.

Cuse 3. The Ltrder o/'a pole o.f r cannot exceed 2 and the order of'r ot :r- nlLtst be ttt
leust 2. I./ the partial /raction expansion o./ 'r is

, : F  
t ' , + t  0 t , .

7 1 r - r ' 1 ) -  7  x - d i

the,  nfr  +4o,e Q,. fnr  each i ,  T 4:  0,  and i . / '

) ' : I a t + \ P i d i .
I J

t h e n  1 1 + 4 ; ' e  Q .
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2.2. Exauplss

Airey's Equat ion !"  :  xy has no Liouvi l l ian solut ion ( i .e.  case 4 holds).  This is c lear
because the necessary condi t ions for  cases 1,2.  and 3 al l  fa i l .  More general ly,  )" ' :  Py,
where P e C[x] has odd degree, has no Liouvil l ian solution.

For Bessel 's Equat ion

, , ,  : 4 ( "  - , ' l ) - l  , , ,  ne  c
4x'

(in self-adjoint form), only cases l. 2, and 4 are possible.
For Weber's Equation

y, ,  :  ( ixr  _ l_ r) t , .  n e C"

only cases I and 4 are possible.

2.3.  PRooF

In this section we prove the theorem of Section 1.
Case 1.  In th is case the DE has a solut ion of  the form 4:e!"  where r t re C(.r) .  Since

4":rq,  i t  fo l lows that a ' l (D2: r  ( the Riccatt i  Equat ion).  Both co and r  have Laurent
series expansions about any point c of the complex plane. for ease of notation we take
c : 0 .  S a y

(The dots represent terms involving .x raised to powers higher than that shown.) Using
the Riccatti Equation, we find that

F b x t ' -  
l +  . .  . + b 2 x 2 u  +  . . .  : 1 . \ ' ' +  . . . .

As we need to show that every pole of r either has order 1 or else has even order. we may
a s s u m e  t h a t  v < - 3 .  S i n c e  a * 0 ,  - 3 >  r ' ) m i n  ( p - 1 . 2 p ) .  I t  f o l l o w s  t h a t  p < - 1  a n d
2 p < p - 1 .  S i n c e  b t  + 0 . 2 p :  v ,  w h i c h  i m p l i e s  t h a t  y  i s  e v e n .  F o r  u s e  i n  s e c t i o n  3 . 3 .  w e
remark that i f  r  has a pole of  order 2p)4 at  c.  then rr- l  must have a pole of  order y at  c.

Now consider the Laurent series expansions of r and or at r.

a : b x 4 *

r  :  a-x l '+

a t : b x q +

r :  C-xr '+

,  p e z ,  b + 0

,  v € 2 ,  a * 0 .

p e Z ,  h  +
y € 2 .  u  *

0

0 .

(The dots represent terms involv ing x raised to a power lower than that shown. The order
of r at oc is - r '.) As we need to show that either the order of r at cc is ) 3 or else is even.
we may assume that r '  ) . -  -  l .  Using the Riccatt i  Equat ion.  we have

F b x u -  
1 + .  '  . * b 2 x 2 P + ' . . :  d - x Y + . " .

J u s t  a s  a b o v e .  -  I  <  r ' (  m a x  ( p - 1 . 2 p ) .  p >  - 1 , 2 p >  p -  1 .  S i n c e  h 2  + 0 .  2 p :  r , ,  s o  u  i s
even. For use in section 3.3, we remark that if r has a pole of order 2p20 at oc,, then rr-r
has a pole of order p at cn.

This verif ies the necessary conditions for case l.
Case 2. We analyse this case by considering the differential Galois group that must

obtain.  By sect ion 1.4 the group must be conjugate to a subgroup G of  Dr.  which is not
triangulisable (otherwise case I would hold). Let q, _( be a fundamental system of
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so lu t ions  o f  the  DE re la t i ve  to  the  group G.  For  everv  oeG(G,C( .x ) ) .  e i ther  o \ :1 'o1 , .
o ( :  r ' ,  t (  o r  o t l  :  - ( ' ; t i .  o i  :  c o t l .  E v i d e n t l v  1 1 : . 2  i s  a n  i n v a r i a n t  o f  G ( G , ' C ( x ) )  a n d
there fore  q2 ;2e-  C( .x ) .  Moreover ,q - :+C( .x ) .  fo r  o therw ise  G wou ld  be  a  subgroup o f  thc
diagonal  group. which is case l .

Wr i t ing

4. _(,  :  f ]  I  t  -  ( , i ) , ' '  (e,e Z).

we have that at  least  one exponent c,  is  odd. Without loss of  general i ty we may assLl l l tc
tha t

and tha t  t ,  i s  odd.  Le t

ry2 -(2 : .x.' fl (.\ - c',).',

0 :  (q0' i(r lo :  )Q\t?) ' l \ t ,  _3) :  \ex 1 + . .  . .

where the dots represent terms involving -x to non-negative powers. Since 4" : rn Lrnd
(" : r i .

0" + 30'0 * f/3 : 4r0 + 2r' .

L e t  r : f l - x r +  " ' b e  t h e  L a u r e n t  s e r i e s  e x p a n s i o n  o f  r  a t  0 .  r v h e r e  t * 0  a n d  l e  Z .  F r o m
thc equat ion above wc obtain

( n - i r t + | c 3 ) . r ' r +  .  . '  : 2 x ( c * r ' ) r ' + ' .  .  .

I f  r ' >  - 2 .  t h e n  0 : 8 e  - 6 e 2  * e - r :  e ( e - 2 X e - 4 ) .  T h i s  c o n t r a d i c t s  t h e  f a c t  t h a t  e  i s  o d d .
T l r e r e f o r e  r ' ( - 2 .  I f  r ' < - 2 .  t h e n  e * I ' : 0 .  s c - r  l  i s  o d d .

This ver i f ies the necessary condi t ions for  case 2.
Case 3 .  In  th is  case the  DE has  a  so lu t ion  4  tha t  i s  a lgebra ic  over  C(x) .17  hus  a

Puiseaux ser ies expansion about any point  c in the complex plane. for  ease of  notat i t )n \ \c
t a k e  c ' : 0 .  T h e n  \ : u x t '  +  " ' ,  w h e r e  a e  C ,  a # 0 ,  / l € Q .  S i n c e  r e  C ( _ x ) .  / . : x . \ ' +  . . . .

where z *  0 and l  eZ. The DE impl ies that

l t ( t t -  l ) c . x r ' - 2 +  '  : 1 r I - \ I + r r *

I t  fo l lows tha t  v )  -2 .  i .e .  r  has  no  po le  o f  o rder  g rea ter  than 2 .  I f  r , :  -1 .  thcn
p ( p -  l ) :  r .  B e c a u s e  1 r e 8 .  w e  m u s t  h a v e  r  |  + 4 x e Q .

So far we have shown that the part ia l  f ract ion expansion of  r  has the form

, . :  I7 1 r  * . x ; ) -  l . r - r / ,

where Pe C[.x]  and .  I  +4x,e Q for each i .
Next.  we consider the ser ies expansions about r .

t l : u x t ' + . . . .  f  :  l ' , { ' + ' . . .

where the dots  represent  lower  powers o f  -x  than those shown.  From the DE we c- rb ta in

p ( p -  l ) a . r r  2 + . . . :  l ' ^ , d . \ \ ' + r r f
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Just as above. we obtain r' < - 2 and therefore P : 0. But

' - T  a i -  - r - T  0 i'  -  
?  1 r_r , ; ) r  

'  
?  r_d ,

:  q  i l r -  
t  + ) ' , t -2  +  . .  .  ,

w h e r e  i , : I r , * T  [ ) , d , . T h e r e f o r e  l , l ] , : 0  a n d  p ( t t -  l ) : l ' .  S i n c e  # € Q . y  t + a i e  A .

This completes the proof of the theorem stated in section 2.1.

3. The Algorithm for Case I

The first part of this section is devoted to a description of the algorithm. It is somewhat
complicated to describe in full generality. yet. as the examples in part 2 show. it is often
quite easy to apply. The third part is devoted to a proof that the algorithm is correct.

3.1.  oescRrPTroN oF THE ALGORTTHM

The goal  of  th is algor i thm is to hnd a solut ion of  the DE of the form q: pst ' ' ' .  where
Pe C[ .x ]  and roe  C( .x ) .  S ince  r /  may be  wr i t ten  as  ry :g ! (P 'P+(o) .  th is  i s  o f  thc  fo rm
descr ibed in sect ion 1.2.  The f i rst  stcp on the algor i thm consists of  determining "parts" of
thc part ia l  f ract ion expansion of  t , , r .  In the second step we put these "parts" together to
form a candidate for  r , . r .  The maximum number of  candidates possible is lp*1 where p is
the number of  poles of  r .  I f  there are no candidates.  then case I  cannot hold.  The third
and last  step is appl ied to each candrdate for  ro and consists of  searching for a sui table
polynomial  P.  I f  one is found. then we have the desired solut ion of  the DE. I f .  for  each
candidate for  o.  we fai l  to f ind a sui table P. then case I  cannot hold.

We assume that the necessary condi t ion of  sect ion 2.1 for  case t  holds.  and we denote
by I  the set  of  poles of  r .

Step l .  For each c 'e f  u { , r }  we def ine a rat ional  funct ion tJ7] .  and two complcx
numbers r,.*. r,. as described below.

( r ' , )  I f  ce  l -  and c  i s  a  po le  o f  o rder  1 .  then

[ . " 7 ] . : o '  1 . * :  x , : l '

( r ' : )  I f  c 'e I . -  and c is a pole of  order 2.  then

['.'u''i1.' : g'

I -et  b be the coef i ic ient  of  1 i ( .x-r ' )2 in the part ia l  f ract ion expansion for r .  Then

1 . .  :  l + 1 . ,  l + 4 h

(c ' : )  I f  ce I -  and c is a p_ole of  order 2v)4 (necessar i ly  even by the condi t ions of

sec t ion  2 .1 ) .  then [ . " , ' r ] .  i s  the  sum o f  te rms invo lv ing  1 , , ' ( - \ - r ' ) ' fo r :  <  i  <  r ' in  the

Laurent  ser ies  expans ion  o f  ,  i  a t  r ' .  There  are  two poss ib i l i t i es  fo r  [ .  r ] , .  one
being the negat ive of  the other.  e i ther one may be chosen. Thus

[v,i]. : 
n5 + . ., * r. j;,1.
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In practice. one would not form the Laurent series for u6, but rather would
determine l.r/il, by using undetermined coefficients. Let b be the coefficient of
l l (x_c)"*1 in r minus the coeff icient of 1/(.r-c)n*t in (t .r6l.) .  Then

*  l (  b  \/ . , ' :  
t \ t ; * t ' ) .

(ocr) I f  the order of r at oc is >2, then

tv6l- :  o. dl :  o, d,.  :  1.
( .cr)  I f  the order of  r  at  oc is 2,  then

f"Fl' : o.

Let b be the coefficient of l lx2 in the Laurent series expansion of r at ;c. (If
r :  s l t ,  where s,  re C[.x]  are relat ively pr ime. then b is the leading coe{ l ic ient  of  s
divided by the leading coefficient of r.) Then

(rr) Ir the order or r at '  ,, :; '  ='r-,;:.:#1, even by the conditions or section
2.1) .  then [ f  r ] ,  i s  the  sum o f  te rms invo lv ing  r t  fo r  0  <  t  <  r ,  in  the  Laurent

ser ies for  . , , " r  at  oc.  (Ei ther one of  the two possibi l i t ies may be chosen.)  Thus

[ r  ' ' ] '  :  ( / ' \ ' +  ' + d '

Let b be the coeff ic ient  of  . r ' -1 in r  minus the cocff ic ient  of  . r ' -  1 in ( [ . ,  / . ] ,  ) '
Then

Step 2. For each family s i s  +  o r  - .  l e t

,  t ( , h  \
r ; :  , (  t  ,  

- r  
). \  "  /

:  ( s ( c ) ) . . r - u t x l .  whe re  s ( c ' )

d  :  a ' ) '  ) -  
I  1s(c) .

I f  d is a non-negative integer, then

/
ro :  I  ( r ( . ) [ . , ,

c e f  \

,  
" s ( c )  

\

r l . +  . : ' ' -  ) * s (  x  ) [ , , ,  r ] ,
. \ - L , /

is a candidate for rr;. If d is not a non-negative integer. then the family s may be removed
from considerat ion.

Srep 3.  This step should be appl ied to each of  the fami l ies retained from Step 2.  unt i l
success is achieved or the supply oi  fami l ies has been exhausted. In the lat ter  event.  case I
cannot hold.

For each fami ly.  search for a monic polynomial  P of  degree d (as def ined in Step 2) that
satisfies the differential equation

P"  +2 t ' . tP ' * (co ' * to2  - r ' )P  :  0 .

This is conveniently done by using undetermined coelicients and is a simple problcm in
l inear algebra.  which may or may not have a solut ion.  I f  such a polynomial  exists.  then
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4 :  Pej  '  is  a solut ion of  the DE. I f  no such polynomial  is  found for any fami ly retained
from Step 2. then Case 1 cannot hold.

3.2.  exnuplEs

Exantple 1. Consider the DE -1"' : r ' l '  where

, _ o'u -!-1l + I?L#] !l]-' -20x * 4

: \ 2 - 2 r * 3 + l +  L _ : * 1 .
.Y 4.r' .Y' \*

Since r  has a s ingle pole (at  0)  and the order there is 4,  the necessary condi t ions of
sect ion 2.1 for  case 2 do not hold.  Evident ly the necessary condi t ions for  case 3 also do
not hold.  We apply the algor i thm for case I  to th is DE.

The order  o f  r  a t  the  po le  0  i s  2 r ' :4 .  There fore  [v  r ]n :  c , ' r : .  and  a2 :  1 .  We choose
a :  l .  s o  [ r , r ] o :  l / - x 2 .  b  -  -  5 - 0 :  - 5 .  a n d  t h e r e f o r e  r o t  :  j ( t ( _ 5 , , , 1 ) + Z ) .  w h i c h  g i v e s
eJ :  -  3 2 and y. i  :712.

At  cc ,  r ' :  l .  and  [ . , t1 r : ( r . \ * r1 .  Compar ing  r  and t . r / ; ' ] t ,  =o t t ' *2c td r+r /2  we see
t h a t  a 2 : 1  a n d  2 a t l :  - 2 .  w e  c h o o s e  u : 1 ,  ( l -  - 1 .  T h u s  [ / r ] " : , x  -  r .  h - 3 -  r : 2 .
a n d  e t ' :  l 1 2 ,  a " :  - 3 1 2 .

There are four families to consider.

s ( 0 ) : 1 .  s ( c c )  -  + .  d :  l t 2 - ( - 3 t 2 )  -  2

s ( 0 ) : - t - .  s ( : c ) : - r  d  :  - 3 t 2 - ( - 3 , i 2 ) : 0

s ( 0 ) :  - .  s ( r ' ) :  * .  t l :  |  2 - 7 i 2  -  - 3

s ( 0 ) : - .  . s ( : c ) : - - .  d : - 3 2 - J , ' 2  : - 5 .

Only the t r rst  two remain for  considerat ion.
We shal l  t reat  the second fami ly f i rst .  s ince d:0 in that  case. The candidate for  ro is

, r :  [ r  r ] o *  
r i  - [ . .  r ]  ,  :  l ,  - :  - . y +  l .
-\ -Y- 2r

We now search for a monic polynomial P of degree 0 such that

P"  +2oP '  * (@'  * t t t2  - r )P  :  0 .

S ince  P:1 ,  the  ex is tence o f  P  is  a  ques t ion  o f  whether  o r  no t  ro ' * to2- r :0 .  But  the
coeff ic ient  of  1/ ,x in a '*o)2 -r  is  -6.  Thus no such polynomial  P can exist .

The only remaining family is the first family. The candidate for ro is

,  / -  r j , F  f -  |  3
, r :  L V r l o *  - :  + L '  r ' J ,  : . K ,  -  

2 ,  
* . t -  l .

We now search for a monic polynomial P of degree 2 that satisfies the l inear differential
equat ion  g iven above.  Wr i t ing  P:x2  *ax*b ,  we eas i l y  de termine tha t  a :0 ,  b -  - l
provides a solut ion.

Therefore a solution of the DE is given by

4  :  P e [ ' u :  ( . x 2  -  1 ) g l t r l x 2 - 3 l z x \ + x -  1 )

-  - X  t t z 1 r 2  - 1 ) e - 1 l x * x 2 t 2 - x .
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Erample 2. ln this example we begin the discussion of Bessel's Equation

/ 4 n 2 - l  \
, ) " '  :  | , .  

-4 i -  - t  
) , .  

r reC '

The necessary condi t ions of  sect ion 2.1 imply that  case 3 cannot hold.  Here we consider
case l"  case 2 is worked out in sect ion 3.2.

The only pole of r is at c : 0 and the order there is 2. Thus

[v i]o : o. 7, : 14n2 - l)14. n't : i  t +J-l +4b : ! * n.

At ; r , .  r  has order 0 and [V'7]  ,  :  i .  Evident ly b:0 So a-t  -  Q.
There are four families to consider.

s(0)

s(0)

s(0)

s(0)

I

l .

I

o _ $  I  ( 2 m - j l t _ 1
'  - , ? o 1 - 2 i \ ^ - i  

i l @ - i ) !  
'

s ( o c )  : 1

s(:c ' )  :  -

s ( r ) : 1

s ( r 1 :  -

d  -  - I 1 2 - n

d  -  - l 1 2 - n

d  -  - l t 2 + n

t l :  - l 2 * n .

A necessary  cond i t ion  tha t  case I  ho lds  is  tha t  - l2* r r  be  a  non-negat ive  in teger .  i .e .
that  n be hal f  an odd integer.  We claim that th is condi t ion is also suf f ic ient .

I f  n is negat ive,  and hal f  an odd integer.  then nr -  -  I  2-ne N. This corresponds to thc
f i rst  fami ly.  in which case (D: - tn i iX* i .  We need to f ind a poly 'nomial  P of  dcgrcc rn such
that

0 :  P"  - t2oP '

/
P "  + 2 1  -

\

It is straightforward to verify that

* (rr.r '  + t ' f  -  r)P

nt \  2int
+ i l P ' -  P .

. \ / . \

is  the desired polynomial .  A solut ion to Bessel 's Equat ion is given by 17:.y ^PL, ' ' .

I f  n  i s  pos i t i ve ,  then m:  - l12*n  is  a  non-negat ive  in teger .  Th is  cor responds to  the
third fami ly.  In th is case tr l :  -mlx * i .  and we are back to the case considered above.

Erttmple 3. tn this example we treat the general situation where r is a pol,t-nomial of
degree 2 .  We may wr i te  7" : (ax+d\2  *b  fo r  some u .h . t le  C (a  and t /  a re  de termined b1 ' r '
only up to s ign.  we choose ei ther of  the two possibi l i t ies).  We claim that the DE has a
Liouvil l ian solution if and only if bla is an odd integer.

The necessary condi t ion of  sect ion 2.1 impl ies that  only cases I  and 4 are possible.  Wc
consider case l .

Ev ident ly  [ .u " r ] , ,  :  d \ *d  and a i  -_  j (  * (b ' ' r r ) -  1 ) .  There  are  no  po les .  T 'hus  r /  equa ls  z ,
or r , . .  so one of  these two numbers must be a non-negat ive integer for  case I  to hold.  I t
follows that hlu must be an odd integer. which is the necessity part of our claim.

For suf f ic iency.  we may assume thathlu:2nl  I  is  posi t ive.  s ince d may be replaced br
-a.  Case I  wi l l  hold provided that there is a monic polynomial  P of  degree n such that

- -  P"  *2oP'  l ( ro '  * r , t2  -  r )P

:  P "  - l 2 (ux  +  d )P '  - 2naP .
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I f  we wri te

P : i P,.\i
i"o

and subs t i tu te .  we ob ta in  a  sys tem o f  l inear  equat ions  in  P , , .  . .  P , ,_ ,  (Pn:  l )  tha t  has  a
solut ion.  namely

p, : (l" t] xlli ) p,, , + qt 2xt1] ) -
t l _ t  

- i *  
r  f  j i t r _ , . ' ,  P i * :  ( i :  r l -  l . .  .  . . 0 )

w h e r e  P u  +  |  : 0  a n d  P , :  |  .
A special  case of  th is example is Weber 's Equat ion

_1" '  :  ( i .x .  - . !  - , t ) t ' .  n e C.

H e r e  u :  - l  2 .  h  -  -  1 , 2 - n ,  t l : 0 .  T h u s  h , u : k t + l  i s  a n  o d d  i n t e e e r  i f  a n d  o n l v  i f  r r  i s
an inte-uer.

3.3.  PR(x)F

l n  c a s e  l .  t h c  D E  h a s  a  s o l u t i o n  o f  t h e  f o r m  , / : r , i ( ' .  w i t h  t ) e  C ( . r ) .  S i n c e  \ " : r q ,  w e
have

( ) '  +02 :  r  (R icca t t i  Equat ion) .

We shal l  determinc thc part ia l  f ract ion expansion of  ( )  using the Laurent ser ies r-xpansion
of  r  and th is  R icca t t i  Equat ion .

For c 'e C. u 'e denotc thc "componcnt at  r ' "  o i  thc part ia l  f ract ion expansion of  ( /  by

[ ( / ] , +  ]  : i  
( t i . , + - ' '

\  t '  i l : ( \ - t ' ) '  \ - t '

In  o rdcr  to  s in tp l i f i '  the  no ta t ion .  w 'e  assume tha t  r ' :0  and drop  the  subscr ip t  "0" .  We
shal l  a lso need to consider thc Laurent scr ics c-rpansion of  ( /  about 0

ry

t ) :  [ r ) ] +  
^  

+ { l'\

H e r e  0 :  x * * r *  " ' .  w h e r e  t h e  *  d e n o t e s  a  c o m p l e x  n u m b e r  w h o s c  p a r t i c u l a r  v a l u e  i s
i r re levant to our discussion.

We assume that the necessary condi t ions for  case I  (see sect ion 2.1) are sat isf ied.  in
part icular we assume that the poles of  r  erre ei ther of  even order or else of  order l .  We
spl i t  our proof into parts.  depending on the nature of  r  at  0.  This pzrral le ls the div is ion of
Step 1 of  the algor i thm.

(c t )  Suppose tha t  0  i s  a  po le  o f  r  o f  o rder  l .  so  r ' :  * , ' . \+  " '  .  The R icca t t i  equat ion
becomes

l ' (J '  u i  *

\ r - ,  
4  ' *  

, l  
+  " '  : . ,  *

Since ui  + O. r '  (  I  and [0]  :  0.
Subst i tut ing 0 :  r ,  x *  { /  into the Riccatt i  Equat ion.  we have

i .  v . 2  2 a -  *

_\- -\- _\ r
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T h e r e f o r e  - c + d . 2 : 0 ,  S o  d : 0  o r  a : 1 .  W e r e  d : 0 ,  t h e  l e f t - h a n d  s i d e  o f  t h i s  e q u a t i o n
would have 0 as an ordinary point; however. the right-hand side has a pole at 0. We
conclude that a : I and the component of the partial fraction expansion of 0 at 0 is (in the
notat ion of  the algor i thm)

N x* ' .  
w h e r e  1 *  :  1 .

x

(cr) Suppose that r has a pole at 0 of order 2, say

b *, : ? * ; * " ' .

As in  (c , ) ,  [ ( / ] :0  and -a la2 :b .  Thus  the  component  o f  the  par t ia l  f rac t ion  expans ion
o f 0 a t 0 i s

c ! , -- i ,  where c- :  +! i . , /  1 + 4b.

(c.)  Suppose that r  has a pole at  0 of  order 2p>- 4.  In sect ion 2.3.  we showed that
t ' :  F .Reca l l  f rom sec t ion  3 .1  tha t

[ r ' ] : t l  *

where we have dropped the subscript "0".

Ler t -- rG -f"til Then , : lr,5l2 + 2t[.
obtain the followine formula

(tol - t"6} (tol + tv6l)

*
I- r  - .-\-

- t

r f  + r - .  F rom the  R icca t t i  Equat ion  \ \ 'e

( & )
al:  -  [o] '+ ,

_x- .\

x .2  ) v  -

, _ : 0 - _ 0 ' + 2 i [ \  i : 1 + i . .
,X- ,X

An examination of the right-hand side of this equation determines that it is free of terms
i n v o l v i n g  l i ' - x ' f o r  i : r ' * 2 , . . . , 2  ( s i n c e  t , 2 l ) .  T h i s  i m p l i e s  t h a t  t h e  l e f t - h a n d  s i d e  i s  0 .
Indeed. since

( tp l - t . ,  i l )+ ( t0 l+ t r  t l )  :  r [0 ] .

at least  one of  the factors involves l /x" .  Were the other factor non-zero.  i t  would involve
l / . x t fo r  some i>2 .  The produc t  wou ld  then invo lve  l i - x " * t fo r  some i )  2 .  wh ich  is

absurd.  Hence [{) ]  :  t  t .  71.
The coeff ic ient  of  l / - r ' *1 in the r ight-hand side of  (&) is *r 'a{2aa*b. wherc b is the

c o e f f i c i e n t  o f  l , i , x ' * r  j n  2 t l 1 | f  + f t  - r - t v $ l 2 .  T h e r e f o r e  e t :  j ( +  b i u * r ' ) .  W e  h a v e
shown that i f  0 is a pole of  r  of  order )v ) . -  4,  then the component of  the part ia l  f ract ion
expansion of  0 at  0 is

t t . i 1 . t .  w h e r e  r t  
l (  h  \

(co) Fina'y. we must consider *nr,;;.":-*: f ; ." lo,nu* point or r As in
(c ' , ) ,  [0 ] :0  and -q . lu2 :0 .  Cont ra ry  to  the  s i tua t ion  in  (c , ) .  however .  we cannot
conclude that ry 10. Hence the component of  the part ia l  f ract ion expansion of  r  at  0 is
ei ther 0 or 1/ .x.

-0 , -4 f r l_  2e-e)
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We collect together what we have proven so far. Let f be the set of poles of r. Then

/  _  osrc r  \  d  l
0 : I ( s ( t ' ) [ 1  r ] , r , . '  - ] + I . .  _ , + R .

c e | -  \  - \ - (  /  i =  I  - \  - c { i

where Re C[.x] .  s(c ' )  :  *  or  - ,  and tvt ] . .  r f ( ' r  are as in the statement of  the algor i thm.
Next we consider the Laurent series about oc. Suppose that

d..-
f / : R +  - + " ' .

( .o,) I f  r  has order v > 2 at cr, then

r : * + j - + " ' .
-\ t '  - \ t  

-  '

T h e  R i c c a t t i  E q u a t i o n  i m p l i e s  t h a t  R : 0  a n d  - a ,  l a 1 : 0 .  s o  u . r . : 0  o r  1 .
( .cr)  I f  r  has order 2 at  q,  then

b * <
' ' :  

, '  
f  

. r :  
- F  "  

"

The Riccatt i  Equat ion impl ies that  R :0 and -c, ,  *  a2. :  b,  hence

a , :  j t l r  1 a a 6

(r : )  In the other cases. the order of  r  at  :c must be even. by the necessary condi t ions
of sect ion 2.  Fol lorv ing an argument s imi lar  to that  used in (r ' . )  we f ind that

t l  h  \
R : * [ r , ' ] , .  : t r - - f  ( t  u - , ) .

where -2r '  is  the order of  l  i t t  : r , .  ( t  is  the leading coefhcient of  [n '7] ,  and h is the

c o e f f i c i e n t  o f  1  - \ ' - r  i n  r - [ r  r ' ] t , .
We now know that the part ia l  f ract ion expansion of  0 has the form

-  /  -  . / s l ( ) \  ( t  
I

0 :  I  (  . t ( , ' )L r , '1 ,  *  . ' . -  )  + . ' t  v  ) [ r  r f  ,  +  I  -
r ' e l  \  ' \ -  1 , /  

' L \  
i ? t  . \ - d i '

Moreover. the coeffrcient of 11.x in the Laurent series expansion of 0 at cc is a1'). Thus

,l : a'f,",,-.I* 1i(.)e N.

Let
*- ( "( ' )  

\
c t :  L  1 s ( r ' ) [ .  r ] .  *  . l '  ,  )  + r t  x  ) [ .  r ] , .

a n d  
c e r \  ' \ - L ' /

d

" 
: 

,4 
(,x - d,).

Then 0 :  ot  *  P'  1 'P.  Again.  using the Riccatt i  Equat ion.  we obtain

P"  +2 toP '  l ( rD '  * ro2  - r )P  :  0 .

The converse. namely that  i f  P is a solut ion of  th is equat ion.  then I  sat isf ies the Riccatt i
Equat ion.  is  a s imple ver i f icat ion.  I t  fo l lows that i f  P is a solut ion of  th is equat ion.  then

4:  Pe io ' i s  a  so lu t ion  o f  the  DE ) " '  :  r ! ' .
This proves that the algor i thm for case I  is  correct .
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4. The Algorithm for Case 2

Fol lowing the pattern of  sect ion 3.  we shal l  descr ibe the algor i thm in sect ion 4. l .  g ive
examples in sect ion 4.2 and the proof in sect ion 4.3.  The algor i thm and i ts proof assume
that casc 1 is known to fa i l .

4.1.  DES(-RIprIoN or rHE ALGORTTHM

Just as for case l. we first cc-rl lect dati i for each pole c of r and also for r . The form of
the data is a set  E,.  (or  rL,  )  consist ing of  f rom one to three integers.  Ncxt wc consider
fami l ies of  e lements of  these sets.  perhaps discarding some and retaining others.  I f  no
fami l ies are retained. case 2 cannot hold.  For each fami ly retained we search for a monic
polynomial  that  sat isf ies a certain l inear di f ferent ia l  equat ion.  I f  no such polynomial  exisrs
for any fami ly.  then case 2 cannot hold.  I f  such a polynomial  does exist .  then a solut ion tcr
the DE has been found.

Let f  be the set of  poles of  r .
Step l .  For each c e I -  we def ine E,.  as fo l lows.

( ( ' 1 )  t f  c  i s  a  p o l e  o f  r  o f  o r d e r  1 .  t h e n  [ , . :  l r l ] .
(c ' : )  I f  c  i s  a  po le  o f  r  o f  c ' r rdcr  2  and i f  b  i s  the  coef i l c ien t  o f  |  ( . r  r ' )2  in  thc  par t ia l

fraction expansion c-rf r. then

E .  :  l 2 + 4 .  I  + . l h  A  :  0 .  * 1 1  n r :

( c : )  I f  c ' i s  a  p o l e  o f  r  o f  o r d e r  r ' >  2 .  t h e n  E ,  :  l l l .
( r  r )  I f  r  h a s  o r d e r  > 2  a t  : r - .  t h e n  E ,  : 1 0 .  2 . 4 1 .
(  t ,  z\  I f  r  has ordcr 2 at  : f , -  and b is the cocfhcient of  -x-r  in the Laurcnt scr ics

expansion of  r  at  r , .  then

E ,  :  [ 2 + 4 .  
, + 4 h l f t  : 0 .  + 2 )  o Z .

( r : )  I f  t h e  o r d e r  o f  r  a t  r  i s  r ' < 2 .  t h e n  E , :  [ r ' ) .
S tep  2 .  We cons ider  a l l  fami l ies  (e . ) . . ru l r r  w i th  e .e  E . .  Those fami l ies  a l l  o f  r lhose

coordinates are even mav be discarded. Let

d : r z @ , _ I r . ) .

I f  d is a non-negat ive integer.  the fami ly should be retained. otherwise the fami l l  is
discarded. I f  no fami l ies remain under considerat ion.  case 2 cannot hold.

Srep 3. For each family retained from Step 2. we form the rational function

0 : l I - "
c r l - . \ - ( '

Next we search for a monic polynomial P of degree d (as defined in Step 2) such that

P " ' + 3 0 P "  + ( 3 0 2  + 3 0 ' - 4 r ) P ' + ( 0 "  + 3 0 0 '  + 0 3 -  4 r 0 - 2 r ' ) P  : 0 .

If no such polynomial is found for any family retained from Step 2. then case 2 cannot
ho ld .

Suppose that such a polynomial  is  found. Let S:0+P' lP and let  r r - r  be a solut ion of
the equat ion

r o 2 + Q a + G 6 ' + + O t - r ) : 0 .

Then ry : el 'o is a solution of the DE f' : t ' \ ' .
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4.2. nxnnapr-Es

Erample l .  Consider the DE l" '  :  r l ,  where

l 3
' ' : . *  -  

1 6 r : '

The necessary condi t ions of  sect ion 2 show that cases I  and 3 cannot hold.  (The order of  r
at  r  is  1.)  The only pole of  r  is  at  0 and the order there is 2.  The coeff ic ient  of  1/ ,x2 in the
part ia l  f ract ion expansion of  r  is  b -  -  3t16. Since 2. ,1 14h- :  1 is an integer.
E o : 1 1 , 2 . 3 1 .  T h e  o r d e r  o f  r  a t  c  i s  I  a n d  E . .  : . [ l ] .

We have three families to consider.

€ o : 2 .  e : 1 ,  d : - l l 2

€ o : 3 .  e : 1 .  d - - l

€ o : 1 ,  e : 1 ,  C l : 0 .

Only the third family need remain in consideration. For this family. 0 : I /2.x and we need
to f ind a monic polynomial  P,  of  degree 0.  such that

P " ' + 3 0 P "  + G 0 2  + 3 0 ' - 4 r ) P ' + ( 0 "  + 3 0 0 '  + 0 3 -  1 r 0 - 2 r ' ) p  : 0 .

Evident ly P must be l .  so the existence ol  P is a quest ion of  whether or not
0"  +300 '  + ( /3 -  4 r0-2r '  i s  zero .  That  express ion  does  happen to  be  0"  so  P:  I  i s  the
desired polynomial .

Next we form

$ : o l P ' i P :  
l

The equat ion  fo r  l r  i s

The roots are

( ! ) :  
t  

-
4.r 

-

I t  fo l lows that \  ' t

t 7  :  g i " :  g J { l  l ' l ' \ l +  1  .  t l  :  , ,  
I ' r l n 2 .  r

i s  a  s o l u t i o n  o f  t h e  D E .  ( A n d  - \ t a e - 2 . '  i S  a l s o  a  s o l u t i o n . )

Eruntpl t '1.  In th is example we f in ish considerat ion of  Bessel 's Equat ion

l \  1 + h h :  2 1  1 + 4 ( 4 , n 2  i ' 1  4  :  4 t r .

c i t h e r  E o :  l 2 l  o r  E o :  1 2 .  l +  L n . 2 - 4 n \ , .  d e p c n d i n g  o n  w h c t h e r  4 n  i s  a n  i n t e g e r  o r  n o t .  I f
4rr  is  not an integer.  then thcre is only one case to considcr.

s o : f .  ( ' r : 0 .  t l : -  1 .

/ 4 n t - r  \
. t . ' '  :  (  4 . r r  

- '  
/  

t ' .  r re  C.

that was started i r t  scct ion 3.1.  In that  sect ion wc observed that case 3 cannot hold and
that case I  holds i f  and only '  i f  r r  is  hal f  an odd integer.  Here we treat casc 2 and n-rake the
assumption that n is not hal f  an odd integer.

The only '  pole of  r  is  at  0 and the order there is 2.  Since
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Thus if 4rr is not an inteser. case 2 cannot hold. If 4n is an inteser. there are three cases to
consider.

e o : 2 .  d ,  :  0 .

e o : 2 * 4 n ,  d , .  :  0 ,

€ o : 2 - 4 n ,  9 '  :  0 ,

t l : - l

d  -  - 1 - 2 n

d  :  - l  + 2 n .

For the proof of the algorithm for case 2 we shall rely heavily on the differential Galois
group of  the DE. In case 2.  th is group is (conjugate to)  a subgroup of

, r : { ( ' ^  9 ) l  , e c . , r o }  , { f  o  
: ) l  , e c , + o }

| . \0  . - ' l l  )  | ' \ - ,  '  0 / l  I
Moreover.  we may assume that case I  does not hold.  so the di f ferent ia l  Galois grr lup is
not t r iangul isable.  Let  q,  (  be a fundamental  system of solut ions of  the DE corresponding
to the subgroup of  D' .  For any di f ferent ia l  automorphism o of  C(.x)(r l .  i )  over C(.x) .
e i t h e r  o q : c r y .  o ( : t ' - r - (  o r  o r y : - ( '  t ( .  o - ( : c 4 ,  f o r  s o m e  . e  C .  t ' # 0 .  E ' i d c ' t l y
o(, l t?) :  nt?,  therefore 4t  _(  e 0(r) .  Moreover,  q(  #C(.r)  s ince case l  does not hold.

We write

In order that d be a non-negative integer, it is necessary that n be half an integer. Since
n is not half an odd integer, 11 must be half an even integer, that is n is an integer. But. for
such n, both eo and c. are even. Hence all families are discarded and case 2 cannot hold.

In th is example.  and in Example 2 of  sect ion3.2,  we have shown that Bessel 's Equat ion
has a Liouvi l l ian solut ion i f  and onlv i f  n is hal f  an odd inteser.

4.3.  PROoF

q'(t  :( /  f ]  (-x-( ')" '  f l  t-" -d'1r ' .

where f  is  the set o[  poles of  ,  nnA ln.  .*0o"." , ,  e, . . f ' ,  are integers.  Our goal  rs to
determine these exponents.

Let

O : ( t t - J ' i ( r l O :  , z ( q . ? ) ' ; ( , / t ; t )  : :  f  
t "  

+ l  f  
l i  

,
. \  -  r l ;

Because Q : rl ' l , l  + ( ',, i . i t follows that

(*)  ,h" + 3,hQ' *  Q, :  4rr f  + 2r '  .

We f i rst  determine e.  for  ce I - .  In order to s impl i fy the notat ion.  we i lssume that r :0.
(c,)  Suppose that 0 is a pole of  r  of  order l .  The Laurent ser ies expansions of  r  and r /

at 0 are of the form

r  :  r r -  I  +  '  '  '  Q  *  0 )

q  :  ) e x - ,  + / ' +  .  .  .  ( e e Z .  / ' e C ) .

Subst i tut ing these ser ies into the equat ion 1*;  and retaining al l  those terms that involve
.x I and .r 2. we obtain the following.

e . \ - 3  + '  "  - 1 0 t " - t  - ) e [ x - 2  +  " '  + { e 3 . x - '  + } e t . 1 ' r - 2  + ' ' '
: 2 q . e x - 2  +  "  '  - a . \  2  +  '  '  '  .
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T h e r e f o r e  e - | e t  * f e 3 : 0 ,  s o  e : 0 , 2 , 4 .  A l s o  - | t f + i n ' . f  : 2 u e - a .  B e c a u s e  q . * 0 ,

e + 0 . 2 .  H e n c e ,  e  m u s t  b e  4 .
(cr) Suppose that 0 is a pole of r of order 2 and that b is the coefficient of I lx2 in the

Laurent series for r. That is

r : b x - 2 + . . . ,  6 : ) e x - l + . . . .

Equating the coeffrcients of x 
- 3 on the two sides of equation (*), we obtain

e - i e '  + * t t  : 2 e b - 4 b .

The roo ts  o f  th is  equat ion  are  e :2 ,  e :212\ /1+4b.  Of  course ,  the  la t te r  two roo ts  may
be discarded in the case that they are non-integral.

(c.) Finally we consider the possibil i ty that 0 is a pole of r of order v > 2. Then
r : x - v +  " '  a n d  6 :  j e x - r +  " ' .  E q u a t i n g  t h e  c o e f f i c i e n t s  o f  y - v - t  i n  1 * ;  w e  o b t a i n
0 : 2 u e  - 2 d v ,  h e n c e  €  :  r .

In determining the exponentsf we may use the calculation of (c,) above if we replace a
by 0 (s ince d,  must be an ordinary point  of  r ) .  We f ind that. / ' , :0,2,  or  4.  We cannot
exclude the possibil i ty that .f i:2, but we can, of course, exclude the possibil i ty., : 0.

We have shown so far that

q'e'  : .U. (r  -  c) 'P' .

where e,eE, (as def ined in sect ion 4.1) and Pe C[r ] .

S e t  0 : i r .  " .  s o  0 : g + P ' l P .' " - . f  
- X - C

The next step in our proof is to determine the degree d of P, which we do by examining
the Laurent ser ies expansion of  @ at oc and using equat ion (*) .

6 :  I e , r  
t  +  " ,  € , - :  \  e r + 2 d .

( o o , )  S u p p o s e  t h a t  t h e  o r d e r  o f  r  a t  c c  i s  2 .  A s  i n , . , ; - .  f i n d  t h a t  € . : 0 , 2  o r  4 .
(.or) Suppose that the order of r at cc, is 2 and that b is the coefficient of x-2 in the

Laurent ser ies expansion of  r  at  oo.  Then, as in (cr) ,  en:2,  2+2f,1 +4b and e"o is
integral.

(oo.) Suppose that the order of r at oo is v < 2. As in (cr), it follows that e- : v.
Note that  at  least  one of  the e,(cef)  is  odd, s ince r t (#D( ' : r . ) .
Using equat ion 1r ' ;  and the equat ion @:0*P' lP,  we obtain

P" '+30P"  +Q02 +3e ' -4r )P '+(0"  +3ee '+03 -4r0-2r ' )P :0 .

This is a l inear homogeneous differential equation for P, so there is a polynomial solution
if and only if there is a monic polynomial which is a solution.

Now let ro be a solution of the equation

( * * )  a 2  - 0 a + I 0 ' + + O t - r : 0 .

To complete the proof we need to show that 17: el ' is  a solut ion of  the DE y*:ry.
From 1x*) we obtain (by differentiation)

(2a - $)rt' : S'co - +0" - 6d' + r' .
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The fac to r  (2o-q i )  cannot  be  zero . lndeed.  i f  (h :2 t , . r .  then  t , t  l to2  - r -0  ( f rom ( * * ) )  so

\ :  g l '< ' t  is  a solut ion of  the DE. But t r - r  :  )4, ,e C(.x) .  This is casc l .  which was assumed t t - r
fa i l .  using (**)  and (x)  we have

2 ( 2 o - r f ) ( ' t  * r o 2  - r ) :  -  4 i ' - 3 0 , b ' - 4 , ' + 4 r c f  + 2 r '  : 0 .

T h u s  u ) ' + r o 2 :  r ' S o  f i : g ! ' '  i s  A  s o l u t i o n  o f  t h e  D E .
This completes the proof that  the algor i thm for case 2 is correct .

5. The Algorithm for Case 3

Following the pattern established in the previous two sections. we describe the
algor i thm in sect ion 5.1 and give examples in sect ion -5.1.  The proof of  the i t lgor i thrn
requires a knowledge of  the f in i te subgroups of  SL(2) and their  invar iants.  which is
provided in sect ion 5.3.  The proof of  the algor i thm is presented in sect ion 5.4.

In case 3.  the DE has only algebraic solut ions i ind n,s assLlnrc that  cases I  and I  urc
known to fa i l .  ( l t  is  possible for  the DE to have only algebraic solut ions and for cascs l  or
2  t o  a p p l y .  F o r  e x a m p l e .  c a s e  I  g i v e s  t h e  s o l u t i o r l  r i  : . x t *  t o  t h e  D E  . r " ' :  1 3  l 6 i r ) t ' .
then reduct ion of  order gives (  : .x-r  *  r ts a second solut ion.)

5.1.  DF,scRrprroN oF THF. AL(;oRrrHM

Let 4 be a solut ion of  the DE .)" '  :  rJ 'and Set (D: t l ' l t l .  Then" as we shal l  shgu i l l  scct i t ) l l
5 .4 ,a . t  i s  a lgebra ic  over  C( .x )  o f  degree 4 ,6  o r  12 .  I t  i s  the  min ima l  po lynomia l  fo r  l r  thu t
we shal l  determine. We are unable to determine the minimal cquat ion for  11 (w'hich r iould
be of  degree 24. 48 or 120).

There are two possible methods for f inding the minimal cquat ion for  r ' . , .  \ \ 'c  coul t l  l lnd
a  po lynomia l  o f  degree l2  and then fac to r  i t .  We sha l l  p ro rc  tha t  i f  r , , l  i s  r . rn r  so lu t ion  o f
the  12 th  degree po lynomia l  found by  our  method.  then r ;  : , , r ,  i s  a  so lu t i t - rn  t - r f  th r '  [ )F .
hence any one of  the i r reducible factors mav be used. This rs thc most c i i rcct  nrcth()d:
however.  the factor isnt ion can be a formidable problem. eren with the assrstuncc of  a
computer .  We i l lus t ra te  th is  b1 ' '  cxamplc .  in  sec t io r t  5 .1 .  The a l tc rnu t i rc  i s  to  l i r s t  a t tempt
to f ind a 4th degree equat ion for  r , r .  then a 6th degree cquut ion rrnd f inal l1 'a l2th c lcqrcc
equat ion.  The advantage is that  i f  an equat ion is found. then i t  is  guaranteed to bc
irreducible.

In  our  descr ip t ion  o f  the  a lgor i thm.  rve  sha l l  combine  the  var ious  poss ib i l i t i cs .  dcn t r t ing
by n the degree of  the equat ion being sought.  As before" we denote by f  the set  of  poles of
r .  Recal l  that ,  by the necessary condi t ions of  sect ion 2.  r  cannot have a pole of  order > l .

Srep l. For each c e I- u I r- | we define a set E. of integers as follows.

( ( ' 1 )  l f  t '  i s  i r  p o l e  o f  l  o f  o r d c r  l .  t h c n  E . :  l l l l .
( , ' r )  l f  c '  i s  a  po le  o f  r  o f  o rder  2  and i f  z  i s  the  coef l l c ien t  o f  I  ( \ - ( ' ) r  in  t l r c  par t ia l

fraction expansion of r. then

( tzr rr')
E .  :  j 6 +  t t  \  l + 4 x  A : 0 .  * 1 .  + 1 . . . . .  ! . , l a z .

, /
(oc,) If the Laurent series for r at v- is

r :  l ' , \ - 2  + . .  '  ( ; ' e  C . p o s s i b l y  0 ) "
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then

E , :

Step 2. We consider al l

Also def ine

n

T
,--,

Then ry :  ei '"  is a solut ion of the DE.

t2k
r ?  \  l + 4 ^ , '  l f t : 0 . +

es  (e . ) . . r u t  r  l  such  t ha t

. n
d : 7 ' ^ , ( c , -  I . . ) .

l L  c . e l '

S'P,l r,)' : 0.
( n - i ) !

rr l
, l n z .' )

ach such family. define

(
l o *
t

famili

|  + 1  +' . : - . ' . ' r  l

e,e  E, .  For  e

I f  r i  is  a non-negat ive integer.  the fami ly is retained. otherwise the fami ly is discarded. I f
no families are retained. then rr.r cannot satisfy a polynomial equation of degree n with
coefficients in C(.x).

Sterp 3. For each family retained from step 2. form the rational function

{ ) :  a Y -€ '
l 2 ; ? r . { - c

S  :  f ]  ( x - c ) .

Next search for a monic polynomial  PeCIt ]  of  degree d (as def ined in step 2) such that
when we dc f ine  po lynomia ls  Pn.  Pn r . . . . ,  P- ,  recurs ive ly  by  the  fo rmulas  be low.  then
P r  :0  ( iden t ica l l y ) .

P u : - P

P i  I  :  - s P ; + ( ( r r - i ) s ' - S ( ) ) P I - ( n - i ) ( i +  l ) S 2 r p , * ,

( i : n . n - 1 .  . . 0 )

This may bc convenient lv done b1'  using undetermined coef l ic ients for  P. I f  no such
polynomial  P is found lor  an1'  fami l l '  retained from step 2.  then o cannot sat isfy '  a
polynomial  equat ion of  dcgree rr  wi th coef ic ients in C(.x) .

Assume thert  a fami ly and i ts associated polynomial  P has been found. Let r , r  be a
s o l u t i o n  o f  t h c  c q u a t i o n

5.2.  rxauplns

Exuntple l .  Our f i rst  example i l lustrates the al ternat ive technique ment ioned at  the
beginning of  the last  sect ion.  namely to bypass the search for equat ions of  degrees 4 and 6
[or ro and proceed direct ly to the search for an equat ion of  degree 12.

We consider thc hypergeometr ic equat ion r ."  :  r ._1,  where

3 2 3r : - -  
l 6 F - 9 a \ J t '  *  t u r ( " - D '

The necessary condi t ions of  sect ion 2 show that al l  four cases are possible.
Applv ing the algor i thm for case l .  we f ind that

;: : Ii ::, :',:
t i  : 2  3 .  r ,  :  1 , , ' 3 .

and d: r l  -r i  -r ,1 can never be a non-negative integer. case I fai ls.
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Applying the algorithm for case 2, we find that

Eo  :  {2 ,  3 .  1 }

E,  :  {2 \ ;
E  n ' :  { 2 \ '

and d:€o,-€o-€t  can never be a non-negat ive integer.  Case 2 fa i ls .
We apply the algorithm for case 3, searching for an equation of degree 12 for (o, thus

n : 1 2  i n  t h e  a l g o r i t h m .

A t  c : 0 ,  c :  -  3 1 1 6  a n d  
" / l  

+ + o :  I l 2  ( o r  -  l l 2 ) .  H e n c e  E o :  { 3 ,  4 ,  5 ,  6 , 7 .  8 ,  9 } .  A t

c : 1 , d . - - 2 l 9 a n d  . , / t + 4 u : 1 1 3 .  S o E , : { 4 , 5 , 6 . 7 ,  S } .  A t  o c . i ' :  - 2 1 9  a n d  E . . : { 4 .
5 ,  6 ,  7 ,  8 ) .

Fol lowing the instruct ions of  step 2,  we now form the expression 6l :€. : -eo-e,  for
every choice of  eo e E-,  €se Es, e,  e Er.  We discard those fami l ies for  which d is a negat ive
integer. Only four possibil i t ies remain.

€ , r : 7 ,  e o : 3 .  e t : 4 ,  d : 0

€ , (  :  8 .  9 o  :  3 ,  € t : 4 ,  d :  I

d '  :  8 ,  € o : 3 ,  g t  :  5 .  d  : 0

e r : 8 .  € o : 4 ,  € t : 4 .  d : 0 .

We now consider the f i rst  possibi l i ty ,  fo l lowing step 3.  We set ( / :3, ' . t+4 ( . r -  l ) .
S:x2--x.  and search for a monic polynomial  P of  degree 1 that  sat isf ies the condi t ions
g iven in  s tep  3 .  Of  course .  P :  l .

The computat ions are far  too compl icated to be accurately done by hand: how'crer.
they are easi ly programmed into a computer.  Since Pi  is  a lways a poly 'nomral
( l :  12,  .  .  . ,  -  1)  whose degree is easi ly predicted ( in th is example deg P'  :  12- i )  arravs of
coeff ic ients may be manipulated to carry through the computat ions.  In order to avoid
roundof f  e r ro r .  we computed l ) tz - t ,  us ing  33  d ig i t  in teger  a r i thmet ic .  Thc  resu l ts
follow.

P t z : - 7

P t t : l x - 3

Pro  :  0 l l2 ) ( -  53612 *  459. r  -  99)
ps :  (3 ! / (3 l2 'zD(l8544,x3 -2379912 + 10260.x -  1485)

ps :  (4 l l (16.12\)(-  12148811 +217972x3 -  140879,x2 +40110.x -4455)

p. t  :  6 |  I  Q. l  2t)X 1 74080-xs -  37 l l  48ra + 320305.x3 -  1 38975.x2 + 30375.x -  267 3)

p o :  6 l  I  12t)(-  8257 536xu + 211451 36,xs -227 57 500,x4 + I  3 1 68377.x3
-4318083.12  +760347x -  56133)

ps : Q tlQ t2\)(7929856.x7 -2367398416 + 30564708 xs -2210728ix4

+ 9668646.x3 - 2555280.x2 + 37 7 622x - 24051)
p+ :  (8 ! / (1 6 126))(-26421 152.X8 + 900984832x1 -  135613476816 + I  177673400.rs

- 64408232J xa + 221124972,x3 - 50398362 x2 + 6429780.x - 360855)
p : :  ( 9 ! / ( 3 . 1 2 t ) X 1 1 4 4 8 3 0 4 6 . x e - 6 6 8 8 9 9 7 3 7 6 . x 8 + 1 1 5 0 9 0 3 9 4 4 0 x 1 - 1 1 6 5 6 9 0 2 1 8 4 . x 6

+ 1 6541 70465.xs - 331 6695033.14 + 10001 83626.x3 - I 9 I 68 1 802,x2
+ 2 1 5 5 2 8 8 5 . x -  1 0 8 2 5 6 5 )
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p z : 00 ! lQ. 12o))( - 228110137 6xto + g7 I 3634849,xe - 1879943809018
+ 21 7 66009 6t 6x1 - 1 66931 7 47 6g x6 + 8 8404 I 3 68 3-x s
- 3217 31 9535,x4 + 8387801 10,x3 - 14113941012 + I 427017 5x
- 649s3e)

P t :  (11 ! /12 t0X1342171280r t t  -6282018816 ,x t0+  13507531116xe  -115999223g4 .x8
+ 1 54268489 52x1 - 9 5 464270 1 7,16 + 425263867 2xs - | 3 628 | 6657 xa
+301684656.x3 - 4657653912 + 4251528,x - 111t47)

p o :  (12!  I  t2 t , ) ( -  g58gg34 592x12 + 43g3gg6540g11 1 -  1036g 1720320xto
+ 1 501 45631824.xn - 149 I 70390976x8 + 1 0490 nl0g64x1
- 54596424249x6 - 21032969490.xs - 5948563 455xa
+ 12036548 I6.x3 - 1652791 5 1-x2 + 1 3g n466x - 531441\

P  r : 0

Therefore 4 : e)" '  is a solut ion of the DE. where ra is a solut ion of the equation

]l  ( .vr - r) iP,

,L-  t  12 -  i ) l  
( ' ' r '  -  o '

Professors Caviness and Saunders of Rensselaer Polytechnic Institute kindly offered to
attempt a factorisation of this polynomial for ro. They used the exceedingly powerful
system for algebraic manipulation called MACSvMA at MIT. The program took less than 5
minutes to write but took 3 minutes of CPU t ime to execute. The result is that the
polynomial above is the cube of the fol lowing polynomial.

(.r t  - .x)aroa -( l  3)(.r2 -.x)3(7r - 3)r,r3 * (1, '24X,x2 --x)2(48 x2 - 41-x + 9)rr,r2
- ( l  432X.*: -.x)(320.xr - 409.x2 * 180.x -2i)o
+ (  I  20736)(2048.x4 -  3484.x3 +2313.x2 -  702r+ 8 l  )

Example 2. In this example we consider the DE j" '  :  ry, where

5 x  + 2 7
r  -  -  

3 6 ( x -  l f

The necessary conditions of section 2 show that all four cases are possible.
Note that the partial fraction expansion of r has the form

r - - e G + l F + .  - r G _ l y +  .

and the Laurant series for r about x is

r : -  
5  

- L . . .'  
3 6 1 2

Applying the algori thm for case I we f ind that

a ! ' : 2 1 3 '  u - ' : 1 1 3

u i  : 2  3 ,  a r  :  l l 3

a I  :  516 ,  a -  :  116 .

For no choice of signs is d : at- - d! ,, - af a non-negative integer, thus case 1 cannot
hold.
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Apply ing  the  a lgor i thm fo r  case 2  we f ind  tha t  E-  r :Er :E ,  :  {2 ) .  and case 2  does

not  ho ld .
Wc now apply the algor i thm for case 3.  at tempt ing to f ind an equat ion of  degrec 4 over

C(-x) that is satisfied by ro.
From step I we have that

E  , : . t , 4 , 4 . 6 , 7 . 8 1 .  E t :  { 4 . 5 , 6 . 7 . 8 }  a n d  E , ,  :  i 2 . 4 , 6 . 8 .  1 0 1 .

There  are  four  fami l ies  w i th  the  proper ty  tha t  r / : l (e  { -e - r -e r )  i s  a  non- l tsgr t t i r , ' c

integer,  namely
c . - . : 8 .  € , t : 4 ,  € t : 4 .  d : 0 ,

€ r : 1 0 .  € - t : 4 .  a t : 6 -  r / : 0 .

8 r : 1 0 .  c - r : 5 .  c r : 5 .  r / : 0 .

c r : 1 0 .  €  t : 6 ,  € t : 4 ,  d : 0 .

The f i rst  possibi l i ty  g ives

Sett ing S

Let a-r be

St

I f  we ma

Then

is a solut ion of  the DE.

5.3.  FrNrrE suBGRouPS oF SL(2)

In th is sect ion we determine the f in i te subgroups of  SL(2).  up to conjugat ion" and their
invar iants.  This work is c lassical .  being found in the work of  Klein.  Jordan and othcrs.
For the sake of completeness we sketch the results here in the form needed in the
subsequent section.

t /  4  4  \  r { r

" :  ,  ( r +  r  
* . r -  l  , l :  t ( \ r  -  t ) '

: . x2  -  l .  we have S0:  3 ,x .  S2r :  - * (5 , t t  +21) .  We then have

P + : - 1

P: : (8/3)-x

P 2 - - - ( l / 3 ) ( 1 5 , x 2 + l )

P r  :  ( l /9X50,x3 + 14.t)

P o :  - ( 1 / 5 4 X l 2 5 x a  +  1 3 4 . \ 2 - 3 )

P - r : 0 '

a solut ion of  the equat ion

,+ : $-xSrrt -*( I 5,x2 + I )Str-r2 + +(25.\3 * 7.r)Sru - rl lqr,( I l5 ra + I l- lrr - -l)

ke the subst i tut ion 65o :  i  *  4,x.  the equat ion s impl i f ies t t r

: a :  6 ( , x 2  l ) : t  -  8 . r ( . x 2  -  l ) ;  +  3 ( . \ :  -  l ) r .

q  :  e i , "  :  ( . x 2  _  l  ) '  .  . * p  ( l  ( ,  ( r t  -  l ) )  d . r )
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THr-.oRnu 1. Let G he a./rnite subgroup ol' SL(2). Then either

(t) C is coniugute to a suhgroup o.f the

D , :

w'here D is the diagonul grlup. 0r

( i l  the order o/ 'G is 24 ( the " tetrahedral"  case),  or

\i i i) the ortler o/ G is 48 (the "octahedral" case), or

(it) the ortler of'G is 120 (the "it 'osahedral" case).

ln the ltrst three ('o.se.s G contains the sc'alar matrix - l.

The geometric names were used by Klein; however. our proof wil l be entirely algebraic.
Prool ' .  We assume that G is not conjugate to a subgroup of  D' .  LeI  I I  be the set of

s c a l a r  m a t r i c e s  i n  G .  t h u s  H : l l ]  o r  l l . - l ] ' .  s o  t h e  o r d e r  o f  H  i s  I  o r  2 .  F o r  a n y
,xe  G-H ( i .e . . re  G and rdH)  we denote  by  Z(x )  the  cent ra l i ser  o f  . x  in  G and by  lV( r )  the

t  : ,y ' ,  ' rJ ( t t / tx, l , t  r  11) ' - t  H (dis jo int) .

where  the  inncr  un ion  is  taken over  a l l  cose ts  gN( . r i )  in  G 'N( .x , ) .  . s  i s  some natura l  number
and . r1 .  . .  . r .  e  G -  H.

The group N(.r i )  is  easy to descr ibe s ince x,  is  d iagonal isable.  First  notc that  the only
matr ices in SL(2) that  conjugate a diagonal  non-scr.r lar  n"ratr ix into a diagonal  matr ix are
the matr ices in D- tby direct  crrmputat ion).  I t  fo l lows that iV(.r , )  is  the intersect ion of  G
and i r  conjugate of  D*.  in part icular the index of  Z(x,)  in N(.x,) .  p{( , r , )  :  Z(x,) f .  is  e i ther 1
o r  2 .

Le t  M:  o rd  (G H)  and e ' ,  :  o rd  (Z(x , )  H) .  The representa t ion  o f  G as  a  d is jo in t  un ion
gives the fol lowing formulas.

r V ' o r d H : [ G : N ( . r , ) ] ( c , ' o r d  H - o r d  H ) + o r d  H .

o r

or

( # )

group

(  0  l \
D u l  l ' D .

\ -  I  0 /

normal iser of  Z(.r)  in G.
Let,x e G- H. Since -r  is  of  f in i te order.  .x is diagonal isable.  (The Jordan form of a non-

d iagona l isab le  mat r ix  in  SL(2)  must  be  I ( :  l ) . ,  t tn . .  the  cent ra l i sc r  in  SL(2)  o f  a- \ 0  
t 1

d iagona l  non-sca la r  mat r ix  i s  D (by  d i rec t  computa t ion)  Z( r )  must  be  the  in te rsec t ion  o f
G  a n d  a  c o n j u g a t e  o f  D .  H e n c e  Z ( x ) : Z ( v ) i f  a n d  o n l y  i f  v e  / , ( r ) .  U s i n g  t h i s  f a c t  a n d  t h e
fac t  tha t  Z(g . rg  ' ) :  r tZ ( . r )g  t  we may 'conc lude tha t  ( fo r  a rb i t ra ry .y .  l ' .  ( / .  g 'eG)  e i ther

u Z ( x ) g  t  a  r t ' Z ( t ' ) g ' -  
t  :  H  o r  ( t Z ( x ) t l '  :  r l Z ( ) ' ) t t '  

I

and  in  the  la t te r  case t '€q '  lqZ( . r ) t t - t r r ' .  In  add i t ion  t tZ ( r ) f l  
1  :  q 'Z ( r )g '  t  i f  and  on ly  i f

g '  t r le  l t ' ( . x ) .  Therc fo re  \ \e  mA\  u r i te  G as  a  d is lo in t  un ion

,\T :

\-
L,

, 1

T
lJ

; l

t
L

, t

I

\1

!)I

t l , r f . , ) ,  26 jJ ; , (c i -  
l )+  t '

i 'ri,.il z(,,)r (j, - r) + r
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Certainly s + 0 since G + H. If s : 1, then

l l M  >  1 / ( [ 1 V ( - x  ' ) : Z ( x ' ) ] e ' )  :  l l o r d  ( N ( x  ' ) l H ) ,  s o  G  :  N ( r , ) .

This contradicts the fact that G is not conjugate to a subgroup of D'.
S ince  e , ) -2  ( i :  1  s )  we have

l : l

"  u  <  l -  i  , I ,  ; r t . *  ,1 :z (x , l f
SO

+  |  - ' t
Because 

' ! r  Uf( ." , ) :z(x,) l  
\  4 '

p / ( r , ) : Z ( x , ) f  : l  o r 2 ,

there are only three solutions of this inequality.

s : 2 ,  [ , V ( x , ) : Z ( x , ) ]  :  l ,  [ l { ( x r ) : Z ( x r ) ) :  )

s :  2,  UV(,x , ) :  Z(x,) l  :  [N(,xr)  :  Z(rr) l  :  2,

s  :  3 ,  U{ ( .x , ) :  Z (x r ) ) :  [N( ,x2)  :  Z ( r r ) f  :  p { ( .x3)  :  Z ( r . \ l  :  ) .

For al l  solut ions [N(.xr)  :  Z(r- , ) f  :  ) .  Thus G contains a conjugate of  a matr ix in
/  o  r \

Dt-D, i .e.  the conjugate of  a matr ix of  the form ( 
"_,  

^ )  The square of  such a mi i t r ix
\ - c - ' 0 , /

i s  -  1 .  Hence ord  H :2 .

T h e  f i r s t  s o l u t i o n  g i v e s  l l M :  l i e t * 1 , ( 2 e . ) - 1 , 2 .  s o  c 1  : 3 .  a z : 2  a n d  i v I : 1 2 .  s o
ord G :24. (The point  being that M >2er,s ince G is not conjugate to a subgroup of  D.
and therefore e,  >3.)

The second so lu t ion  g ives  l lM: l l (2er )+  I  (2e , ) .  wh ich  is  imposs ib le  s ince  I I  >2e, .
The th i rd  so lu t ion  s ives

2 l l 1
_ l

M  e r '  ( ' :  
'  

a ' - ,  
I '

Assuming tha t  e ,  (  ez  (  e3  we f ind  tha t  e t  13  so  e1  :2  and

2  -  I  *  1 - 1
M e 2 e 3 2 '

Also e, : 3 since M > 2er. The solutions are

€ t : 2 ,  € 2 : 3 ,  € 3 : 3 ,  M : 1 2 .  o r d G : 2 4 ,

€ 3 : 4 ,  M : 2 4 ,  O r d  G : 4 8 .

€ 3 :  5 ,  M  : 6 0 ,  o r d  G  :  I 2 0 .

This proves the theorem.
In the following sequence of theorems we shall explicit ly determine the three

"geometric" groups. To that end we need the following lemma.

L e n u a .  L e t G b e a . f i n i t e s u b g r o u p o f  S L ( 2 , C ) t h a t i s n o t c o n j u g a t e t o a s u b g r o u p o / ' D r . l , e t
H:11, -  I  l .  Then GIH has no normel cycl ic subgroup.

Pnoor. If ,xH is a generator of a normal cyclic subgroup of GIH then the group generated
by r and - r is diagonalisable. Since this group would be normal in G. G would be
conjugate to a subgroup of  Dt.
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THEoREna 2. Let G be a subgroup of SL(2, C) o.f order 24 that is not conjugate to a subgroup
o./  D' .  Let  H: {1,- l } .  Then GIH is isomorphic to Ao, the al ternat ing group on 4let ters.
Moreouer, G is conjugate to the group generated by the matrices

l)(5 ,e,)
w'here (  is  a pr imit iue 6th root of  I  and 36 :2q -  l .

Pnrxlp. Since ord G/H is 12, and because of the previous lemma, GIH has 4 Sylow
3-groups, and GIH acts by conjugation on the set of these Sylow 3-groups. This action
induces a homomorphism GIH--Sn ( the symmetr ic group on 4let ters) .  The subgroup of
the image consisting of those permutations that leave a particular Sylow 3-group fixed
must have index 4 since GIH acts transitively. Therefore the order of the image is divisible
by 4. I t  fo l lows that the order of  the kernel  is  1,2 or 3.  By the previous lemma, the order'of the kernel must be 1, so GIH is isomorphic to a subgroup of S". Now consider the
compos i te  homomorph ism GIH- ,S+- {1 , -1 } .  w i th  the  las t  a r row be ing  g iven by
o--signum (o).By the previous lemma, GIH cannot have a normal subgroup of order 6
(since a subgroup of order 6 contains a unique subgroup of order 3 which would be
normal in GIH). Therefore the composite homomorphism has trivial image and GIH is
isomorphic to Ao.

Le t r  G- -+Ao be a  homomorph ism wi th  kerne l  H.Le t  Aet  1 (123) .  We may con iugate
G so that .4 is a diagonal matrix. Thus

S i n c e  r . 4 3 : ( l ) ,  A 3 e  H .  H o w e v e r ,  r A * ( r )  a n d  r A 2 + 0 ) ,  t h u s  A # H  a n d  A r + H .
Replacing A by -  A,  t f  necessary.  we may assume that i  is  a pr imit ive 6th root of  1.

Le t  B€r -1(12) (34) .  S ince  /AB)* {BA) .  B  cannot  be  a  d iagona l  mat r ix .  i .e .  no t  bo th
Brt and 8., are zero.In fact neither is zero because if one were zero and the other non-
zero, then B would have infinite order.

'  : (; .9')

We may conjugare G by(: i) without affecting ,4." \0 dl
then B tras the form

l f  we choose c  :  Bz ,  and d  :2812,

u : (!r !,)
Now rB2 :  ( l )  so  82  e  H.  A  d i rec t  computa t ion  shows tha t  x :6 .

Next  we observe  tha t  (BA2) : t (AB)2  so  BA2:  * (AB)2 .  We per fo rm the  computa t ion
and d iscover  tha t  OG' -  1 ) :  * (a  (us ing  the  facr  tha t  g  +0) .Rep lac ing  B b i  _8 ,  i f
necessary,  we may assume that OGt -  I  )  :  (o.  hence 36 :2( -  |  (using the relat ion
( t :  ( -  l ) .

N e x t  w e  u s e  t h e  f a c t  t h a t  d e t B : l  t o  o b t a i n  t h e  f o r m u l a  d 2 + 2 0 2 : - 1 .  o r

3 , 1 , : + ( 2 ( - l ) .  I f  n e c e s s a r y .  w e  c o n j u g a t e  G  b y  ( :  ? )  , "  t h a t  3 r l  : 2 , : - t : 3 q 5 .  T h i s
\ u  - t /

proves the theorem.
The group of this theorem is called the tetrahedral group.
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THronEn 3. Let G he a subgroup of'SL(2) of'r>rder 48 that is nt'tt cotr.iugcrte to tt suhgroup of

Dt .  Le t  H: \1 . - l ) .  Then GtH is  i somorph ic '  fo  Sr .  the  s rmnte t r i t '  g roup o t l  4  le t te rs .

Moreoter. G is cortjugute to the groLtp generttted hv the matrices

w'here ; is a primitire 8th rortt o.l I and 2(b : -4 -(

Pnoor.  Since ord G, 'H:24. and because of  the previous lemma. G, 'H has 4 Sylow

3-groups. The act ion of  GiH on the set of  Sylow 3-groups (v ia conjugat ion) induccs a
homomorphism GrH-- So. The image contains a subgroup of  index 4.  namely the
subgroup of  permutat ions leaving a part icular Sylow 3-group f ixed. s ince G H acts
transi t ively on the set of  Sylow 3-groups. Hence the order of  the image is div is ib le by 4.  so
the order of  the kernel  is  l .  2.  3 or 6.  Were the order of  the kernel  6.  then the kernel
would contain a unique subgroup of  order 3 which would be normal in G. This

contradicts the lemma. Indeed. the lemma impl ies that  ord ker :  1.  so G, iH is isomorphic

to Sr.
L e t  r : G - S +  b e  a  h o m o m o r p h i s m  w i t h  k c r n e l  H  a n d  l e t  A e r  l ( t : l + ) .  W e  m a y

conjugate G so that ,1 is a diagonal matrix

:  *  I  a n d  4 2 e  I I .  B u t  r 4 )  + ( 1 ) .

(; .e') o( l - i )
t + 1 ) .

,' : (; .9')
S i n c e  r A a  :  ( l ) .  i o :  *  l .  H c - r w e v e
Hence i  is  a pr imit ive 8th root of

L e t  B e  r  t ( t 2 ) . S i n c e  r ( A B l * r
and Brl Are zero. In fact. neither

w i t h o u t  d i s t u r b i n e  l .  u r  / l  
n  

\
\ t )  I  I

/ ,"-
(;

primitit 'e l}th root of' l,

r .  were  io  :  l .  then
l .

(8 . ,1 ) .  B  cannot  bc  a
is zero s ince B has

rvherc t ' )  :  B t ,  and

d i a g o n a l  m a t r i r .  t h u s  n o t  b o t h  B , ,
f in i te ordc-r .  Wc mav con. iugate G.

t l )  :  Br , .  T l ien  B has  thc  fo rm

B : ( b  v  )
\ u  - /  t

LJs ing  the  fac t  rB2:  ( l ) .  i .e .  82  e  H.  we ob ta in  eas i l l '  tha t  7 :  r l t .
B e c a u s e  t ( B A 3 ) : r ( A B ) 2 . 8 . 4 - r :  *  ( A i l l .  M a k i n g  t h i s  c o m p u t u t i o n .  a n d  u s i n g  t h c  f a c t

t h a t  , l t  + 0 .  w e  f i n d  t h a t  q 5 ( ; t -  l ) :  * ; .  o r  2 r , b :  + i ( i t +  l ) .  R c p l a c i n g  B  b y  B .  i f
necessary.  we may assume thal  2t f  :  i ( i r  f  l ) .  Then 2Ot -  -  l .  Non'  wc usc the fact  that

I  :de t  B  :  -4 r ' - r l r t  to  conc lude tha t  2 t t  :__  l .  Con iugate  ( i .  r1 'nccessar \ ' .  n i '  ( '1  : )
\ 0  _ t /

so  tha t  rL  :6 .

Because rA.rB generate So and the group generated by ,4.  B contains H. we can
conclude that A. B generate G. This proves the theorem.

The group of  th is theorem is cal led the octahedral  group.

TnnoRnnt 4. Let G he u suhgroup ol'SL(2) o./ 'order 120 that is rror t 'onjugute to u suhgroup
o/ 'Dr .  Le t  H:  [1 . -  l ] .  Then GtH is  i sornorph ic  ro  Ar .  the  a l te rna t ing  group on  5  le t te rs .
Nloreot't,r ' . G is cotr.jugttte to the group generuted bl'the ntatrit 'es

.e,) ff -l)
w'here i is a 56  :  l i t  -  i t  +  4 (  -2 .  und  5 r !  :  i 3  +  3 i2  -  2 i  +  t .
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PR<-rcrp.  The proof that  GIH is isomorphic to A. may be found in Burnside (1955.
p .  l 6 t  2 )

L e t  r ' . G - - A s  b e  a  h o m o m o r p h i s m  w i t h  k e r n e l  H  a n d  l e t  A e t - r ( t 2 3 + S ) .  W e
conjugate C so that I  is  a diagonal  matr ix

i :  o  \
,  :  ( ;  . , 1 ,  ) .  

S i n c e  r A 5 :  ( l ) .  i s :  *  l .  R e p l a c i n g  r {  w r t h  - / .  i f  n e c e s s a r y .  w e

assume tha t  i s  -  -  l .  Ev idcn t l ) ' (  i s  a  p r im i t i vc  lOth  roo t  o f  L
Let  Be r  1 ( tZ) ( :+ ) .  As  in  the  proo f  o f  Theorem 3 ,  we may assumc tha t  B  has  the

u :  ( !  1 )\ /  - ,h  )

1 2 7 .

may

may

form

Bccause 4A18) :4BA)2 .  AaB:  +(BA)2 .  Mak ing  th is  computa t ion  we f ind  tha t
r b ( l + ( t ) :  + ( o .  o r  5 $ :  * ( 3 ( 3 - i t +  4 . ( -  2 ) .  R e p l a c i n g  B  b y  - 8 .  i f  n e c e s s a r y .  w e  m a y
assume that the plus s ign obtains.  Now we use the fact  that  1 :  det  B to conclude that

5 { : + ( i r + 3 i : - 2 ; + l ) .  C o n j u g a r e  G  b y  f 1  
0 \

\0 _ |  )  
r l  necessary.  so that the plus s ign

obta ins .
Note that tA. tB generate As. (This group generated by rA and rB contains an

element of  order 5.  an element of  order 2and an element of  order 3.  Thus the order of  th is
group is div is ib le by 30. Since A. is s imple.  th is group must be A-r . )  Also the group
generated by A. B contains H. Therefore A. B generate G. This proves the theorem.

The group descr ibed in th is theorem is cal led the icosahedral  group"
For use in the next sect ion,  we also need to know the invar iants of  the three. 'geometr ic"  groups.

Tunonnv
ststem o.f

0 r t
( i i )  r  /
( i i i )  r  /

5.  Le t  G be  the  Gu lo is  g roup o . / ' the  DE : " ' : r t ' and  le t  t7 . (  he  u  fun t lanren to l
solutions relutit:e to the group G.

G is the tetruhetlrcrl group. then (rya + 8rli3)3 e C(.x).

G is the octahedral  group, then (rys _( -  r / is)2 e C(,x) .

G is  the  i t ' t t suhedra l  g roup.  then 4 t t ( -  l l 46 i6  -4_ : t1  eC( .x ) .

of Theorem 2. Recall that

, )

Pnrxx. ( i)  consider the tetrahedral group. using the notat ion
i ' t :  - l . i r : < - l  a n d  3 6 : 2 _ ( - l

r7a+817(3 is  carr ied in to (1(44+8ry( . )  by rhe r r , r i *  ( [  ,9
carr ies 

\ -

/ t
T h e m a t r i * d ( ,

\ - l)
r / o + 8 r / ( t  :  t t .  U + 2 . . )  .  ( r y  + 2  _ : 2 ) .  ( r y - 2 i o

l n tO

rh1t +2 _O . 3Qr OQ .: -  lXrl-  2iO . ,b(t -2 . :)et + 2i ' ;)
-  - 3  .  0 1  .  ( 2 ( -  t ) 2  . e 4 + 8 4 i r )

: - 3  ( - 1 3 ) t . ( - 3 )  . ( q ^ i 8 r y i . ) : q 1  +

Thus (,1'-t  8ryit) t  is an invariant of G and therefore is in C(.r).

( i i )  consider the octahedral group. using the notat ion of
{ * :  -  I  a n d  2 6 :  i ( i t  +  t ) .

8,1( t .

Theorem 3. Recal l  that



t ts ; - , / i s  is  car r ied in to  (41r1s i - . r t f )  by  the matr ix  (5  ,? , )  tn . . r , r ' ^  O( l  - i )

carries
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n 5 ( - 4 ( 5  :  a '  . ( '  @ + O '  ( r y - O '  ( r t  +  C ' 0 '  Q t  -  ( 0
into

6 Q 1  + 0 '  Q t - 0 '  2 Q , t '  2 0 (  6 (  +  ( ) @ - ( ' O '  O (  -  ( ) Q r + ( ' o

:  4 .  6 u .  ( 1  -  ( o ) .  ( r y t ( -  4 ( )
:  8 ' (  - l l 2 ) '  . ( , t t  _ ( - q . ( ) :  - ( q t ( - r y ( t ) .

Thus (nt(-rt() ' is an invariant of G and therefore is in O(-x).

(ii i) Consider the icosahedral group and use the notation of Theorem 4. First we collect
some easily derivable formulas.

( s : _ 1 .  ( o : ( r _ ( t + C _ 1 ,

56 '  :  ( t  -  ( t  -  3 .  5 r l , t  :  -  ( ' +  ( '  -2 ,

54r,1, : 2 .( -2 -( - 1 : 5(Q2 -rltt).

/ r  o \  .  1 1 . .  v 1 1 .  / , h  / \
T h e m a t r i * ( ; ,  , ) c a r r i e s r l " ; - l l 4 n ( u - 4 ; ' r i n t o i t s e l f . T h c m a t r i * 1 ,  

' f  
c a r r t e s

\ 0 '  /  \ t /  - A /

q t t  . (  -  l l qu(u  -  4 ( t  
t  :  4 ( '  01 '  -  4  . (  -  - (2 ) '  ( r t '  + ; t r l (  +  ( ( t )

Qt '  -  .< ' , t (  -  . (  . ( ) .  Qt '  *  _h t ( -  (  . ( t ) '  0 t '  -  i * , i i  +  i t ; t )
into

6*0r '  -n(  -  _ ( ' ) .  56t r t (  .  (  -  OQt '  -  ( ry  - ( -  (o{ ' ) '  ( i *Xq '  +  i r r r i  +  i ; : ) '
(  -  l X r l 2  +  ( r y i -  ; t ( t ) '  (  -  1  X r / 2  -  ; * r / i +  ; t s ' )

: 5  ( , b { a t ' Q t t t ( -  1 1 r / o ; o  - r y - ; t  t ) :  r / t t ; -  I  l r i n i 6 - r / i 1 ' .

Thus  n" ( - l lqu(u-q ; t  
1  i s  an  invar ian t  o f  G and there fore  is  in  C( . r ) .

This proves the theorem.

-5.4.  PR(x)F oF THE ALGoRITH\I

We must prove the val id i ty of  four scparate algor i thms. We must show that thc

algorithms for f inding a 4th. 6th and l2th degree equation for r,r are correct for the

tetrahedral .  octahedral  and icosahedral  groups and that the equat ion obtained is

i r reducible.  and f inal ly that  the algor i thm for f inding a 12th degree equat ion is al l -

inclusive (al though the equat ion obtained need not be i r reducible).  In so far  as is possible.

we carry out the proofs s imultaneously.
We begin by showing that the equations obtained for a-l in the tetrahcdral. octahcdral

and icosahedral  cases are minimal.  Throughout we assume that the Galois group G of  the

DE ,r"' : r_| is the tetrahedral. octahedral or icosahedral group. We also fix a fundamental

system of solut ions ry. i  of  the DE relat ive to the group G and set o-r  :11'  t l .

Tsconnnt  l .  Le t  q t  he  an t ' so lu t i t t r t  o . f  t l r c  DE ant l  le t  ( r )1 :4 ' r l4 t .

(i) lf G is the tetrahedral group. then

deg., . . , r t r ,  2 4 and deg,, , . , , ru :  4.



(i i) I.f G is the octahedral group. then

dega, . . , ro ,2  6  and deg. , - " ,cu  :  6 .

(i i i) l / G is the icosahedral group. then

deg., , , r r - r ,  > 12 und deg., . , , r , - ;  :  12.

Pnoon. Since ar is lef t  f ixed by the group G, generat .d by f  :  " ! , ) .  where < is a pr imit ive'  
\ 0  i - ' l

6th.8th or 1Oth root of  I  in the tetrahedral .  octahedral  or  icosahedral  cases. the degree of
( ,  over  C( -x )  i s  < [G:Gl ] :  4 ,6  o r  12 .  The reverse  inequa l i t y  i s  p roven more  gcncra l l y .  as
indicated in the statement of  the theorem.

Let Gr be the subgroup of  G that f ixcs 4, .  Complete r7,  tc ' r  a fundamentat l  system of
so lu t ions  4r , ( r  o f  the  DE and con jugate  G to  XGX 

- t  
so  tha l  XGX- t  i s  the  Ga lo is

group o f  the  DE re la t i ve  to  r i r . ( r .  Then XG.X 1  cons is ts  o f  mat r i ces  o f  the  fo rm
/,  , /  \
( :  ,  l .  S i n c e  X G 1 X  1  i s  f i n i t e .  t l : 0  a n d  c ' :  l .  w h e r e  n  i s  t h e  o r d e r  o f  G , .  E v i d e n t i y
\ O  r '  ' l

XG tX 
- t  

i s  a  subgroup o f  the  cyc l i c  g roup

{ ( '^  g, ) l  , - :  r }
[ \ o  , ' - ' l l  )

and therefore is cycl ic.  Hence Gr 'H (where H is the centre of  G) is isomorphic to a cycl ic
subgroup of  Ao in the tctrahedral  case. of  So in the octahedral  case. and of  A,  in the
i c o s a h e d r a l  c a s e .  S o  o r d  G ,  H  < 3 . 4 . 5  o r  c ' r r d  G ,  ( 6 .  I t .  1 0 .  T h u s

deg. , . . , r , - r  r  :  [G :  G ,)  2 4.  6,  12.

Solv ing Homogeneous Di f ferent ia l  Equat ions t t

This proves the theorem.
Throughout the remainder of  th is sect ion wc shal l  be consider ing a certain di f ferent ia l

equat ion wr i t ten recursively.  namelv

. . 0 )

. . . . 0 - t  a r e  d e f i n e d  a s

o.l

0 u :  - 1

( # ) ,  o i - 1  :  - a ' i - z o i - ( n - i ) ( i  * l ) r u , * ,  ( i  :  n , .  .

By a  so lu t ion o f  (+) ,  is  meant  a  funct ion :  such that  when d, , .
above .  t hen  a - ,  i s  ( i den t i ca l l y )  ze ro .

)

( c , , _ . - - l ) .

a f t  t 7

l ) ^  ( / . : 0 .
( ' l t ' n  

I

TneoRnnr 2. Let z be a solution o./ '(#),,. ttntl lat o be unt, solution

. , " : " f t  
d i  

, , ) ' .
i - - , ,  ( t t  i ) !

Then 4 : et" is ct solution of' the DE -I"' : r-r '.

Proof. Let
r r -  I

A - -,, ' ' . ; t  
, , ,  -,r '  11i :, i  

,r 1;;1 " ' '
where n, is an indeterminate.  We claim that

? o * t A ,  ,  i k * 1 , 4  , . k , 4

, ^ , r . f t i  r  ( t t ' '  -  t ' )  :  
r - r r . A  r ^ , \  

* [ ( r r  ] A ) r r ' * t ] , , , i  + k ( r r  / r +

l
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For A :0.  we have
?A
. n ,  

( u ' 2  - r )  : ( t  i t l - - , , ,  , )  r , , , - , . )
\ i? r  ( r r  -  i )  |  /

, t t ^ r r r , * ,  * " ) - t  
i a ,  

, l l , i + l - ' i t  ! ' +  l ) r a t * ,  
u , ,' I  

i ' - - - o ( r r - i ) !  i ? - o ( n - l - i ) !

t t * . 4  _ " r r  
( r r  - i ) r 1 i , , . , - ,  

_ ' i '  
( , - i X i  +  I  ) r ' r r i *  r , , . i

;"s (rr -  i )  !  iu-- o (rr -  i )  !

nw, A t dn- r A- l:, Tr#',' 
-,4 

ffi , *,'

$  ( n - i ) ( i + l ) r a ' - ,  i
)  - -  I r "

, u - u  ( n - i ) !

:  ( r r r r '  *  z )A-  I  -+  l za , *o , -  ,  *  ( r r  -  tX i *  l ) r c , *  1 lu ' i
; ; 6  ( l l - l ) i

-  ( r r u ' * : ) . 4 *  ;  
n i . , , , , ' '

( n  -  i  )  !

4 .1
:  (1111 ' * : ) .4  - r -  

"( , \

t  r l  t t .{
: -  -  ( r r ; ) * ( r r t r ; * : ) . { ( r , , l ) +  ^  ( r r r )  : ( ' ) .

("\ ( .\

i A
- (r,-l) : g.
(  11 '

Our c la im now fol lows by induct ion.
T o  s h o w  t h a t  4  : e ) " ' i s  a  s o l u t i o n  o f  t h e  D E  i s  e q u i v a l e n t  t o  s h o w ' i 1 g  t h a t  t , . r ' * ( , ) 2 : t ' .

We assume that u) '  +tD2 -r  *  0 and force a contradict ion.
S ince  .A(u t \ :  0 .  we have

.A . 'A

, . t r .  
( t ' l t r t  *  

, . - ,  
( t t ' )  :  o '

Therefore

iA
.  ( r r ; ) ( ru '  *  t t t -  -  r )
( '11'

Hence

Assuming tha t

we havc

T h u s

a k + l
.  ! +

(  ' l t '  '

0 :

a r - 1 , , 1  i k A
-  ,  ,  ( r ' t )  :  ^  ,  ( t r t )  : Q .

(  I l "  
'  (  l l "

d  / t ^ : 1  
' \  

i A * 1 . , 1  a A * 1 1

a'. \ . .u 
* kol 

) 
:  

i , ,* t  r  ( trr)to'n 
a, i .oi  

(rr.r) '

A
,  ( t o ) ( t r - r '  * t t t ' - r )

? k + t A  a k + r A
:  -  

.  r  -  ( o ) *  1  r  ^  ( r ' r ) * [ ( l r -
( ' l t "  ( . \  (  ! , 1 " '  ( . \

- 0 .

? k A  i A - r . 4
2kl to+:1 

, \ l *  
( t r r ) *  k(n- f t+ l ) i , , *  ' i  ( r , . , )

a . k *  1 . 4

i  r ' + T  ( t u )  :  g '
( ' 11 " '
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The desired contradiction follows from the fact that

?^A
.  -  ( , u )  -  - n l  + 0 .

This proves the theorem.

THr-.onnu 3.

( i l  Suppose tht t t  (#)+ has a solut ion z e C(.x) .  Then the pol t ,nomial

, r * -  i  . ^ " ' . , ,  l r ' ' € c t , r ) [ x . ]
t ? o  6 -  i ) l

is irretlucible ot,er C(,r).

( i i )  Suppose tho t  (# ) , ,  hus  t t  so lu t ion :e  C( .x ) .  Then the  po l tnomiu l

. -  ( l '
t t ' "  - , \  

t o  i r  ,  r r ' '  €  c ( . r  ) [n  I

is irretlucihle orer C(.x).

( i i i )  S u p p o s e  t h o t  ( # ) t z  h u s  o  s o l u t i o n : e  C ( . r )  u n d  t h u t  ( # ) a  u n d  ( # 1 , .  t l o  n o t  h u t ' a
solut ior ts i r r  C(.r) .  Tlrcn the pol t 'nonr iu l

l-1 tt;

i s  i r r e t r u c i b r t ,  , r c r c ( . r ) .  

r t ' ' - - ' L = o  
t t l - i  ) '  

l t ' ' € c ( r ) [ x ' ]

PRrxx.  By Thcorcms I  and 2.  an\ ,  root  of  the pol l -nomial

t r , "  -  " I t  
,  1 ' . ,  ,  , r , '  ( r r ,  e c( . r ) )

i ? o  0  -  i ) t

must have degree 4.  6 or 12 over C(.r) .  Statement ( i )  o i  the present theorem is c lcar.
Statement ( i i )  fo l lows from the fact  that  i f  a sext ic is reducible.  then one of  the factors has
degree (3 .  To  prove ( i i i )  i t  su l i ces  to  show tha t  i f  deg . , . , , t , . r :  n .  then (# ) , ,  has  a  so lu t ion
:  e  C( . r ) .

Le t  ,4e  C( .x ) [u ' ]  be  the  min ima l  po lynomia l  fo r  ( ,  over  C( . r ) .  Le t  deg, , .A :  n  and w, r i te

,4 - - , , ,*; t  
r#i , , , ' : , i ,  1,,1ri j r , , ,  (rr, , :  -  r).

Consider the polynomial

B : i ^ 4  ( ,  l 1 . r ) + , . ,  * ( r r * , * : ) . . , r .

w h g r e  
( I t '  

: : u n , . i r _ ,
The coefhcient of u'" * t in B is

I l t l  , , *  l l t l , ,  :  ( ) "

and thc coet i rc ient  of  u '"  in B is

- ( l t -  l ) r t , ,  1 l u ' , , + n d r _ 1 * : t t , , :  d r  - ,  - :  : 0 "
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since an:  -  1  and d, -  1 : : .  Therefore deg*,8 (  n .  But

i A ^ ? A
B(tr"r) :  = (a,r)(r -  (D')+ . ( to) + (nro I :)Ako).j' (.'\

:  : -  (14(ru))  *  ( r t r , t  *  : )A(ut)
d r '

: 0 .

Therefore B :0. The coefficient of u' '  in B is

0 :  ( i +  l )  
a i + t  "  "  - 7 )  ;  

t = -  
+  = ! t , , 1 ,  

t 1 i ,  l ' - . .  + =  " i  - .
i r -  r - r l J  

t - t ' -  
( r r *  I  - i ) l  ( i r - i ) !  ( r r +  l - t l  

* -  
( , , - -

I
:  

a / r  j ) i  [ ( n - t ) ( i  +  l ) r a ' * 1 * t t '  t ' * a ' i * : a ' f '

where  o- t :0 .  These are  prec ise ly  the  equat ions  o f  (# ) , , .  Th is  p roves  the  theorem.

For anv funct ion b we denote by l tb :  b ' 'b the " logar i thmic der ivat ive" of  b.

THnonnu 4. Let F be any,.fornt (hontogeneous polvnorniul) o/'degree n in solutiorts o/ t lrc DE.
' f  

hen : :  l6F  is  a  so lu t ion  o f  (# ) , , .

Pnor l r .  First  we prove that i f  F,  and F-,  are funct ions such that 1r) f  ,  and / t ) l ' ,  arc solut ions

o f  ( # ) , , .  t h e n  / t ) ( c , F ,  l ( ' - , F - . )  i s  a  s o l u t i o n  o f  ( # ) , ,  f o r  a n \ ' ( ' r . ( ' z € C .  L c t  , r / . , r i .  r r f  d c n o t e

t h e  s e q u c n c e s  d e t e r m i n e d  b y  ( + ) ,  f o r : : 1 r ) l ' - r .  / r ) f  1 .  / J ( r ' , 1 ' ,  * r ' , l ' . )  r e s p c c t i v e l l .
We claim that

( c ' , l ,  * t ' , [ . ) t r f  :  t ' 1 - F , t r /  * r ' . F - , u i .

Th is  i s  c lear  fo r  i :  r r .  A lso

(r ' r  Fr *  t '  rF. ' )c; t -  r  :  ( r '  r  Fr f  cr  ̂ Fr) [  -  Q' : '  - /d(c ' ,  F,  + t ' r  Fr)af  -  ( r r  -  i ) (  i  + 1 )rurf*  r ]

:  -  [ ( r ' ,  F ,  *  c ' rF . )a l ) ' -  (n  -  i ) ( i+  I  ) r (c ' ,  l - ,  +  t ' , l ' 2 )c r , i -  ,

:  - - [ c  r I - r a !  t t ' - , F r a ? ] ' - ( r i - i X i  +  l ) [ r ' ,  F ,  d , l *  r  * c ' :  [ - , u i * r f

:  c t F t u !  y * c ' 2 F r t t l  ,  ( i :  1 1 .  .  .  . . 0 ) .
Therefore

( r ' , F - ,  + t ' r F ) a 3  r  :  c  r F r a 1  ,  + c ' ,  F r a 2 - r  : 0 .

which ver i f ies our assert ion.
To prove the theorem. we may assume that

P : f i , r , .
i =  1

where  4r .  .  .  . ,4n  are  so lu t ions  o f  the  DE.
Let  r r ; , :4 ' ,14 i  and denote  by  o .u  the  k th  symmet r ic  func t ion  o f  t , , r t ,  . . ( ! )n t .  Thus

6 ^ k : 0  f o r  f t  < 0  o r  A  >  t n ,  o m o :  1  a n d

6 ^ k :  I  e ) i t '  o ) i k
1 { i t <  ' < i r S m

for 1 ( k ( nr. First we claim that

o ' ^ k :  @ t *  1 - k ) r o ^ . k -  r - 6 m r 6 ^ k +  ( f t +  l ) o . . * * , .
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This  fo rmula  is  eas i l y  checked f .o r  m:1  and.  f .o r  m>1,

o ' ^ u  :  ( o  ̂  -  r . * *  o ^ -  1 . k  -  t @ ^ ) '

:  ( m - k ) r o ^ -  r . k -  r -  o ^ -  r . t o ^ -  r . r * ( / <  +  1 ) o ^ -  r . r ^
+ l ( m +  I  -  k ) r o ^ -  r . k -  2 -  o ^ -  L .  r o ^ -  r . k -  y  *  k o ^ -  r . o ) o ^
*  o^ -  r . u  -  r ( r  -  @ ' ^ )

:  ( m +  I  -  k ) r ( o ^ -  1 . k  -  t  *  6 ^ -  1 . k -  z @ ^ ) - ( o ^ -  r .  r  *  a ^ ) ( o ^  r . x *  6 ^ -  1 . k -  r @ ^ )
+  ( f t  +  l ) ( o^ -  r . k+  t - l  o ^  t . *@^)

:  ( m  +  I  -  k ) r o ^ . k -  r -  o m t o m k +  ( f t  +  l ) o ^ . x *  r ,

which completes the induction.

Next we use induction on i  to prove that

u i :  ( -  1 ) ' - i + t ( n  _  i ) t  o n . n - , .

Ev ident ly  
n

a n - r  :  :  :  l d F  : , I .  e i  :  o n r .

Us ing  (# ) ^ ,  we  have

a i -  t  :  -  a ' i -  Z a i - ( t t  -  i ) ( i  *  l ) r a , * ,

:  (  -  l ) " - ' ( n  -  i ) !  o ' n . n -  i *  o n r ( -  l \ n - ' ( n  -  i ) t  o , . n -  i
- ( n - t x i +  l ) r ( -  l ) ' - ' ( n -  I  -  i ) t . o n . , - r -  ,

:  (  -  l ) " ( n  -  i ) !  l o ' n . n -  i *  o n r o , . n -  i - ( i  +  l ) r o n . n - ,  _ , ]

:  ( -  l ) ^ - t ( n - i ) l  ( n - i  +  l ) o n . n _ i + t

:  ( -  l ) ^ - t ( n - i  +  l ) t . o n . n _ i + r .

Hence
a _ t  :  ( -  1 ) ' ( n +  l ) !  6 n . , * r  :  0 .

This completes the proof of the theorem.

THEonsu 5.

( i)  I f  G is the tetrahedral group, then (#)o has a solut ion z :  k\u. v'here u3 e C(.x).
( iD I. /  G is the octahedral group, then (ff)u has a solut ion z :  I6u. v'here u2 e C(.x).

( i i i )  I . f  G is either the tetrahedral group. the octahedral group or the ic 'osahedral group,

then ( f t ) r ,  has a  so lu t ion z :  l6u.  * *here u  e  C( ,x) .

Pnoor' .  This theorem is a corol lary of Theorem 3 of the present section and Theorem 3 of

the previous section. For part ( i)  we may take u: q4 + 8rl(t .  for part ( i i )  we may take

t t : q5 ( -4 f  and  f o r  pa r t  ( i i i )  we  may  take  u : ( , l o+8 r l ( t ) t .  ( r l ' ( -  r y ( t ) t  o r

r y t t i -  1 l \ u ( u  - r y ( t t .

We shal l  wri te
Lt t2 ' - ,L I  t t  ( ' ) " "e  C( .x ) ,

where  n :4 ,6  o r  1  2  and e ,e  Z .Ou.  n . * t  s tep  in  the  proo f  i s  to  de termine the  var ious
possibi l i t ies for  ec.  as stated in step 1 of  thc algor i thm. For ease of  notat ion.  we shal l
assume that c : 0. To this end we shall use the Laurent series for

:  :  rdu  :  
i / , )1ur :  

, , ; .
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namely
t l

t : T 2 e . \ - ' + . . '  ( e :  e o e  Z .  p o s s i b l y  0 )

and for r. namely

r  :  a - \  2  +  [ ] x -  
I  + ' '  .  ( 2 ,  { l e C .  p o s s i b l y  0 ) .

(Note that .  by the necessary condi t ions of  sect ion 2,  r  can have no pole of  order
exceeding 2.)

F i rs t  we cons ider  the  poss ib i l i t y  tha t  s :0  and l l+0 .  cor respond ing  to  ( r ' , )o f  s tep  I  o f
the algor i thm.

T H E c r n E u  6 .  I / r : 0  u n d  f i  * 0 .  t l r c n  e : 1 2 .

Pnoon. We write

because

), ,  we f ind that

ua t ions  is  g iven  by

I

, :  
l ) e , \ - ' + / ' + . . .  .

e and / 'as indeterminates.  Then

0 i  :  1 , t i  " + B , - r i - n + 1  a C , . / - x t  
u *  t +  

"

. 8 , .C ,  a r c  po l ynomia l s  i n  c  w i t h  coe l i c i en t s  i n  C .  Us ing  (#

A n : - 1 .  8 , , : C r : 0 .

/  n \
l i , : ( r r - i  

, ' . . , , , ) , 1 , .\  ' -  . /

/ , , \
B i _ r  :  ( , - i -  l  -  

; .  )  B , - ( l - i ) ( i +  l ) l l  t ,
\  t l  /

c t - t  :  ( r _  , -  r  - , ' i . )  c , -  { , .
\  - -  , ,

.  . . 0 .
ve to the reader the veri f icat ion that the solut ior-r to thesc cq

Ai :  - '  I i  
'  
( t -  , ,  . )

l - o  \  I -  , /

B, : [ t " - i '  U+ lX r r - i )  
' - 11  ' ( ^ - , ' i  

, , ) .
r - 0  l ; 1 ,  \  ' -  /

c , :  ( n - i )  " - | . . '  ( , -  , ' i  . )  ( i  :  1 1 .  .  .  . 0 )
i = o  \  . _  . ,

0 : r r , r  :  1 - r r ' - t + B - r . \ - " + C , / ' x - " +  .

n  /  , .  \

0 : A- r : - n ( i- ,".,, . )
" r = o  \  r _  /

0 :  B  r + C  r  I
r r  r  ,_t  /  l r  \  ^__r 

/ ,  t r: | ] L ( i + l X r l - i ) t I ( A - , , ; . , } + l i l l * l ) I l | A
i : o  t t h \  t J  /  i - h \  l l

and treat

where ,,{,

f o r i : n .
We lea

and
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The f i rst  equat ion impl ies that
t 2 ,

' - ; '

for  some / :0.  .  .  . .  t1.  Suppose that /  I  r r .  
' fhen 

the second equat ion gives

c : 0(t+ lxn - /)  
' f ] '  

( f t  -  /) .
i ;?

which impl ies that  f  :  0.  This contradict ion shows that /  :  r r  ?rrd therefore e :  12.  This
proves the theorem.

Next we consider the possibi l i ty  that  e 10. This corresponds to (c ' r )  of  Step I  of  the
a lgor i thm.  As  above we wr i te  u i :  A ix ' -  "+

Lr-.unre. A, is u polrnontiul in e vt' i th t 'oe./f icients in Q[r] x' ltose tlegree is n - i und v'hose

leuding coe.fJ i t ' ient  is  -  (  -  (n 12\) ' - ' .

Pnoor.  L ls ing (#), ,  we have

A u :  - l '

/  n \
A i  r  :  (  r r - i  - ;  r ,  l  A , - ( n - i x t +  l ) t A , r , .

\  r -  , /

The lemma is immediate from these formulas.
The author did not succeed in f inding a c losed-form solut ion of  these equat ions.  thus

we shall use an indirect argument.
Assume that e + -  l r4.  Then the DE )" '  :  r ! '  has Puisseaux ser ies solut ions of  the form

t l r :  x l r + . .  ' .  l t t :  j +  j . ,  
- l l 4 a .

4 2 :  x p , + . . .  l r z :  t -  i ,  t f + , i .

By Theorem 4. ln\frry\ ') is a solution of (+), for every i : 0. ., t l .Since

I 6 ( 4 ' r t t \ - ' )  :  ( i t r  * ( n - i ) p r ) . r  I  + ' ' '

l n  l n  \  -  \
= ( ; - ( r - ' ) . -  t + a t ) x  ' +  '

the polynomial  I  ,  must vanish for

1 2  n  l n  \- - g -  
t - ( a - i )  

. ,  l + + t  ( i : 0 . " ' . r r ) '

Tnnonnu 7.

(i) ,4ssunrc thut G is the tetruhedral group. Then e is an integer t 'hosenjront antong
6+ /< r , ' i  + i t .  A :0 .  + i .  +6 .

( i i )  Assume thut G is the octahedral  group. Then e is un integer c 'hosen.f i 'or t t  untong

6 + / . r  a l 4 r .  k : 0 .  t 2 . + 4 .  + 6 .
w -

( i i i )  Assunte thtt t  G is either the tetrahetlral group, the oc't t thetlrul group or the

it ' t tstthedrt i l  .qroup. Then e i ,s utt  inreger r ' /rosen ./ i ' t t t tr  ,11y1etr,? 6 + A. |  + 4x.

f t : 0 . + 1 . . . . .  1 6 .
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PRcxrr .  ( i )  In th is case n :  4.  l f  u *  l /4.  then we may use the Lemma and the remarks
fo l low ing  i t  to  ob ta in

I  / , ,

0 :  A _ 1  :  t l  ( ;  - 2 + ( 2 - i ) / t + 4 a ) .
i-:^O \ J

Thus
e : 6 + f t . r z f 1 * .  / < : 0 ,  + 3 .  + 6 .

I f  e :  -114, we compute direct ly,  using the recurrence relat ions given above.

A + : ' - l

'4,  :  le

A z :  - t n k '  - 3 e + 9 )

A r  :  ,?(ei  -9e2 +Te -  54)

A o :  - # ( o * -  1 8 e 3  - l l 3 5 e 2  - 4 5 9 e + r ? 5 )

A _ t :  * L s ( e s - 3 0 e 4 + 3 6 0 e 3  - 2 1 6 0 e 2  + 6 4 9 0 e  - 7 7 7 6 )

:  z l le  _  6 )s .

( i i )  In  th is  case n :6 .  l . / '  a *  -114.  then we may use the  Lemma and the  remarks
lo l low ing  i t  to  ob ta in

6  / , ,

o  :  A _ ,  :  f I  (  ;  - 3 + r 3 - i ) r  |  + 4 t ) .
Thus  

t :  o  \ z

e  : 6 * k . . ,  |  + 4 x .  k  :  0 .  + 2 ,  + 4 ,  + 6 .
l f  z: -  |  4. we compute direct l l , .

A o : - l

A s :  l z e

A +  :  - I k t  - 2 e  +  6 )

A t :  l ( . . -  6 e 2  + 2 4 e - 2 4 )

A z :  -  r ta(no -  l2e3 * i2e2 -  l92e + 216)

A t : .tr(.t -20e4* 1 80er -840e2 * 2040e -2016)

Ar, : -*t(.o 30es + 390e+ -2760e3 + 1l I 60e2 -24336e +22320)

A ,  :  J r@' , -42e6 *756e5 -7560ea i45360e3 -1632g6e2 +3265g2e-27gg36\

:  # 8 ( e  _ 6 ) r .

( i i i )  In th is case i l  :  12.  l f  t  + -  1,"4.  then we may use the Lemma and the remarks
fol lowing i t  to obtain

o : . , 1 - , :  i i  @ _ ' 6 + ( 6 - i t '  r  + + r t .
T h u s  

i = o

e : 6 * A r  l i a x ,  A  : 0 .  +  1 . . . . .  + 6 .
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I f  r  :  -  |  14,  we compute direct ly.  Using a programmable calculator we obtained the
following.

A t z : - l

A t t :  €

A t o : - e 2 + e - 3

A s :  e 3  - 3 e 2  + ! e - 6

A8 - -  -  e*  +  6e3 -27  e2  +  45e - )

A . ;  :  e t  -  loea  +  60e3 -  180e2 *  3 l5e  -216

A o :  - e 6  + 1 5 e s  - 1 2 0 e +  + 5 4 0 e 3  - 1 4 8 5 e 2  + 2 2 4 1 e -  1 4 8 5

A s  - -  e '  - 2 1 e 6 + + e s  - 1 3 6 5 e a  - 1 - 5 3 5 5 e 3 -  1 3 0 4 1 e 2  + 3 e 1 l i  e -  1 1 1 7 8

At :  -e8  +  28e1 -378e6 *  3066es -  16170ea +  56196e3 -  1251 l8e2
+ l623l8e _],Et-aT

At : ee - 36e8 * 612e1 - 6300e6 -t 42903es - 199206e4 + 628236e3
12937 32e2 + 3 1 sQ4e5 e - 862488

Az :  -eto *45ee -945e8 - l12060e1- 103005eu + 6l  292les -2566620e4

7 453620er _ 2868e7e1 e2 + L(]O?;z llc _ 12J1 I 1 7

A r : et t -55e10 * tTtno -21780e8 + 228195e' - 1690221 e6
+ !E q 31125 e5 - 3461 3 8 65ea + 

I u Ll]g s 7 3 5 r,-, - 3 I e 3Q 6 1 6 s e2

+LW* e -  92538045

Ao :  -  e t2  - l  66e l  1  -  201 3e10 +  31455ee -L+-Yte8

28176687e6 + l31l7925les -er-6-e2r58-5 ea + 1240169535e3
42S11+OO2 r., 

+ {aOTry e _+2bf!2b321

A -  t  :  et t  -  JBet2 *  2808e1 1 -  6 l l l6elo -+926640ee -  100011 12e8
+ 8006 | 696e1 - 480370 l7 6e6 + 2161 665192e5 - 1 205552640ea
+ t7293326336e3 -28298170368e2 + 28298 1 70368e - 1 306069401 6

:  ( e _ 6 ) 1 3 .

This proves the theorem.
Final ly we consider what happens i f  r  :  [ ]  :0.  i .e.  at  an ordinary point  of  r .  Using the

previous theorem. we have that ( r r /12)e is an integer.
Let f denote the set of poles of r. We have proven the following.

( i )  In  the  te t rahedra l  case.  (# )+  has  a  so lu t ion  : :16u.  where

Lt3 : P3 f] (,t - (')"',

Pe  C[ .x ]  and e"  i s  an  in teger  chosen f rom among 6+k .  
- t iq i ,  

k :0 .  +3 .  +6 .
( i i )  In the octahedral  case, (#)e has a solut ion z:  l t \u.  where

Lr2  :  P2  f l  t t -c ) " ' .
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P e  C [ . x ]  a n d  e c  i n  a n  i n t e g e r  c h o s e n  f r o m  a m o n g  6 + / r .  l + 4 x .  k : 0 .  + 2 .  +  4 .  + 6 .
( i i i )  In ei ther the tetrahedral  case. the octahedral  case or the icosahedral  case. (#)rz

has  a  so lu t ion  : : ldu .  rvhere

u : P,[J tt - (')"'.

P e  C [ . t ]  a n d  e .  i s  a n  i n t e g e r  c h o s e n  f r o m  a m o n g  6 + k r  t  + + t .  A ' : 0 .  +  1 . .  .  . .  + 6 .

Let d: dep P. Then the Laurent series for ; at cc has the form

n  / 1 )  \
'  :  

1 , ) ( ; r +  I  . . J , * - 1 + ' ' '

and the Laurent series for r at r has the form

r : 1 , . \ - : + . . . .

(By the necessary' 'conditions of section 2, the order of r at cc is at least 2.)
I f  we let

( ,  : t 2  d *  f  e . .'  
n ,u. l

then. by a theorem analogous to Theorem 7. e, .  sat isf ies the same condi t ions as does each
e. .  A lso

u /  \

d : i " ( e , - I r , )
l z  \  c e f  /

must be a non-negat ive integer.  This is a restatement of  step 2 of  the algor i thm.
We shal l  complete the proof of  the algor i thm by showing that the recursive relat ions of

step 3 are ident ical  wi th (#)^.
Let

u : lr'r; 
,1. and s : f] (.x-r').

Then z --  l6u :  P'  lP *  0.  Also set  P, :  Sn 
- 'Pc, .  

Usin g (#), .  we have

P n : - P

P i - t :  S n - t + ' P o , - ,

:  S n - i *  r P (  - a ' i - z a i - ( n - i X i  *  1 ) r a , * , )

:  - S ( S ' - ' r o , ) ' + ( n -  i ) S " - ' S ' P a , + S ' - ' - *  |  P ' o i
-  S(P '  +  P0XS"o, \  - (n  -  iX i  +  l )S2r (Sn-  i  -  |  P t t i l  1 \

-  -  5 4  +  ( ( n  -  i )  -  S 0 ) P ,  -  ( n  - l x i  +  1 ) S 2 r P , * , .

This is precisely the equation of step 2 of the algorithm.
Final ly.  the equat ion

, , rn  : 'F t  
a i  

a i
i " : o  @ -  i ) t

may be rewrit ten as

o : - snpr.rn +'t' Il1 ,r, : i 
S'P' 

rd'.
i ' = o  ( n - i ) l  i ' - = o  ( t t - i ) !

This completes the proof of the algorithm.
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